YEAR 9 MATHEMATICS

TorIiC 7TA
- INDEX LAWS

PEN Education

2024
Contents
1 Introduction
QO
X . {OG{& 60
de . o o9 O
n 2 Q?o@ ° root be g 5, bQS@ N
& O\o@
N

1. What is the fourth power of two equal to?

Solution: 2* = 16

2. How do you interpret this?

Solution: 2 =2x2x2x2=16

3. But then what about 2727 Does this have an answer? What is it’s interpretation?!

Solution: 2* =2 x2x2x2=16




4. Why are learning about these powers?

Solution: Because they express small quantities and large quantites very well. And the
world around us expresses itself to us in that way: there are 10?2 stars in the universe
(thereabouts) and the mass of an electron has the mass of 9.1 x 1073L. These quantities
would be dreadful to write out in full. Also, if we study these well we can manipulate them
and make our mathematical expressions simpler.

2 The Index Laws

Let us begin simply with the following:

2.1 Examples:

1. Express as a power or as a product of powers.

(a) 5x 5 x5

Solution: 5 x5 x5 =53

(b) 3X3XT7TxXTxT7TxT7

Solution: 3 x3 X TXxTx7Tx7=3>xT7*

(c)
2. Express each number as a power of a prime.

(a) 81

Solution: 81 =3x3x3x3

(b) 128

Solution: 128 =2 x2x2x2x2x2x2=23*=27

Now some definitions:

& Definition 1

Base:

Solution: The number 2 in 2* is called the base.




Q Definition 2

Index:

Solution: The number 4 in 2* is called the index or exponent.

ﬂ Laws/Results
Index Laws

Product of Powers 3



Now with these laws in mind, try the following 10 examples:

2.2 Examples
1. Simplify, expressing the answer in index form.
2 4 95
(a) 3* x 3 (f) &
Solution: 3% x 3* = 36 Solution: g_i _ gt
3 5
(b) o’ xa (g) 106+ 10*
Solution: @® x a® = a® Solution: 106=10% — 1064 — 33 —
=102 =27 =100
(c) 322 x 23
) a” + a?
Solution: 322 x x® = 3x°
7. 4 7—4
. —a =a
(d) 2a26% x 5ab? Solution: _
Solution: 2a?b® x 5ab? = 10 x a®*! x (i) 3y*
b3+2 Y
Solution: 2. =3 x L
= 10a°0" y v
() 25
() &
. . -, Solution: % = g X x—i =3Xy
Solution: £ =3 — 3 x 253 = 333 = 322
2. Double marks for each of these:
(a)
3x3y? 9 622y°
4xy e
Solution: 32232 X 6;),2;’23 = 148;15%5 — %
(b)
8a?b®  4ab?
3a3b ~ 9a3bP




8a2b® . 4ab® __ 8a%b? 9a3b°®

Solution: S5 + g4 = S5 X oo

_72><a5><b8
12 xat x b3

= 6ab®

3. And a 1.5x multiplier for these:

(a) (2)°

(5) -5
Solution: 3 3

(b) (2)°

2
. 2 8]
Solution: (Qi) sl _de 92—

(a) (5a°)"

Solution: (5a%)° =1

(b) 622y ™ y3x

Ty? 2y2x2




Solution:

622y Y3z 6 2 gy
o2 2u2a? 2 a8 gt
= 3x%"°
=3x1x1
=3
(c) (mn?)"
Solution: (mn?)” =1
(d) (a'0?)”
Solution: (a*b?)® = ¢'26°
(e) (2a%)’
Solution: (2a%)° = 23 x a'2
(f) 2(a2)°" x (a%y?)’
Solution: 2 (22y)° x (2243)° = 2 x 1 x 25y = 8a'? = 225y°

(2)

Note: There are different possible interpretations of the word ’simplify’. There may be more than

one acceptable simplified form.

2.3 Exercises:

1. State the base and index of:

(a) 6% = 6 (b) 7 = 7 (c) 8 = 8
Solution: Base: 6, In- Solution: Base: 7, In- Solution: Base: 8, In-
dex: 4 dex: 3 dex: 2
2. Express as a power of a prime number.
(a) 8 = 23 (b) 27 = 33 (c) 64 = 26




3. Evaluate:

(a) 3* = 81 (b) 27 = 128

4. Express as a product of powers of prime numbers.

(a) 18=__ 2 x 32 (b) 24=__ 23x3

5. Simplify:

(c) 5°=___ 3125

(c) 144 = __ 2% x 32

a) 27 x 23
(&) Solution: 3'2

Solution: 12z°

Solution: 219

c) 3x2 x 423
(b) 33 x 31 x 3° ©)

6. Simplify:

(a)

a’b® x b? (c) 2zy® x 3x?y
Solution: a’b® Solution: 6233
a*b x a*b (d) 4a3b* x a?b*
Solution: a°b* Solution: 4a°b°
7 12
7 (d) %
Solution: 3° Solution: 103
% () &
Solution: 24 Solution: 2z
o 62°
107 = 102 () &2
Solution: 10° Solution: 33




10.

11.

12.

a3b2 12a5p?
a? (C) 4a2b
Solution: ab? Solution: 3a*b
3y 15zy°
zy (d) 3y2
Solution: z%y Solution: 5xy
adv? a?b (C) 6ab® . 12ab
ab a 5a3b ° 15a°b
Solution: a?*b? Solution: 3a?b

a3 xty® Tyt L 21228
# x xg (d) 290;2 - 4963;/2
Solution: z*y* Solution: 2z%y
a* x a® = al? *m?
Solution: 5d°
Solution: a oTution Solution: ¢‘m?
5 _ ) 8abt x 3ab? =
Offx 3 — 27ifh s D x_ 1 —po
. . 9
Sl g S Solution: 3ab? i
15d"+ 5d° = 3¢8) (*m™ = (*m? =
&0

Solution: 1

220

Solution: 2




(a) 3a®

(c) 4a® + 30°

() (4b)° + 20°

(b) 6a’

Solution: 3 Solution: 7 Solution: 3
(d) 6a° + Tm?° (f) (30)° — 5d°
Solution: 6 Solution: 13 Solution: —4

13. Simplify, leaving the answer as a power.

(a) (2)*

Solution: 22

Solution: 3%

(b) (32)°

14.
(a) (a®)® x (a®)* (c) 2ab? x 3a (b3)?
Solution: a'* Solution: 6a%b®
(b) (@) x ()’ (d) 5o x 5
Solution: z!7 Solution: 4b?
15.
2 a2
(a) (3a) (c) (2)
Solution: 9a? Solution: %
3
(b) (22)? (4 (2)
Solution: 83 Solution: :58_3
16.




(a) (2a2b)* x 3ab?

(c) (bry?)’ x (a2y?)”

Solution: 12a°0°

Solution: 12527y

(b) (3zy%)” x (a%y)”

(d) (2a°b)* x 3a°

Solution: 27x°y8

Solution: 24a°b3

17.
2 2\ 3 3zy2)? x (222y)>
o (859 o e
Solution: x_y: Solution: I'2y4
a 2 3 3a2b% x (2ab2)3
(b) (%) X (%) (d) (4(12b3)E
Solution: Sb#‘;b Solution: %

3 Negative Indices

This section is tricky as negative numbers always tend to be. The most important thing you will
learn here is:

I want you to take a second to realise that this breaks your interpretation of a being raised to
some power n as being n successive multiplications of the number a.

at=axaxXa...
—_———
n

Suddenly what does it mean to multiply a by itself —n times?!
Here is some working out space for you to reconcile with this fact.

Solution: Proof:
Consider the product of a™ and a™™:

Since anything raised to the power of 0 is 1, we have:

a’ =1

10



Therefore:

Dividing both sides by a”, we get:

a®-a"
a™ Can
Simplifying the left side, we have:
1
Ojin = —
afL
Hence proved.
3.1 Examples:
Worked Example:
53 11
238
1. Evaluate
(a) 672 (c) 277
Solution: 672 = & = Solution: 277 = & = -
(b) 473 (d) 1073
Solution: 473 = 5 = & Solution: 107 = 15 = 155
2. These ones just reciprocate!
—1 9 -2
() (3) () (3) () (43)
. -1 Solution: (2)’ = Solution: (41)77
Solution: (3) = 2 N2 g (3) e A( %)_ .
=5 (2) ! (4) _(17) — 289

3. Write as a single power and then evaluate:

(a) 3% x 372

Solution: 3* x 372 =32

11




(b) 57 x 578

Solution: 5’ x 58 =571

=9
(c) 1378 x 13'% x 1377
) 1378 x 13% x 1377 =13°
Solution: i
=1
1
5

@ (3)"x ()

Solution: (%)_6 X (%)4 = (%)_2

- 9
4
© 4 )
2
25
Solution: 3—: =921 = % Solution:
0 4 )
3
37
Solution: g—j =33 = 3% = 2% Solution:

4. Simplify, expressing the answers with positive indices

12




(a) a?b=3 x a=4b°

(0) (2a-2%)"

1 4 1 _
—2—2XCL XE—

a

46

Solution: (2a72b%) % = 2 2xa*x b
4

Solution: a?b=3 x a~*® = a?>* x
2
b_3+5:%><1)2:b—2
a a
.’E2y3
(b) xsyg
Solution: LY =z 1yl =1 x y =¥
olution: z3y2_'r y—; y—;

Note that in general (%)71 =

3.2 Exercises:

1. Express with a positive index and then evaluate.

(a) 271 (c) 274
Solution: 27! = % Solution: 274 = 2%
271 =05 274 =0.0625
(b) 571 (d) 37°
Solution: 5-! — 1 Solution: 37 = &
: = a ;
51 = 0.2 370 =5
2. Write each fraction as a power of a prime with a negative index.
(a) § (¢) 16
Solution: § =273 Solution: - =27*
(b) 5 (d) 5
Solution: § =372 Solution: & =27°

3. Express with positive indices, evaluating where possible.

13




(a) a3

Solution: a3 = a%

(b) =77

Solution: z~7 = %

Solution: -2 = 5°

xr—°

4. Simplify and then evaluate

() (1)

Solution: 3° x 372 = 352

1 3P x32=33
Solution: (1) =4 P v 25 _
b) (2)7?
) &) (d) 51 x 578
Solution: (2) %= (3)°
2\72 _ 25 ) () Solution: 5! x 578 = 51-8
() =% B¢ 58 = B
511 x 578 = 125
(c) 3°x 372
5.
@ & © %

Solution: 2 — 236

Solution: & — 86-7

26 /7 —
25 9-3 86 _ o-1
55 = 2 7= 8
22 1 86 1
2% — 8 87T — 8
42 204
(b) & (d) 308
. 2 _ . 1 _
Solution: 3—4 = 424 Solution: % =906
42 -2 204 _ 9n—2
=4 30 = 20
2 _ 1 00 _ 1
= 16 206 — 400

6. Express with negative index.

14




—~
&
~—
8 |w

()

(¢) 7

Solution: % =3z !

Solution: x% = 52

Solution: x% =8z

7. Evaluate.

-1
(a’) (%) . o\ —1 3 . 1\—2 2
Solution: (5) =3 Solugzlon: (5) =2
_ 1\7= _
Solution: (%) b =9 5 (5) =4
@ (3)
o\ —1
) (3)
8. Simplify, expressing the answer with positive indices.
(a) 270" x 22y~ _
Solution: Sga; = 4q =+
Solution: z Sytxaz?y—2 = p=6+2y12 82“a_64 = 4q710
_ — _ —4
2844 X 222 = gy Sa ! _ 4
—6, 4 2, -2 _ y° 20 ¢
e Oyt xatyr =4
(b) 2a716° x Tab™3 (d) 36n7
Solution: 2a¢7'° x Tab™3 = Y
14g-1+1p5-3 SOl_lgltiOIl: 396:_4 = 4p 914
207105 x Tab=3 = 141 Bh - =4h7®
36h*49 _ %
_ Oh-
(C) 82aa64
9. Fill in the missing term
(a) 6* x...=6 L
Solution: (a°) " =a~1°
Solution: 6* x 672 = 62
— mb
(b) m® x ... = m= (&) ()7 =%
Solution: m® x m™* =m=¢ Solution: (m?g)_2 = g”—;

d7+... =dw

@ (..

)72 4

Solution: d~7 = d 22 = d'

=Pq

—6

Solution: (pq~3)72 = plq¢"

15




10. Simplify, expressing the answers with positive indices. Evaluate powers where possible

(2016-2)°  (2a?)"!

(a) (3a272)° x (2a%) 7 (c) L :

. —92\3 4\—2 .
Soléltlg)n g )? X (2a*) = . (2a1p-2)’ e
27a°0™° X 7% Solution: = X = =
(3a2572)° x (20%) % = a6 U= X g
(3a%072)° x (2a%) 7 = &5 (2a4:2’2)3 (2211’21?2)7l — 20

(b) (6a%b™4)% x 2 (a3b=3)”
OF G
Solution: (6a°b~4) "> x 2 (a3h~3)* =
- x 2a8b7F -
216a5151:412_3 4y 32 ) 79 o ( ) ( 2) _ - 4a® « 2b
(6a°b™*) " x 2(a’b™?) —216 b T J57 X oo
2_
(6070~ x 2 (a?h3)? = =g 3(2‘;) - 2 ) _ jea

16



4 Homework

The Index Laws

1. State the base and index of:

(a) 10%

(b) 5

(c) 6°

dex: 4

Solution: Base: 10, In-

dex: 1

Solution: Base: 5, In-

Solution: Base: 6, In-
dex: 0

2. Express as a power of a prime number.

(a) 243

Solution: 125 =53

Solution: 243 = 3°

Solution: 81 = 3*

(b) 125
3. Evaluate:

(a) 74

(c) 81

Solution: 8 x 243

Solution: 1296 x 9 =

(a) 90

Solution: 2401 1944 11664
(b) 23 x 3° (c) 6% x 32
4. Express as a product of powers of prime numbers.
(b) 700 (c) 84
Solution: 90 = 2 x 32 x Solution: 700 = 2% x Solution: 84 = 22 x 3 x
5 52 x 7 7
5. Simplify, leaving the answer as a power or a product of powers.
(a) 31 x 3° (c) a® x a® (e) 2y x 3y*

Solution: 3°

Solution: a'!

Solution: 6y°

(b) 3 x 37

(d) b7 x b'2

(f) 4b% x 31

Solution: 3'!

Solution: b'?

Solution: 126°

6. Simplify:

17



(a) x?y x a’y

(b) 5a*b x 2ab?

Solution: x°y?

7. Simplify, leaving the answer as a power or a product of powers.

Solution:

10a°b*

(a) 51 +5 (d) &
Solution: 53 Solution:
(b) 75+ 73 (e) v
Solution: 72 Solution:
at (f) 27p!
(c) a 9
Solution: a* Solution:
8. Simplify:
(a) (c)
a’b’ 16a*b?
ath 120202
Solution: ab? Solution: 3
(b) (d)
l‘4y7 271’2@}3
Ty 18zy?
Solution: xy° Solution: 32
9. Simplify:
(a) (b)
2ab®  6a’b 122y 2yt

3a2b* x ab

Solution: 4ab™!

X
312y 2315

Solution:




(c) (d)
14a*s®  Ta%b* 122%y | 6xy?
3ab2  6a3 w3yt aby”
Solution: 8a2?h—* Solution: 2z~ "y ~®
10. Copy and complete.
(a) 4a® x =12a" (d) 9d® + = 3d (g) 142°y* x = 422105
Solution: 3a* Solution: 3d° Solution: 3xz°y3
(b) a® + =at (e) min® x =m (h) 9m™n* + = 3m?
Solution: a* Solution: m®n? Solution: 3m’n*
() 210 = — 20 (f) a’b* = = a?b (i) 18p%¢° +____ =3pq

Solution: z

Solution: a°b?

Solution: 6pq®

11. Simplify:

(a) xy"

Solution: z

Solution: 7

(b) 7a%°
12. Simplity:

(a) (4a)°

(d) (4a + 3b)°

Solution: 1

Solution: 1

(b) (3b)°

(e) (5m° + 7b)°

Solution: 1

Solution: 1

(c) (2a+1)°

(f) (6m — 2c°)°

Solution: 1

Solution: 1

13. Simplify, leaving the answer as a power.

19



(a) (a?)°

Solution: a'?

Solution: y3°

(b) ()’

14. Simplify

()"
(y")”
Solution: y*
15. Simplify
3(m3y)2 . 12242
(a2y)* * (22%)°

Solution: %

16. Copy and complete (using index law 3).

— o

(a) (a°)

(d) () =p*

Solution: 4

Solution: p°

— 621

(b) (v*)

(e) (—)'=d"

Solution: 7

Solution: «?

(c) (m%) __ =m®

(0 () =m

Solution: 5

Solution: m

5

17.

(a) Is it true that (a?)°

Solution: Yes, both equal a'2.

(b) Is it true that (b%)" = (b7)* ?

20



Solution: Yes, both equal b%.

(c) Generalise your result.

Solution: (a™)"

(an>m — amn

(a) (2y®)’

18. Simplify by expanding the brackets.

Solution: z%y°

Solution:

(b) (a®)’

Solution: a®b*

() (8)°

19. Simplify:

(a)

Solution:

@wl &@

Solution: 3

. 8
Solution: 32735

20. Simplify:

(a)

(22%%)° x (5ay?)’
(1022y)* x (xy)?

Solution: 25y

(6ab)?® x 2a"b*
(2ab)* x (3a2b)?

21



Solution: 3a?

21. Copy and complete.

(a) (@) = ™' (@) ()" =1
(b) (m5n4)6 — m30n24 (e) (2&2)4 — 16&8
() (°q)" = p°¢® (f) (3¢%)° = 27¢°

Negative Indices

1. Express with a positive index and then evaluate.

(8) (Tm?)? = 49m®
(h) (463m)? = 640°m3

(i) (bm°n?)? = 25m!%nf

(a) 372 (d) 573

Solution: % Solution: ﬁ
(b) 672 (e) 374

Solution: 3% Solution: %
(c) 972 (f) 107°

Solution: 8% Solution: m

2. Write each fraction as a power of a prime with a negative index.

(a) 2 (d)

1

125

Solution: 373

Solution: 573

(b) 55 ()

1

169

Solution: 1372

Solution: 1172

Solution: 374

3. Express with positive indices, evaluating where possible.

22




(a) 3a™* (d) L
Solution: a% Solution: z°
(b) 5277 (e) 37%a™
Solution: I_57 Solution: 9#
(c) 4a™> (f) 472272
Solution: C:% Solution: 16%
4. Simplify where possible and then evaluate.
(a) (3%)7° (c) T3 x 775
Solution: 7 Solution: 772
(b) (2)7° (d) 4% x 4=
Solution: % Solution: 472
5. Write as a single power and then evaluate.
(a) .
38 Solution: 772
39
(d)
57
=10
Solution: 37! g
(b) Solution: 573
65
6° (e)
35
39
Solution: 673
(c) Solution: 374
71
=3 f
73 ( ) 1212
1014

23
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Solution: 1272

6. Express with negative index.

(a) 5r

Solution: 3 -2 1z~

Solution: 4 -3 1277

Solution: 2 -3 1x75

(b) 3

327

7. Evaluate.

(a) (3)

Solution: %—2

Solution: é—?

Solution: =2

8. Simplify, expressing the answer with positive indices.

(a) a3b™° x a®b™?

(d) 3r2s® x 4r=3575

(g) Hm;

Solution: a?h8

Solution: 12r~1ts2

Solution: 3m~

(b) 327 2y% x 5x~ Ty 2

1604
(e) 825

Solution: 1527 %

(h) 72a%b—3

36ab—2

Solution: 2a~?

Solution: 2a%h~!

(c) Ta*m™* x 8a="m 3

(f) 1844

4ab

<1> Ta?b 3¢ 4

21a%b=7c—9

Solution: 56a2m~"

Solution: 4.5¢7?

Solution: la3p*cd

9. Copy and complete.

(a) 9°x 971 =91
(b) % x b2 = b

a_)73 — a

b3 O

m2n3)—6 m12p,18
p -t

10. Simplify, expressing the answers with positive indices. Evaluate powers where possible.

(a)

(5x4y6)_3 X (52:z;y*1)3

Solution: 7%

25



(5m2n_3)72 X 2 (m_2n3)2 y (mnp’Q)
Solution: 2m—?n Solution: m~—n-5p°
(@) () a2
y ? N (b_2)
Solution: zy~ Solution: a’b
(d) ) ) (2) 2
(223) (227) ' ]ﬁ
yt 3yP m
Solution: 83I190 Solution: -
y p
5 Marking
Marker’s use only.
SECTION 1 2 3 HW Total
MARKS 10 87 59 146 302
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