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Examples 8.1.1.

(a) For each d the space R¢, with its usual topology, is Polish.

(b) More generally, each separable Banach space, with the topology induced by its
norm, is Polish.

(c) Each compact metrizable space is Polish (see Theorem D.39 and
Corollary D.40). It amounts to the same thing to say that each compact
Hausdorff space that has a countable base is Polish (see Proposition 7.1.13).

O

We need the following results before we look at some additional examples.

Proposition 8.1.2. Each closed subspace, and each open subspace, of a Polish
space is Polish.

Proof. Let X be a Polish space. According to D.33, every subspace of X is separable.
Hence we need only check that the closed subspaces and the open subspaces of X
can be metrized by means of complete metrics.

Let d be a complete metric for X. If F is a closed subspace of X, then the
restriction of d to F is a complete metric for . Hence each closed subspace of
X is Polish.

Now suppose that U is an open subspace of X. We can assume that U # X . Recall
that d(x,U¢), the distance between x and U¢, is defined by

d(x,U°) =inf{d(x,z): z€ U}
(see D.27). It is easy to see that

1 1
d(x,U¢)  d(y,U°)

do(x,y) =d(x,y) +

defines a metric dy on the set U; we will check that dy metrizes the topology that U
inherits as a subspace of X and then that U is complete under d.

The function x — d(x,U¢) is continuous (again see D.27), from which it follows
that if x and x, xp, ... belong to U, then the sequence {x,} converges to x with
respect to d if and only if it converges to x with respect to dy. Thus dy metrizes the
topology of U.

We turn to the completeness of U under dy. A sequence {x, } that is Cauchy under
dp is also Cauchy under d, and so converges under d to a point x of X. The point
x belongs to U, since otherwise we would have lim, d(x,,U¢) = 0, which would
imply that

mdO(xm,xn) = oo,

m,n
contradicting the assumption that {x, } is Cauchy under dy. It now follows that {x; }
also converges to x under dy, and the completeness of U under d follows. a
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For the next results we need to recall a technique for constructing bounded
metrics. Suppose that d is a metric on a set X. It is easy to check that the formula

dO(xvy):min(lvd(xay)) (D

defines a metric on X and that d(x,y) = do(x,y) holds whenever x and y are such
that d(x,y) (or do(x,y)) is less than 1. It follows that d and dy determine the same
topology on X and that X is complete under dj if and only if it is complete under d.

Recall that the disjoint union Y., X4, of an indexed collection {X,, } of topological
spaces is defined by letting the underlying set ¥, X, be the disjoint union' of the
X¢’s and then declaring that a subset of Y, X, is open if and only if for each ¢ its
intersection with Xy, is an open subset of Xy,.

Proposition 8.1.3. The disjoint union of a finite or infinite sequence of Polish
spaces is Polish.

Proof. Let X, X», ... be Polish spaces, and let Y, X;, be their disjoint union. For
each n let D, be a countable dense subset of X, and let d,, be a complete metric on
X,,. We can assume that d,,(x,y) < 1 holds for each n and for all x and y in X,, (see
Eq. (1)). Then Y, D, is a countable dense subset of Y, X,,, and

d(x,) dy(x,y) if x,y € X, for some n,
XY) =
1 ifx€ X,, and y € X,,, where m # n

defines a complete metric that metrizes Y, X,,. O

Proposition 8.1.4. The product of a finite or infinite sequence of Polish spaces is
Polish.

Proof. Let X1, X», ... be a finite or infinite sequence of Polish spaces. We can
assume that no X, is empty. For each n let d,, be a complete metric that metrizes
X, and satisfies d,,(x,y) <1 for all x and y in X,, (see Eq. (1)). For points x and y in
I1, X,, with coordinates xy, x2, ... and yy, y2, ..., respectively, let

1
d(x,y) = 2 z_ndn(xn»yn)-

It is easy to check that this defines a metric d on [],, X, that d metrizes the product
topology on [], X,,, and that [, X,, is complete under d.

ILet {Y,} be an indexed collection of sets such that

(a) for each « the set Yy, has the same cardinality as the set X, and
(b) Yy, and Yy, are disjoint if o) # o

(for instance, one might let Y, be X, x {o}). The disjoint union of the X,’s is defined to be the
union of the Y,’s. (One generally thinks of the Y,’s as being identified with the corresponding
Xo's.)
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To prove the separability of [],, Xj,, it is enough to construct a countable base for
[1, X, (see D.10). For each n choose a countable base %, for X, (see D.32). Then
the collection of subsets of [, X,, that have the form

Uy X+ XUy X Xny1 X Xny2 X ...

for some N and some choice of sets U, in %,,n =1, ..., N, is the required base for
L, X.- O

Proposition 8.1.5. Let X be a Polish space. Then a subspace of X is Polish if and
onlyifitisa Ggin X.

Proof. Firstlet {U,} be a sequence of open subsets of X and let Y = N, U,. Each U,
is Polish (Proposition 8.1.2), as is the product [, U, (Proposition 8.1.4). Let A be
the subset of [], U, defined by

A= {{un}EHU,,:uj:uk forallj,k}.
n

Then A is a closed subset of [],, U,, and so is Polish. Furthermore Y is homeomor-
phic to A via the map that takes an element y of Y to the sequence each term of
which is y. Hence Y is Polish.

We turn to the converse. So suppose that Y is a subspace of X that is Polish. Let
d be a metric for the topology of X, and let dy be a complete metric for the topology
of Y. For each n let V,, be the union of those open subsets W of X that have diameter
at most 1 /n under d and for which WNY is nonempty and has diameter at most 1/n
under dyp. Since d and d induce the same topology on Y, every point in ¥ belongs
to each V,,. Let us show that

Y =YN(NV,). )

We just noted that ¥ C V,, holds for each n, and so, we have Y C Y N (N,V,). We
turn to the reverse inclusion. Suppose that x € Yn (NuVa). Since x € N,V,, we can
choose a sequence {W, } of open neighborhoods of x such that for each n the sets W,
and Y N'W, have diameters (under d and dy, respectively) at most 1/n. Since x € Y,
our sets W, satisfy W, NY # & for each n. Thus we can form a sequence {x,} by
choosing (for each n) a point x,, in W, NY. Our conditions on the diameters of the
sets W, under d and dy imply that {x, } converges to x with respect to d and that it
is a Cauchy sequence (in Y) with respect to dy. Thus there is a point y in Y to which
{xn} converges under dy. Since d and dj metrize the same topology on Y, it follows
{x,} also converges to y under d and hence thatx =y € Y. Thus Y N (N,V,) C Y and
the proof of (2) is complete. Since each closed subset of X (in particular, Y) is a G
in X (see D.28), relation (2) implies that Y is a G5 in X. a

Examples 8.1.6.

(a) Let X be a locally compact Hausdorff space that has a countable base for
its topology. Its one-point compactification X* also has a countable base
(Lemma 7.1.14) and so is Polish (Example 8.1.1(c)). Proposition 8.1.2 now
implies that X, as an open subset of X*, is Polish.
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(b) The space NI is, according to Proposition 8.1.4, Polish. We will often denote
this space by /. Its elements are, of course, sequences of positive integers.
A typical such sequence will generally be denoted by {n;} or by n (the boldface
n is a useful substitute for {n;} in complicated expressions).

For positive integers k and ny, ..., n; we will denote by .4 (ny,...,n;) the
set of those elements {m; } of A4 that satisfy m; = n; fori =1, ..., k. It is easy to
check that the family of all such sets is a countable base for .4". It is also easy
to check that the collection of those elements {m;} of .4 that are eventually
constant (that is, for which there is a positive integer k such that m; = my holds
whenever i > k) is a countable dense subset of .4,

(c) Next consider the space .# of irrational numbers in the interval (0, 1), together
with the topology it inherits from R. The complement of .# in R is an Fg, and
so . is a Gg; thus Proposition 8.1.5 implies that .# is Polish. It can be shown
that .# is homeomorphic to .4 (see Exercise 3 in Sect. 8.2).

(d) The space Q of rational numbers is not Polish (see Exercise 2).

(e) The space {0, 1}N, which consists of all sequences of zeroes and ones, is Polish
(Proposition 8.1.4 or Example 8.1.1(c)). It can be shown that this space is
homeomorphic to the Cantor set (see Exercise 1). a

The spaces .4 and {0, 1}" turn out to be very important in the development of
the theory of Polish spaces and analytic sets.

We turn to some basic facts about the Borel subsets of Polish spaces.

Let (X1,9), (Xa,9%), ... be measurable spaces. The product of these measura-
ble spaces is the measurable space (IT, Xy, [1, %%,) where [],, <, is the o-algebra on
1, X, that is generated by the sets that have the form

A1XAQX"'XANXXN+1XXN+2X... (3)

for some positive integer N and some choice of A, in «7,, n =1, ..., N. For each i
let ; be the projection of [],, X,, onto X;. Then
nfl(A) =Xy XXX XAxXjp 1 X...

1

holds for each subset A of X;, and so m; is measurable with respect to [], <7, and
. The set in display (3) is equal to ﬁf’: l77:1.’1(A,~); hence [], <, is the smallest
o-algebra on [], X,, that makes all the projections 7; measurable.

Proposition 8.1.7. Let X|, Xo, ... be a finite or infinite sequence of separable
metrizable spaces. Then B([1,X,) =1, B (Xn).

Proof. For each i consider the projection 7; of [], X, onto X;. Each such projection
is continuous and so is measurable (Lemma 7.2.1) with respect to %([],X,) and
PB(X;). Since [1, #(X,) is the smallest o-algebra on [T, X,, that makes these projec-
tions measurable (see the remarks above), it follows that [T, Z(X,) C Z(I1, X»)-
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We turn to the reverse inclusion. For each n choose a countable base %, for X,
(see D.32), and then let % be the collection of sets that have the form

Uy X+ XUy X Xny1 X ...

for some positive integer N and some choice of sets U, in %, forn=1, ..., N.
Then % is a countable base for [T, X,,, and % C I, #B(X,). Since each open subset
of 1, X, is the union of a (necessarily countable) subfamily of %/, it follows that
B, Xn) C I, B(X,). Thus B([1, X)) = I1, B(X,), and the proof is complete.

O

Let X and Y be sets, and let f be a function from X to Y. The graph of f, denoted
by gr(f), is defined by

gr(f) ={(xy) eX xY:y=f(x)}.

Proposition 8.1.8. Let X and Y be separable metrizable spaces, and let f: X — Y
be Borel measurable. Then the graph of f is a Borel subset of X X Y.

Proof. Let F: X XY — Y X Y be the map that takes (x,y) to (f(x),y). The Borel
measurability of f implies that if A,B € Z(Y), then F~'(A x B) € #(X) x B(Y);
hence F is measurable with respect to B(X) x #(Y) and B(Y) x B(Y) (Propo-
sition 2.6.2) and so with respect to Z(X xY) and (Y x Y) (Proposition 8.1.7).
Let A= {(y1,y2) €Y XY :y; =y}. Then A is a closed subset of ¥ x Y and
gr(f) = F~1(A). It follows that gr(f) is a Borel subset of X x Y. O

Lemma 8.1.9. Ler (X,o/) be a measurable space, and let Y be a metrizable
topological space. Then a function f: X — Y is measurable with respect to </ and
PB(Y) if and only if for each continuous function g: Y — R the function go f is
of -measurable.

Proof. If f is measurable with respect to o/ and (Y ), then the measurability of
go f for each continuous g follows from the measurability of g (Lemma 7.2.1),
together with Proposition 2.6.1.

Now assume that for each continuous g: ¥ — R the function go f is /-
measurable, and let d be a metric that metrizes Y. Suppose that U is an open subset
of Y. Then there is a continuous function gy : ¥ — R such that

U={yeY:gu(y)>0}

(if U #£Y, define gy by gy (y) = d(y,U°); otherwise, let gy be the constant function
1). The set £~ (U) is equal to

{xeX:(guof)(x)>0}

and so belongs to .«7. Since U was an arbitrary open subset of X, the measurability
of f follows (Proposition 2.6.2). O
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Proposition 8.1.10. Let (X,o/) be a measurable space, let Y be a metrizable
topological space, and for each positive integer n let f,: X — Y be measurable
with respect to &/ and B(Y). If lim,, f,(x) exists for each x in X, then the function
f: X =Y given by f(x) = limy, f,,(x) is measurable with respect to o/ and B(Y).

Proof. Note that if g: ¥ — R is continuous, then g(f(x)) = lim, g(f,(x)) holds for
each x in X. The proposition is now an immediate consequence of Lemma 8.1.9 and
Proposition 2.1.5. O

Proposition 8.1.11. Let (X,<7) be a measurable space, let Y be a Polish space,
and for each positive integer n let f,: X — Y be measurable with respect to </
and B(Y). Let C = {x € X : lim, f,(x) exists}. Then C € <. Furthermore, the map
f: C—Y defined by f(x) =lim, f,(x) is measurable with respect to </ and B(Y ).

Proof. Let d be a complete metric for Y. Then C is the set consisting of those x
in X for which {f,(x)} is a Cauchy sequence in Y. For each positive integer n the
set {(y1,y2) €Y xY :d(y1,y2) < 1/n} is an open subset of ¥ x Y and so belongs
to B(Y) x B(Y) (Proposition 8.1.7). Thus for each i, j, and n the set C(i, j,n)
defined by

C(i,j,n) = {x eX :d(fix),fi(x) < %}

belongs to .o7. Since

c=NUN(CGjn),

n ok i>kj>k

it follows that C € /. The measurability of f is now a consequence of
Proposition 8.1.10, applied to the spaces (C,<%) and Y (here <7 is the trace
of @7 on C; see Exercise 1.5.11). O

We conclude this section with the following useful fact about measures on Polish
spaces.

Proposition 8.1.12. Every finite Borel measure on a Polish space is regular.

Proof. Let X be a Polish space, let d be a complete metric for X, and let it be a finite
Borel measure on X. We can assume that X is not empty. Since each open subset
of X is an Fs in X (see D.28), Lemma 7.2.4 implies that each Borel subset A of X
satisfies

1(A) =inf{u(U): A C U and U is open} 4)
and
W(A) =sup{u(F): F CAandF is closed}. 5)
We will strengthen (5) by showing that each Borel subset A of X satisfies

w(A) =sup{u(K): K C A and K is compact}. (6)
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First consider the case where A = X. Let {x;} be a sequence whose terms form
a dense subset of X, and let € be a positive number. For each positive integer n use
Proposition 1.2.5 and the fact that X is the union of the open balls B(x;, 1/n), k=1,
2, ..., to choose a positive integer k,, such that

kn
u( U Bx, 1/n)> > pu(X)—e/2".
k=1

Let K =N, Ulli”: | B(x,1/n). Then K is complete and totally bounded under the
restriction of d to K, and so is compact (Theorem D.39). Furthermore

kn

(k) < Tu((UBG1/m) ) < Te/2 =e,
NS -

and so 1 (K) > u(X) — €. Since ¢ is arbitrary, (6) follows in the case where A = X.
Now let A be an arbitrary Borel subset of X, and let £ be a positive number.
Choose a compact set K such that p(K) > p(X) — €, and use (5) to choose a closed
subset F of A such that u(F) > u(A) — €. Then K NF is a compact subset of A, and

W(KNF)> u(A)—2e. Since ¢ is arbitrary, A must satisfy (6). Thus g is regular.
O

Exercises

1. Show that the map that takes the sequence {rn;} to the number ¥, 21, /3 is a
homeomorphism of {0, 1}" onto the Cantor set.

2. Show that the set Q of rational numbers, with the topology it inherits as
a subspace of R, is not Polish. (Hint: Use the Baire category theorem,
Theorem D.37.)

3. Let (X, o) be a measurable space, let Y be a separable metrizable space, and
let f,g: X — Y be measurable with respect to o7 and (Y ). Show that {x € X :
f(x) =g(x)} belongs to .

4. Suppose that {X, } is a sequence of nonempty separable metrizable spaces and
that, for each n, D), is a countable dense subset of X,,. Give (rather explicitly) a
countable dense subset of [], Xj,.

5. Let X be a Polish space, let {U,} be a sequence of open subsets of X, and
let d be a complete metric for X. Construct a complete metric for N,Up;
show directly that it has the required properties. (Hint: Examine the proofs of
Propositions 8.1.2, 8.1.4, and 8.1.5.)

6. Let C[0,+0) be the set of all continuous real-valued functions on the interval
[0, 4-c0).
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(a) Show that the formula

d(f;g) = sup{IA[f(t) —g(t)| :1 € [0, )}

defines a metric on C[0, +).

(b) Suppose that f and f1, f>, ... belong to C[0,+e). Show that { f; } converges
to f with respect to the metric in part (a) if and only if it converges to f
uniformly on [0, +-0).

(c) Show that C[0,+<), when endowed with the topology determined by the
metric in part (a), is not separable and hence not Polish.

7.(a) Show that the formula

a(1,8) = 3 o supl 1A LF(1) —(0)| 1 € [0.n]}
n
defines a metric on the set C[0,+oo) (see Exercise 6).

(b) Suppose that f and f1, f>, ... belong to C[0,+e). Show that { f; } converges
to f with respect to the metric in part (a) if and only if it converges to f
uniformly on each compact subset of [0, +eo).

(c) Show that C[0,+eo) is complete and separable under the metric defined in
part (a). (Hint: See Exercise 7.1.9.)

. Prove Proposition 8.1.10 directly, without using continuous functions.

9. Suppose that in Proposition 8.1.11 the space Y were only required to be
separable and metrizable. Show by example that the set C would not need to
belong to <7

10. Show that every finite Borel measure on QQ is regular. (Recall that Q is not
Polish; see Exercise 2.)

11. Show by example that a finite Borel measure on a separable metrizable space
can fail to be regular. (Hint: Suppose that X is a subset of R that satisfies
A*(X) < 4o but is not Lebesgue measurable. Consider the measure on
(X,2%(X)) that results when the construction of Exercise 1.5.11 is applied to
Lebesgue measure.)

12. Show that every separable metrizable space is homeomorphic to a subspace of
the product space [0, 1] and that every Polish space is homeomorphic to a G
in [0,1]. (Hint: Let d be a metric for the separable metrizable space X, and
let {x,} be a sequence whose terms form a dense subset of X. Consider the
map from X to [0, 1]V that takes the point x to the sequence whose n™ term is
min(1,d(x,x,)).)

13. Let (X,.<7) be a measurable space, let ¥ be a Polish space, let A be a subset
of X that might not belong to <7, and let 74 be the trace of &/ on A
(see Exercise 1.5.11). Show that if f: A — Y is measurable with respect to .o74
and ZA(Y), then f has an extension F: X — Y that is measurable with respect
to &7 and A(Y).

e}
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14. Give a counterexample that shows that the metrizability of ¥ cannot be omitted
in Proposition 8.1.10. (Hint: Let (X,<7) be ([0,1],.2([0,1])) and let Y be
[0, 1]1%1] with the product topology. For each n let f,: X — Y be the function
that takes x to the element of ¥ (i.e., to the function from [0, 1] to [0, 1]) given
by t — max (0,1 —nlr—x]|).)

8.2 Analytic Sets

Let X be a Polish space. A subset A of X is analytic if there is a Polish space Z and
a continuous function f: Z — X such that f(Z) = A.

We will soon see that every Borel subset of a Polish space is analytic, but that
there are analytic sets that are not Borel.

Analytic sets are useful tools for the study of Borel sets and Borel measurable
functions (see Sect.8.3); they also possess measurability properties that make
them useful in their own right (see Sects.8.4 and 8.5). This section contains a
few elementary properties of analytic sets, some techniques for constructing those
continuous maps that will be needed later in this chapter, and a construction
that provides an analytic set that is not Borel. The reader might well skip from
Proposition 8.2.9 to Sect. 8.3 at a first reading, returning for the remaining results as
they are needed.

Proposition 8.2.1. Let X be a Polish space. Then each open subset, and each closed
subset, of X is analytic.

Proof. This is an immediate consequence of Proposition 8.1.2, together with the
continuity of the standard injection of a subspace of X into X. O

Proposition 8.2.2. Let X be a Polish space, and let Ay, Ay, ... be analytic subsets
of X. Then UAy and N Ay are analytic.

Proof. For each k choose a Polish space Z; and a continuous function f;: Z; — X
such that f(Z;) = Ag. Let Z be the disjoint union of the spaces Z;, Z, ..., and
define f: Z — X so that for each k it agrees on Z; with f;. Then Z is a Polish space
(Proposition 8.1.3), f is a continuous function, and f(Z) = U;Ax; hence U Ay is
analytic.

Next form the product space []; Z;, and let A consist of those sequences {z;} in
[1x Z such that fi(z;) = fj(z;) holds for all i and j. Then A is a closed subspace
of [ Zx and so is Polish (Propositions 8.1.2 and 8.1.4). The set NzAy is the image
of A under the continuous function that takes the sequence {z;} to the point f;(z1);
hence it is analytic. O

It should be noted that the complement of an analytic set is not necessarily
analytic. In fact, the complement of an analytic set A is analytic if and only if A
is Borel (see Proposition 8.2.3 and Corollary 8.3.3).

Proposition 8.2.3. Let X be a Polish space. Then each Borel subset of X is analytic.
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The proof will depend on the following lemma. Because of later applications,
this lemma is given in a slightly stronger form than is needed here.

Lemma 8.2.4. Let X be a Hausdor{f topological space. Then 98(X) is the smallest
family of subsets of X that

(a) contains the open and the closed subsets of X,
(b) is closed under the formation of countable intersections, and
(¢) is closed under the formation of countable disjoint unions.

Note that closure under complementation is not one of the conditions listed in
Lemma 8.2.4.

Proof. Let . be the smallest collection of subsets of X that satisfies conditions
(a), (b), and (c) of the lemma (why does such a smallest collection exist?), and
let /o={A:A€ .7 and A° € ./} It is clear that %) C .¥ C H(X). Thus if we
show that .} is a o-algebra that contains each open subset of X, it will follow that
S =% = PB(X), and the proof will be complete.

It is immediate that . contains the open subsets of X and is closed under
complementation. Now suppose that {A,} is a sequence of sets in .. Then U,A,
is the union of the sets

Al,Aﬁ ﬁAz,Ai ﬁAEﬁA3, s

these sets are disjoint and belong to .%, and so U,A, must also belong to .¥.
Furthermore (U,A,)¢ is the intersection of a sequence (namely {AS}) of sets in
., and so belongs to .. Consequently U,A,, belongs to .#. It follows that .7 is
closed under the formation of countable unions. With this we have shown that .
is a o-algebra that contains the open subsets of X, and the proof of Lemma 8.2.4 is
complete. O

Proof of Proposition 8.2.3. Since the collection of analytic subsets of X satisfies
conditions (a), (b), and (c) of Lemma 8.2.4 (see Propositions 8.2.1 and 8.2.2), it
must include ZA(X). O

Proposition 8.2.5. Let X1, X5, ... be a finite or infinite sequence of Polish spaces,
and for each k let Ay be an analytic subset of Xy. Then [],Ax is an analytic subset

of Tk Xi-

Proof. 1f some Ay, is empty, then [T, Ay is empty and so is an analytic set. Otherwise
for each k choose a Polish space Z; and a continuous function f;: Z; — X; such
that f;(Z;) = Ay. Define a function f: [1x Zx — [T Xk by f({zc}) = {fx(z)}. Then
1k Zi is Polish, f is continuous, and f(IT; Zi) = [Tx Ak. Thus [T Ay is analytic. O

Proposition 8.2.6. Let X and Y be Polish spaces, let A be an analytic subset of X,
and let f: A —Y be Borel measurable (that is, measurable with respect to 5B(A)
and B(Y)). IfA| and A, are analytic subsets of X and Y, respectively, then f(ANA})
and f~'(A,) are analytic subsets of Y and X, respectively.
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Proof. Let my be the projection of X x Y onto Y. Proposition 8.1.8 implies that
gr(f) € #B(A xY), and Lemma 7.2.2 then implies that there is a Borel subset B of
X x Y such that gr(f) = BN (A xY). Hence gr(f) N (A; X Y) is an analytic subset
of X x Y (Propositions 8.2.2, 8.2.3, and 8.2.5) and so is the image of a Polish space
(say Z) under a continuous map (say &). It follows that f(ANA}), since it is the
projection of gr(f)N(A; xY) onY, is the image of Z under the continuous map 7y o
h and so is analytic. A similar argument shows that f~!(A;) is analytic (note that it
is the projection of gr(f) N (X x A3) on X). O

‘We turn to the construction of some continuous functions that are useful in the
study of Borel and analytic sets.

Proposition 8.2.7. Each nonempty Polish space is the image of AN under a
continuous function.

Proof. Let X be a nonempty Polish space, and let d be a complete metric for X. We
begin by constructing a family {C(n1,...,n;)} of subsets of X, indexed by the set
of all finite sequences (ny,...,n;) of positive integers, in such a way that

(a) C(ny,...,n) is closed and nonempty,

(b) the diameter of C(ny,...,n;) is at most 1/k,
(c) C(nl,... ,nk,l) = UnkC(nl,... ,nk), and

(d) X =Up,C(ny).

We do this by induction on k.

First, suppose that k = 1, and let {x;,, }:71:1 be a sequence whose terms form a
dense subset of X. For each n; in N define C(n;) to be the closed ball with center
Xn, and radius 1/2. Certainly each C(n;) is closed and nonempty and has diameter
at most 1. Furthermore, X = U, C(n;).

Now suppose that k > 1 and that C(ny,...,n;_1) has already been chosen.
It is easy to use a modification of the construction of the C(n1)’s, now applied to

C(ny,...,n;_1) rather than to X, to produce sets C(ny,...,n), iy = 1, 2, ..., that
satisfy conditions (a) through (c). With this, the inductive step in our construction is
complete.

We turn to the construction of a continuous function that maps 4" onto X.
Let n = {n;} be an element of 4. It follows from (a), (b), and (c) above that
C(n1), C(ny,n3), ... is a decreasing sequence of nonempty closed subsets of X
whose diameters approach 0. Thus there is a unique element in the intersection of
these sets (see Theorem D.35), and we can define a function f: .4~ — X by letting
f(n) be the unique member of N;C(ny,...,n;). Note that if m and n are elements
of 4 such that m; = n; holds fori =1, ..., k, then d(f(m), f(n)) < 1/k. It follows
that f is continuous. Finally, (c) and (d) above imply that for each x in X there is an
element n = {n;} of .4 such that x € N,C(ny,...,n;) and hence such that x = f(n);
thus f is surjective. a

Corollary 8.2.8. Each nonempty analytic subset of a Polish space is the image of
N under some continuous function.
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Proof. If A is the image of the Polish space Z under the continuous function f and
if Z is the image of .#” under the continuous function g (Proposition 8.2.7), then A
is the image of .4 under fog. O

Proposition 8.2.9. Let X be a Polish space. A subset A of X is analytic if and only
if there is a closed subset of /N x X whose projection on X is A.

Proof. The projection on X of a closed subset of .4 x X is the image of a Polish
space (see Propositions 8.1.2 and 8.1.4) under a continuous function (the projec-
tion), and so is analytic.

Now suppose that A is an analytic subset of X. If A is empty, then it is the
projection of the empty subset of .4#” x X. Otherwise there is a continuous function
f: A — X such that f(4") = A (Corollary 8.2.8). Then gr(f) is a closed subset of
A x X whose projection on X is A. O

While the preceding material is fundamental, the following results will be used
only occasionally in this book. The reader who does Exercises 1 and 5 and replaces
the proof for Theorem 8.3.6 given below with the one sketched in Exercise 8.3.5
can skip everything from here through Corollary 8.2.14.

We need to recall a definition and a few facts before proving Proposition 8.2.10.
A topological space is zero dimensional if its topology has a base that consists of
sets that are both open and closed. Among the zero-dimensional spaces are the space
of all rational numbers, the space of all irrational numbers, and each space that
has a discrete topology. Note that a subspace of a zero-dimensional space is zero
dimensional, that a product of zero-dimensional spaces is zero dimensional, and that
the disjoint union of a collection of zero-dimensional spaces is zero dimensional.
In particular, the spaces .4 and {0, 1} are products of zero-dimensional spaces,
and so are zero dimensional.

Proposition 8.2.10. Each Borel subset of a Polish space is the image under a
continuous injective map of some zero-dimensional Polish space.

Proof. We begin by showing that each Polish space is the image under a continuous
injective map of some zero-dimensional Polish space. First consider the interval
[0,1]. Tt is the image of the space {0,1}" under the map F: {0,1} — [0, 1] that
takes the sequence {x;} to the number ¥ (x;/2¥). Each number in [0, 1) that has
two binary expansions (that is, each number in (0,1) that is of the form /2" for
some m and n) is the image under F of two elements of {0,1}!; the remaining
members of [0, 1] are images of only one element of {0, 1}!Y. Thus if we remove a
suitable countably infinite subset from {0, 1}", the remaining points form a space
Z such that the restriction of F to Z is a bijection of Z onto [0, 1]. Note that F
is continuous, that Z is zero dimensional (it is a subspace of the zero-dimensional
space {0, 1}!), and that Z is Polish (its complement in {0, 1}V is countable, and so
itis a Gz in {0,1}Y). Hence [0, 1] is the image of a zero-dimensional Polish space
under a continuous injective map.

It follows that [0, 1] is the image of the zero-dimensional Polish space Z under
a continuous injective map.
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Now suppose that X is an arbitrary Polish space. Recall (see Exercise 8.1.12)
that there is a homeomorphism G of X onto a G in [0,1]". Let H be a continuous
injective map of ZN onto [0,1]N. Since G(X) is a Gg in [0,1]Y, it follows that
H ' (G(X)) is a Gg in ZN, and so is Polish. Let Hy be the restriction of H to
H~'(G(X)). Then X is the image of the zero-dimensional Polish space H~!(G(X))
under the continuous injective map G~ o H.

We turn to the Borel subsets of X. Let .% consist of those Borel subsets B of
X for which there is a zero-dimensional Polish space Y and a continuous injective
map f: Y — X such that f(Y) = B. According to the first part of this proof, .#
contains the open and the closed subsets of X (see Proposition 8.1.2), and an easy
modification of the proof of Proposition 8.2.2 shows that .% is closed under the
formation of countable intersections and under the formation of countable disjoint
unions. Thus Lemma 8.2.4 implies that .% = Z(X). O

See Theorem 8.3.7 for a rather powerful result that implies the converse of
Proposition 8.2.10.

Let us make some preparations for the proof of our next major result,
Proposition 8.2.13.

Lemma 8.2.11. Let X be a zero-dimensional separable metric space, let U be an
open and non-compact subset of X, and let € be a positive number. Then U is the
union of a countably infinite family of disjoint sets, each of which is nonempty, open,
closed, and of diameter at most €.

Proof. Since U is open and not compact, there is a family % of open sets whose
union is U, but that has no finite subfamily whose union is U. Let ¥ be the collection
of all subsets of X that are open, closed, of diameter at most €, and included in some
member of %/. Since X is zero dimensional, the set U is the union of the family 7.
According to D.11, there is a countable subfamily %4 of ¥ whose union is U. List
the sets in ¥ in a sequence Vi, V3, ..., and consider the nonempty sets that appear
in the sequence

Vi, VENV, VENVENV;, ...

These sets are open, closed, disjoint, and of diameter at most €, and their unionis U.
There are infinitely many of them, since otherwise there would be a finite subfamily
of % that would cover U. O

Let X be a topological space and let A be a subset of X, possibly the entire space
X. A point x of X is a condensation point of A if every open neighborhood of x
contains uncountably many points of A.

Lemma 8.2.12. Let X be a separable metrizable space, and let C be the set of
condensation points of X. Then C is closed, and C€ is countable.

Proof. Let % be a countable base for X (see D.32). Then x fails to belong to C if
and only if there is a countable open set that belongs to %/ and contains x. Hence
C¢ is the union of a countable collection of countable open sets, and so C¢ itself is
countable and open. O
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Proposition 8.2.13. Let X be a Polish space, and let B be an uncountable Borel
subset of X. Then there is a continuous injective map f: N — X such that
f(A) C B and such that B— f(A") is countable.

Proof. According to Proposition 8.2.10, there exist a zero-dimensional Polish space
Z and a continuous injective map g: Z — X such that g(Z) = B. Thus it will suffice to
construct a continuous injective map 4: .4~ — Z such that Z — h(.4") is countable,
and then to define f to be goh.

Let Zj be the collection of all points in Z that are condensation points of Z. Then
Zy is Polish (Lemma 8.2.12) and zero dimensional. Since Zj is countable, every
point in Zj is a condensation point of Zj (and not just a condensation point of Z).

Suppose that d is a complete metric that metrizes Zy. For each k we construct a
family of sets, indexed by N, as follows. Let us begin with the case where k = 1.
Apply Lemma 8.2.11 to the space Z, letting € be 1 and letting U consist of the
points that remain when one point is removed from Z; (this is to guarantee that U
is not compact). The sets provided by Lemma 8.2.11, say A(n;), n; =1, 2, ..., are
disjoint, nonempty, open, closed, and of diameter at most 1, each of them consists
entirely of condensation points of itself, and the union of these sets is Z less a single

point. We can repeat this construction over and over, for each k and ny, ..., nx_|
producing sets A(ny,...,ng), np = 1,2, ..., that are disjoint, nonempty, open, closed,
and of diameter at most 1/k, and are such that U, A(ni,...,nx) is A(ni,...,m_1)

less a single point.

Define h: .4 — Z by letting h(n) be the unique point in MA(ny,...,nk)
(Theorem D.35). It is easy to check that % is continuous and injective and that
Zy — h(./") is the countably infinite set consisting of the points removed from
Zy during the construction of the sets A(ny,...,n;). It follows that Z — h(.4") is
countable. Thus the construction of %, and so of f, is complete. O

The following is an interesting and well-known consequence of Proposi-
tion 8.2.13 (see also Exercise 1).

Corollary 8.2.14. Each uncountable Borel subset of a Polish space includes a
subset that is homeomorphic to {0, 1}".

Proof. Let X be a Polish space, and let A be an uncountable Borel subset of
X. Proposition 8.2.13 provides a continuous injective map f: .4 — X such that
f(A) C A TIf we regard {0, 1} as a subspace of .4 in the natural way, then the
restriction of f to {0, 1}V is a homeomorphism of {0, 1} onto the subset £({0,1})
of A (see D.17). O

Let X be a set, and let .# be a family of subsets of X. A subset A of A4 x X is
universal for Z if the collection of sections {Ap : n € 4} is equal to &.

Our goal now is to show that if X is Polish, then there is an analytic subset of
A x X that is universal for the class of analytic subsets of X. We will use such a
universal set to construct an analytic set that is not a Borel set.

Lemma 8.2.15. Let X be a separable metrizable space. Then there is an open
subset of N x X that is universal for the collection of open subsets of X and a
closed subset of N x X that is universal for the collection of closed subsets of X.
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Proof. Let % be a countable base for X, and let {U,, } be an infinite sequence whose
terms are the sets in %, together with the empty set (the sequence may have repeated
terms). Define a subset W of /" x X by

W = {(n,x) : x € Uy, for some k}

(recall that n is an abbreviation for {n;}). For each n and each k the set W (k,n)
defined by

W(k,n) ={ne€ N :n=n} xU,

is open, and so W, since it is equal to U, U, W (k,n), is also open. For each n in .4
the section W, is given by

Wa = JUn:
k
hence W is universal for the collection of open subsets of X (recall the definition of
the sequence {U, }).
The complement of W is a closed subset of .4#” x X and is universal for the class
of closed subsets of X. a

Proposition 8.2.16. Let X be a Polish space. Then there is an analytic subset of
N x X that is universal for the collection of analytic subsets of X.

Proof. Use Lemma 8.2.15, applied to the space .4 X X, to choose a closed subset
F of & x 4 x X that is universal for the collection of closed subsets of .4 x X.
Let A be the image of F under the map (m,n,x) — (m,x). Then A is analytic,
and it is easy to check that for each m in .4 the section A is the projection on
X of the corresponding section Fy, of F. Since F is universal for the collection of
closed subsets of .4 x X, Proposition 8.2.9 implies that the analytic subsets of X are
exactly the projections on X of the sections Fy,. Thus A is universal for the collection
of analytic subsets of X. a

Corollary 8.2.17. There is an analytic subset of A that is not a Borel set.

Proof. According to Proposition 8.2.16, there is an analytic subset A of A" x A~
that is universal for the collection of analytic subsets of 4. Let S={n¢€ A4 :
(n,n) € A}. Then S is analytic, since it is the projection on .4 of the intersection
of A with the diagonal {(m,n) € 4" x .4 : m = n}. Now suppose that S is a Borel
set. Then S¢ is a Borel set, and so is analytic (Proposition 8.2.3). Thus, since A is
universal, there is an element ny of .4 such that ¢ = Ay,,. Let us consider whether
ng belongs to S or to §¢. If ng € S, then by the definition of S we have (ng,ng) € A and
song € Ay, =S¢, which is impossible. A similar argument shows that if ng € ¢, then
ng € S. In either case we have a contradiction, and so we must reject the assumption
that S is a Borel set. O

One can use Corollary 8.2.17 to show that each uncountable Polish space has an
analytic subset that is not a Borel set; see Exercise 6.
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Exercises

1.(a) Let A be an uncountable analytic subset of the Polish space X. Show that
A has a subset that is homeomorphic to {0, 1}, (Hint: Let f: .4 — X be
a continuous function such that f(.4") = A. Choose a subset S of .4” such
that the restriction of f to § is a bijection of S onto A (why does such a
set exist?), and let Sy consist of the points in S that are condensation points
of S. Modify the proof of Proposition 8.2.7 so as to produce a continuous
function g: {0,1}N — _# such that fog: {0,1}Y — X is injective.)
(b) Conclude that each uncountable analytic subset of a Polish space has the
cardinality of the continuum.

2. Let X be an uncountable Polish space. Show that the collection of analytic
subsets of X and the collection of Borel subsets of X have the cardinality of
the continuum. (Hint: Use Proposition 8.2.9 or 8.2.16.)

3.(a) Let X be a nonempty zero-dimensional Polish space such that each

nonempty open subset of X is uncountable and not compact. Show that
X is homeomorphic to .4#". (Hint: Modify the proof of Proposition 8.2.7,
and use Lemma 8.2.11.)

(b) Conclude that the space .# of irrational numbers in the interval (0,1) is
homeomorphic to 4.

4. Show that each nonempty Polish space is the image of .4 under a continuous
open” map. (Hint: Modify the construction of the sets C(ny,...,n) in the proof
of Proposition 8.2.7, replacing condition (a) with the requirement that each
C(ny,...,n;) be nonempty and open and adding the requirement that for each
ni, ..., Mg, Ny the closure of C(ny,...,ngy1) be included in C(ny,. .., ng).)

5. Show that if the phrase “zero-dimensional” is omitted from the statement
of Proposition 8.2.10, then a much simpler proof can be given. (Hint: Use
Lemma 8.2.4.)

6. Show that if X is an uncountable Polish space, then there is an analytic subset
of X that is not a Borel set. (Hint: Use Proposition 8.2.13 and Corollary 8.2.17.
One can avoid Proposition 8.2.13 by using Theorem 8.3.6.)

7. In this and the following two exercises, we study a generalization of the
sequences %, Fs, Fgs, ... and 4, b5, Yss, ... introduced in Sect. 1.1.
Suppose that X is a metrizable space. For each countable ordinal o we define
collections .#(X) and ¥, (X) of subsets of X as follows. Let .%y(X) be the
collection of all closed subsets of X, and let % (X ) be the collection of all open
subsets of X. Once %, (X) and ¥, (X) are defined, let %1 (X) and %y (X)
be given by?

ZSuppose that X and Y are topological spaces. A function f: X — Y is open if for each open subset
U of X the set f(U) is an open subset of Y.
3Recall that each ordinal o can be written in a unique way in the form o =  +n, where j is either

zero or a limit ordinal and where 7 is finite. The ordinal « is called even if n is even and odd if n is
odd.
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(Za(X))s if aiseven,

9a+l(x)_{(§a(x))5 if o 1s Odd,

and

Gy 1(X) = (Ya(X))s if oriseven,
S (94(X))s if o is odd.

Finally, if o is a limit ordinal, let %4 (X) be (Ug<4-#p(X))s and let %, (X) be
(Up<a@B(X))o-

(a) Show that for each o the sets that belong to &, (X) are exactly those whose
complements belong to % (X).

(b) Show that for each o and each A in ¥, (X) (orin % (X)) the set A belongs
t0 Yy 11(X) (or to Fy41(X)).

(c) Show that B(X) = Ug%u(X) = UgFa(X).

(d) Suppose that Y is also a metrizable space and that f: X — Y is continuous.
Show that for each o and each A in %, (Y) (or in Z(Y)) the set f~!(A)
belongs to ¥ (X) (or to Fo(X)).

. Suppose that X is an uncountable Polish space. We already know that the

collection of Borel subsets of X has the cardinality of the continuum (see

Exercise 2). Here you are not to use that result, but rather to use transfinite

induction to show that each %, (X) has the cardinality of the continuum, that

each .Z(X) has the cardinality of the continuum, and that Z(X) has the
cardinality of the continuum.

(a) Show that if X is a Polish space, then for each countable ordinal « there
is a set in ¥, (A x X) (or in Fo (A x X)) that is universal for ¥y (X)
(or for #4(X)). (Hint: Use transfinite induction. Lemma 8.2.15 provides a
beginning. Next suppose that o > 0. Let ¢: .4 — 4N be a continuous
surjection, and let ¢ (n), k =1, 2, ..., be the components (in .#") of the
element @(n) of .4#N. If ¢ is a limit ordinal, let {oy} be an enumeration
of the ordinals less than o; otherwise, let {oy} be the sequence each of
whose terms is the immediate predecessor of . For each k choose a set Ay,
in 9, (/" x X) that is universal for &%, (X); then define sets By, B>, ... by

B, = {(n,x) eN xX: ((pk(n),x) GAk}.
Show that the set B defined by
B_ UrBr  if o is even,
i Br if o is odd,

belongs to ¥, (.4 x X) and is universal for ¢, (X). Finally, use part (a) of
Exercise 7.)

(b) Show that there is no set in (.4 x .4") that is universal for (.#"). (Hint:
Modify the proof of Corollary 8.2.17.)
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(c) Suppose that X is an uncountable Polish space and that there is a bijection
F: .# — X such that both F and F ! are Borel measurable (such a bijection
always exists; see Theorem 8.3.6). Show that there is no set in (4" x X)
that is universal for Z(X). Also show that no two of the sets % (X ), %y (X),

Y (X), Fau(X), ..., B(X) are equal.

10. Let X be a Polish space, and let Y be a metrizable space. Show thatif A € Z(X)
and if f: A — Y is Borel measurable, then f(A) is separable. (Hint: Let d be a
metric for ¥, and suppose that f(A) is not separable. Choose a positive number
€ and an uncountable subset C of f(A) such that d(x,y) > € holds for each pair
x, y of points in C; then choose a function g: C — A such that y = f(g(y)) holds
for each y in C (check that C and g exist). Show that each subset of g(C) is
analytic, and then use Exercises 1 and 2 to derive a contradiction.)

8.3 The Separation Theorem and Its Consequences

This section is devoted to a fundamental technical fact about analytic sets (Theorem
8.3.1) and to some of its applications. The reader should take particular note of
Theorems 8.3.6 and 8.3.7.

Let X be a Polish space, and let A; and A, be disjoint subsets of X. Then A; and
A, can be separated by Borel sets if there are disjoint Borel subsets B and B, of X
such that A C By and A, C B;.

Theorem 8.3.1. Let X be a Polish space, and let A; and A, be disjoint analytic
subsets of X. Then A1 and A, can be separated by Borel sets.

Proof. Let us begin by showing that

(a) if Cy, Gy, ..., and D are subsets of X such that for each n the sets C,, and D can
be separated by Borel sets, then U,C,, and D can be separated by Borel sets, and

(b) if Eq, Ey,...,and Fy, F,, ... are subsets of X such that for each m and n the sets
E,, and F;, can be separated by Borel sets, then U, E,,, and U, F,, can be separated
by Borel sets.

First consider assertion (a). For each n choose disjoint Borel sets G,, and H,, such
that C, C G,, and D C H,,. Then U, G,, and N, H, are disjoint Borel sets that include
U,C, and D, respectively. Hence assertion (a) is proved.

Next consider assertion (b). Assertion (a) implies that for each m the sets E,,
and U, F; can be separated by Borel sets. Another application of assertion (a) now
implies that U, E,,, and U, F,, can be separated by Borel sets.

We turn to the proof of the theorem itself. So suppose that A| and A, are disjoint
analytic subsets of X. Since the empty set can clearly be separated from an arbitrary
subset of X by Borel sets, we can assume that neither A|; nor A; is empty. Thus
there are continuous functions f,g: .4~ — X such that f(.#") =A; and g(A") = A,
(Corollary 8.2.8). Suppose that A; and A, cannot be separated by Borel sets; we will
derive a contradiction.
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Recall (see Example 8.1.6(b)) that for positive integers k and ny, ..., ny the set
A (ny,...,n;) is defined by

JV(nl,...,nk):{meﬂ:mi:nifori:1,...,k}.

Since A = Uy, f(A (m1)) and Ay = U, g(# (n1)), assertion (b) above implies
that there are positive integers m; and n; such that f(.4"(m;)) and g(# (n))
cannot be separated by Borel sets. Likewise, since f(A (m1)) = Up, f(A (m1,m2))
and (A (n1)) = Un,&(A (n1,n2)), there are positive integers m, and ny such that
f(A (my,my)) and g(A (ny,n,)) cannot be separated by Borel sets. By continuing
in this manner we can construct sequences m = {m;} and n = {n;} such that for
each k the sets f(A (my,...,my)) and g(A (ny,...,n;)) cannot be separated by
Borel sets. The points f(m) and g(n) must be equal, since otherwise they could
be separated with open sets, which, by the continuity of f and g, would separate
f(A (my,...,mg)) and g(A (ny,...,n;)) for all large k. However, since f(m) € A;
and g(n) € Ay, the equality of f(m) and g(n) contradicts the disjointness of A; and
A,. So we must conclude that A| and A can be separated with Borel sets, and with
this the proof is complete. O

Corollary 8.3.2. Let X be a Polish space, and let Ay, Ay, ... be disjoint analytic
subsets of X. Then there are disjoint Borel subsets By, B, ... of X such that A,, C B,
holds for each n.

Proof. For each positive integer n the set U,,.,A,, is analytic, and so we can use
Theorem 8.3.1 and the disjointness of A, and U,,.,A,, to choose a Borel set C, such
that A, C C, and U,,,A, C C;,. Now define the Borel sets By, Ba, ... by letting By,
be equal to C;, — (UpznCir)- O

Corollary 8.3.3. Let X be a Polish space, and let A be a subset of X. If both A and
A€ are analytic, then A is Borel.

Proof. According to Theorem 8.3.1 there are disjoint Borel subsets B; and B, of X
such that A C By and A¢ C Bj. It follows immediately that A = By and A° = B,, and
hence that A is Borel. a

Proposition 8.3.4. Let X and Y be Polish spaces, let A be a Borel subset of X, and
let f be a function from A to'Y. Then f is Borel measurable if and only if its graph
is a Borel subset of X X Y.

Proof. Proposition 8.1.8 implies that if f is Borel measurable, then gr(f) is a Borel
subset of A X Y and hence (Lemma 7.2.2) of X x Y. Now consider the converse.
Suppose that gr(f) is a Borel subset of X x ¥ and that B is a Borel subset of Y.
Then gr(f) N (X x B) and gr(f) N (X x B) are Borel, and hence analytic, subsets
of X x Y. Thus the projections of these sets on X are analytic. But these projections
are f~!(B) and f~!(B¢), respectively. Furthermore the sets f~!(B) and f~!(B¢) are
disjoint, and so, by Theorem 8.3.1, there are Borel sets By and B; that separate them.
It is easy to check that f~!(B) is equal to AN B; and so is a Borel set. Since B was
an arbitrary Borel subset of Y, the measurability of f follows. a
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Proposition 8.3.5. Let X and Y be Polish spaces, let A be a Borel subset of X, let
f: A—Y be Borel measurable, and let B= f(A). If f is injective and if * B € B(Y),
then f~! is Borel measurable.

Proof. Note that gr(f~!) is the image of gr(f) under the homeomorphism (x,y)
(v,x) of X x Y onto ¥ x X; hence gr(f~') is a Borel subset of ¥ x X if and only
if gr(f) is a Borel subset of X x Y. Now apply Proposition 8.3.4 twice, once to
conclude that gr(f) is a Borel subset of X x ¥ and once to conclude that f~! is
Borel measurable. O

Let (X,4/) and (Y,#) be measurable spaces. A bijection f: X — Y is an
isomorphism if f is measurable with respect to .7 and % and f~! is measurable
with respect to % and .</. Equivalently, the bijection f is an isomorphism if the
subsets A of X that belong to .o are exactly those for which f(A) belongs to 4.
The spaces (X, o) and (Y, %) are isomorphic if there exists such an isomorphism.
We will also call subsets Xy and Yy of X and Y isomorphic if the spaces’ (Xo, 2, )
and (Yo, %y,) are isomorphic. In case (X, %(X)) and (Y, %(Y)) are Polish spaces,
together with their Borel o-algebras, we will often use the term Borel isomorphism
instead of isomorphism.

The concept of a Borel isomorphism is a natural one; it is especially important
because of the following easy-to-state but nontrivial result.®

Theorem 8.3.6. Let A and B be Borel subsets of Polish spaces. Then A and B
are Borel isomorphic if and only if they have the same cardinality. Furthermore,
the cardinality of each uncountable Borel subset of a Polish space is that of the
continuum.

Proof. If A and B are isomorphic, then they certainly have the same cardinality.
We turn to the converse.

Suppose that A and B have the same cardinality. If these sets are finite or
countably infinite, then each of their subsets is a Borel set, and each bijection
between them is an isomorphism; hence A and B are isomorphic.

Now suppose that A and B are uncountable. Note that we are simply assuming
that A and B are uncountable; we are not assuming that they have the same cardi-
nality. Proposition 8.2.13 says that there are continuous injective maps f: .4/~ — A
and g: .4 — B such that A — f(.4") and B — g(.#") are at most countably infinite.
Since they are countable, the sets A — f(.4#") and B — g(./#") are Borel sets; thus
f(A) and g(/4") are also Borel sets, and (see Proposition 8.3.5) f and g are Borel
isomorphisms of .#" onto f(.#") and g(.#"), respectively. Thus go f~! is a Borel
isomorphism of f(.#") onto g(.#"). Now let I be a countably infinite subset of
f(A), and let h be a bijection of the countably infinite set /U (A — f(.4")) onto

“We will see (Theorem 8.3.7) that the injectivity and measurability of f imply that B € Z(Y).
SOf course o7, and %y, are the traces of o7 and % on X, and ¥, (see Exercise 1.5.11).

6See Exercise 5 for a proof of Theorem 8.3.6 that does not depend on Proposition 8.2.13 or 8.3.5.
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the countably infinite set g(f~'(I)) U (B — g(.#)). It is easy to check that the map
that agrees with go f~! on f(.#") —I and with h on U (A — f(.#")) is a Borel
isomorphism of A onto B.

In particular, each uncountable Borel subset of a Polish space is Borel isomorphic
to R, and so has the cardinality of the continuum. a

It follows from Theorem 8.3.6 that a Borel subset of a Polish space is Borel
isomorphic to R, to the set N of all positive integers, to the set {1,2,...,n} for some
positive integer n, or to &.

We now show that the hypothesis that f(A) belongs to (Y ) can be removed
from Proposition 8.3.5.

Theorem 8.3.7. Let X andY be Polish spaces, let A be a Borel subset of X, and let
f: A=Y be Borel measurable and injective. Then f(A) is a Borel subset of Y.

The proof of this result will depend on the following lemma.

Lemma 8.3.8. Ler X and Y be Polish spaces, let A be a nonempty Borel subset
of X, and let f: A — Y be Borel measurable and injective. Then there is a Borel
measurable function g: Y — X such that g(Y) C A and such that g(f(x)) = x holds
at each x in A.

Proof. Let d be a metric for X, and let X be an element of A (we will hold X fixed
throughout this proof). For each positive integer n we define a function g,: ¥ — X
as follows. Choose a finite or countably infinite partition {A,, x }  of A into nonempty
Borel subsets of diameter at most 1/n, and in each A, 4 choose a point x,, ;. The sets
f (A,,,k), k=1, 2, ..., are disjoint and analytic (Proposition 8.2.6), and so we can
choose disjoint Borel sets B, x, k =1, 2, ..., such that f(A, x) C B, holds for each
k (Corollary 8.3.2). Now define g,: ¥ — X by letting g,(y) = x, 4 if y € B,x and
letting g, (y) =Xif y ¢ (UgB, ). It is easy to check that each g, is Borel measurable.
Define g: Y — A by letting g(y) = lim,, g, (y) if the limit exists and belongs to A and
letting g(y) = X otherwise. Proposition 8.1.11 implies that g is Borel measurable.
If x € A, then d(x,g,(f(x))) < 1/n holds for each n, and so g(f(x)) = x. Thus g is
the required function. O

Proof of Theorem 8.3.7. We can certainly assume that A is not empty. According to
Lemma 8.3.8 there is a Borel measurable function g: ¥ — X such that g(Y) C A and
such that g(f(x)) = x holds at each x in A. It is easy to check that

fA)={yeY: f(gly) =y}

Thus Exercise 8.1.3, applied to the functions y — f(g(y)) and y — y, implies that
f(A) e B(Y). O
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Exercises

1. Let X and Y be Polish spaces, and let f: X — Y be a function whose graph is an
analytic subset of X x Y. Show that f is Borel measurable.

2. Let X and Y be uncountable Polish spaces. Show that the cardinality of the
collection of Borel measurable functions from X to Y is that of the continuum.

3. Show that there is a Lebesgue measurable function f: R — R such that no
real-valued (as opposed to [—oo,4oo]-valued) Borel measurable function f;
satisfies f(x) < fi(x) at each x in R. Thus the [—co, +oeo]-valued functions f; and
/1 in Proposition 2.2.5 cannot necessarily be replaced with real-valued functions,
even if the function f is real-valued. (Hint: Let K be the Cantor set. According
to the preceding exercise, we can choose a bijection x — g, of K onto the set of
real-valued Borel functions on K. Define f: R — R by

) = {gx(x)—Fl ifxek,

0 otherwise,

and check that f meets the requirements above.)

4. Let X be a Polish space, let i be a Borel measure on X such that p(X) =1, and
let A be Lebesgue measure on the Borel subsets of [0,1]. Show that there is a
Borel measurable function f: [0, 1] — X such that u = A f~!. (Hint: This is easy
if X is finite or countably infinite. Otherwise use Theorem 8.3.6, together with
either Exercise 2.6.6 or Proposition 10.1.15.)

5. Give an alternate proof of the isomorphism theorem for Borel sets (Theorem
8.3.6) by supplying the details missing from the following outline. (This
proof depends neither on the separation theorem and its consequences nor on
Proposition 8.2.13.)

(a) Show that every Borel subset of a Polish space is Borel isomorphic to a Borel
subset of {0,1}". (Hint: Begin by showing that the interval [0, 1] is Borel
isomorphic to a Borel subset of {0, 1} (consider binary expansions). From
this conclude that [0, 1] is Borel isomorphic to a Borel subset of ({0, 1}N)N
and hence to a Borel subset of {0, 1}, Finally, use Exercise 8.1.12.)

(b) Show that each uncountable Borel subset of a Polish space has a Borel subset
that is Borel isomorphic to {0, 1}Y. (Hint: Use Corollary 8.2.14 or, to avoid
Proposition 8.2.13, Exercise 8.2.1.)

(c) (A version of the Schroder—Bernstein theorem for Borel sets—see item A.7
in Appendix A.) Suppose that X and Y are Polish spaces, that A and B are
Borel subsets of X and Y, respectively, that A is Borel isomorphic to a Borel
subset of B, and that B is Borel isomorphic to a Borel subset of A. Show
that A and B are Borel isomorphic to one another. (Hint: Let f and g be
Borel isomorphisms of A and B onto Borel subsets of B and A, respectively.
Define sequences {A,}_, and {B,},_, inductively by A9 = A, By = B,



262 8 Polish Spaces and Analytic Sets
Apy1=g(Bn), and B, 1 = f(A,). Show that

hx) = f(x) if x € NGA, or x € UJ (A2 — Aont1),
g ' (x) ifx € US(Ams1 —Aoia)

gives a Borel isomorphism i#: A — B. See the proof of Proposition G.2
in Appendix G for a more detailed description of the construction of the
function A.)

8.4 The Measurability of Analytic Sets

Let (X, 7) be a measurable space, and let i be a measure on (X, <7 ). Recall that in
Sect. 1.5 we defined the completion of <7 under u to be the collection 7, of subsets
A of X for which there are sets E and F that belong to <7 and satisfy the relations
E CACF and u(F — E) =0. The sets in .27, are often called p1-measurable.

We also defined the outer measure t*(A) and the inner measure . (A) of an
arbitrary subset A of X by

w(A)=inf{u(B):ACBand B € o/} (1)

and
Wi(A) =sup{u(B):BCAand B € &/ }. )

We saw that a set A such that p1*(A) < +oo belongs to <7, if and only if u.(A) =
[*(A), that <7, is a o-algebra on X, and that the restriction of u* (or of i) to .27,
is a measure on 7, which is called the completion of 1 and is denoted by 1. It is
easy to see that [I is the only measure on .7, that agrees on &7 with L.

We can now state the main result of this section.

Theorem 8.4.1. Let X be a Polish space, and let [ be a finite Borel measure on X.
Then every analytic subset of X is |[L-measurable.

For the proof we need the following lemma.

Lemma 8.4.2. Let (X,o/) be a measurable space, let |l be a finite measure on
(X, 47), and let 1* be defined by Eq. (1). If {A, } is an increasing sequence of subsets
of X, then

(UA >—11mu n)-

Proof. The monotonicity of p* implies that the limit lim,, t*(A,,) exists and satisfies
lim, u*(A,) < u*(U,A,). We need to verify the reverse inequality. Let € be a
positive number, and for each positive integer n use (1) to choose a set B, that
belongs to 7, includes A,, and satisfies u(B,) < u*(A,) + €. By replacing B,
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with N7, B, we can assume that the sequence {B,} is increasing. Proposition 1.2.5
1mphes that w(U,B,) =lim, u(B,), and so we have

,u*(UAn> </.1<UB ) = limp(B,) <limp*(4,) +e.

Since ¢ is arbitrary, the proof of the lemma is complete. O

Proof of Theorem 8.4.1. Let A be an analytic subset of X. We will show that A is
u-measurable by showing that p,(A) = u*(A), and we will do this by producing,
for an arbitrary positive €, a compact subset K of A such that u(K) > u*(A) —

We can certainly assume that A is nonempty. Thus we can choose a continuous
function f: 4" — X such that f(.4#") = A (Corollary 8.2.8). We need some notation.

For positive integers k and ny, ..., ng let £ (ny,...,n;) be the set of those elements
m of A that satisfy m; < n; fori =1, ..., k. We will construct an element n = {n;}
of .4 such that

W (f(ZL(n1,...om))) > u*(A) —e 3)

holds for each k. We begin by choosing the first term n; of the sequence n.
Note that {.Z(ny)};; m=1 is an increasing sequence of sets whose union is .#", and
so {f(£(n1))}, —; is an increasing sequence of sets whose union is A. Thus
u*(A) =lim,, u*(f(Z(n1))) (Lemma 8.4.2), and so we can pick a positive integer
ny such that u*(f(Z(n1))) > u*(A) — €. Since Z(ny) = Up,-Z (n1,nz), a similar
argument produces a positive integer np such that u*(f(Z(ny,n2))) > u*(A) —
Continuing in this way we obtain a sequence n = {n;} of positive integers such
that (3) holds for each k. Now let L = N.Z(ny,...,n;). Then L is equal to

{m € A : m; <n; for each i}

and so is compact (see D.20 or D.42); it follows that the set K defined by K = f(L)
is a compact subset of A. We will show that u(K) > u*(A) —
Let us begin by showing that

K=f(&)", 4)
k

where for each k we have abbreviated £ (ny,...,n;) by %. Since it is clear that
K CMif (%), we turn to the reverse inclusion. Let d be a metric for the topology
of X. Suppose that x is a member of Ny f(-%;) . For each k we can choose an element
my of % such that d(f(my),x) < 1/k. Note that for each i the ith components of
the terms of {my} form a bounded subset of N; hence the terms of {m;} form a
relatively compact’ subset of ./, and we can choose a convergent subsequence of
{my }. Let m be the limit of this subsequence. It is easy to check that m € N;..%; and
that f(m) = x. Hence N (%)~ C K, and (4) is proved.

7 A subset of a Hausdorff space is relatively compact if its closure is compact.



264 8 Polish Spaces and Analytic Sets

For each k the set (%)~ is closed and includes f(.%;); hence (see (3))
L (L)) = 1w (f(Z)) > p'(A) —e. ®)

Furthermore the sequence { (%)} is decreasing, and so (4), (5), and Proposi-
tion 1.2.5 imply that

H(K) =limu(f(Z)") = u'(A4) —e. (6)

Thus (1. (A) > u*(A) — € and so, since € was arbitrary, the proof is complete. O

Let (X, /) be a measurable space. A subset of X is universally measurable (with
respect to (X, o)) if it is y-measurable for every finite measure 1 on (X, o). Let 7,
be the family of all universally measurable subsets of X. Then <7, = Ny .27, where
U ranges over the family of finite measures on (X,.27); hence 7 is a o-algebra. It
is easy to check that for each finite measure it on (X,.<7) there is a unique measure
on (X, <) that agrees on o7 with L.

Now assume that X is a Polish space. The universally measurable subsets of X
are those that are universally measurable with respect to (X, #(X)).

Theorem 8.4.1 can now be reformulated as follows.

Corollary 8.4.3. Every analytic subset of a Polish space is universally measurable.
Proof. This corollary is simply a restatement of Theorem 8.4.1. O

Let X be an uncountable Polish space. Corollary 8.4.3 implies that the o-
algebra of universally measurable subsets of X includes the c-algebra generated
by the analytic subsets of X. These o-algebras contain the complements of the
analytic sets, and so contain some nonanalytic sets; thus the collection of universally
measurable subsets of X is larger than the collection of analytic subsets of X, which
in turn is larger than A(X).

Suppose that X and Y are Polish spaces. Note that if C is a Borel (or even analytic)
subset of X x Y, then the projection of C on X is analytic and so is universally
measurable. This fact has the following useful generalization, in which the space X
is not required to be Polish.

Proposition 8.4.4. Ler (X,.7) be a measurable space, let Y be a Polish space, and
let C be a subset of X X Y that belongs to the product 6-algebra </ x B(Y). Then
the projection of C on X is universally measurable with respect to (X, o).

The proof depends on the following two lemmas; they will allow us to replace X
with a suitable Polish space.

Lemma 8.4.5. Let (X,./), Y, and C be as in Proposition 8.4.4, and let Z = {0, 1}".
Then there exist a function h: X — Z and a subset D of Z X Y such that

(a) h is measurable with respect to </ and B(Z),
(b) De B(ZxY), and
(c) C=H (D), where H: X xY — Z x Y is the map that takes (x,y) to (h(x),y).
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Proof. Recall that &/ x Z(Y) is generated by the family of all rectangles A x B
such that A € &/ and B € #(Y). It follows from Exercise 1.1.7 that this family of
rectangles has a countable subfamily % such that C € 6(%). Let A| x By, Ay X By,
... be the rectangles belonging to %', and define h: X — Z by letting h(x) be the
sequence {xa,(x)}. Since the subsets E}, Ex, ... of Z defined by

Ek:{{n,'}EZ:nkzl}

generate %(Z) (see Proposition 8.1.7) and since h~!(E;) = A holds for each k,
Proposition 2.6.2 implies that 4 is measurable with respect to <7 and %(Z). Define
H:XXY—ZxYbyH(x,y)=(h(x),y), and let

F={H '(D):DecBZxY)}.

Then .7 is a 6-algebra on X x Y that contains each A; X B;. Hence 0(%") C .%, and
so C € .%. With this the lemma is proved. O

Lemma 8.4.6. Ler (X, /) and (Y, %) be measurable spaces, and let f: X —Y be
measurable with respect to </ and 9B. Then f is measurable with respect to the
o-algebras of, and B, of universally measurable sets.

Proof. Suppose that B, € %,.. We need to show that f~!(B.) € <. Let u be a
finite measure on .o7. Recall that (£~ is the measure on % defined by uf~!(B) =
u(f~1(B)). Since B. belongs to 4., it belongs to B, -1, and so there are sets
By and B; in % that satisfy By C B, C By and uf '(B; — Bg) = 0. Then the
sets f~1(By) and f~!(B;) belong to .7 and satisfy f~!(Bo) C f~'(B.) C f~1(By)
and u(f~'(B1) — f~'(By)) = 0. Hence f~!(B.) € «/,. Since u was arbitrary, we
conclude that f~!(B.) belongs to .7, and the proof is complete. O

Proof of Proposition 8.4.4. Let (X,«/), Y, and C be as in the statement of
Proposition 8.4.4, and construct s, H, and D as in Lemma 8.4.5. Let my be
the projection of X x Y onto X, and let 7z be the projection of Z x Y onto Z.
Corollary 8.4.3 implies that mz(D) is a universally measurable subset of Z, and
so Lemma 8.4.6 implies that 4~ !(7z(D)) is a universally measurable subset of X.
Thus, in view of the easily verified relation

nx(C) = nx (H ' (D)) = h™! (mz(D)),

7y (C) is universally measurable. O

Exercises

1. Let (X, <) be a measurable space.

(a) Show that a function f: X — [—oo,+eo] is o%-measurable if and only if
for each finite measure i on (X, <) there are .o/-measurable functions
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Jo,f1: X — [—oeo,+oo] that satisfy fy < f < fi everywhere on X and
are equal to one another p-almost everywhere on X. (Hint: See Proposi-
tion 2.2.5.)

(b) Show thatif f: X — [—eo,+oo] is @7 -measurable and if the functions f; and
/1 in part (a) can be chosen independently of i, then f is .«/-measurable.

2. Let (X, <) be a measurable space.

(a) Show that (& ), = .
(b) Show that if u is a finite measure on (X, .¢7), then (.27 )+ = ;.

3. Show that there is a Lebesgue measurable subset of R that is not universally
measurable.

4. Show that each uncountable Polish space has a subset that is not universally
measurable. (Hint: Use Theorem 8.3.6.)

5. Show by example that Lemma 8.4.2 would not be valid if u* were allowed to be
an arbitrary outer measure on X.

6. Let (X, /) and (Y, %) be measurable spaces, and let K be a kernel from (X, /)
to (Y,%) such that sup{K(x,Y) : x € X} is finite (see Exercise 2.4.7). For
each x in X let B — K(x,B) be the restriction to %, of the completion of the
measure B — K(x,B). Finally, for each finite measure pt on (X,.o) let uK be
the measure on (Y, %) defined by (uK)(B) = [K(x,B) t(dx) (see part (a) of
Exercise 2.4.7).

(a) Show that (x,B) — K(x,B) is a kernel from (X,.7) to (¥,%.). (Hint: Use
Exercise 1. Let B belong to ., and let u be a finite measure on (X, %).
Choose sets By and B that belong to % and satisfy the conditions By C B C
B; and (uK)(B; — By) = 0; then consider the functions x — K(x,Bp) and
x+— K(x,B1).)

(b) Suppose that u is a finite measure on (X, <) and that @ and uK are the
restrictions to <7 and %, of the completions of ¢t and uK. Show that ukK =
[K (that is, show that

AR (B) = [ RwB)T(dx)
holds for each B in %,.)

7. Let X be a Hausdorff space. A capacity on X is a function I: & (X) — [—oo, +o0]
such that

(i) if A C BCX, then I(A) <I(B),
(ii) each increasing sequence {A,} of subsets of X satisfies 1(U,A,) =
lim, I(A,), and
(iii) each decreasing sequence {K, } of compact subsets of X satisfies 7(N,K,) =
lim, I(K,).

A subset A of X is I-capacitable if

I(A) = sup{I/(K) : K C A and K is compact}.
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Show that if the Hausdorff space X is Polish and if [ is a capacity on X, then

every relatively compact analytic subset of X is /-capacitable. (Hint: Modify the

proof of Theorem 8.4.1.)

8.(a) Show that the space .# of irrational numbers in the interval (0, 1) is not o-

compact.

(b) Let X be a Polish space that is not o-compact, and define 1: Z(X) —
[—eo, 4] by letting I(A) be 0 if A is included in some o-compact set and
letting I(A) be 1 otherwise. Show that

(1) 1 is a capacity on X, and
(ii) there is an analytic subset of X that is not /-capacitable.

8.5 Cross Sections

Let X and Y be Polish spaces, let A be a Borel or analytic subset of X x Y, and let
Ay be the projection of A on X. It is sometimes useful to have a measurable function
from Ag to Y whose graph is a subset of A. Of course, the axiom of choice guarantees
the existence of a function from Ay to Y whose graph is a subset of A, but it asserts
nothing about the measurability of that function. We will see below, however, that
the theory of analytic sets allows one to construct such a function in a way that
makes it measurable with respect to the o-algebra of universally measurable subsets
of X.

One should note that this construction does not always produce a Borel measur-
able function. In fact, there is a Borel subset A of [0,1] x [0, 1] such that

(a) the image of A under the projection (x,y) — x is all of [0,1], and
(b) there is no Borel function from [0, 1] to [0, 1] whose graph is a subset of A

(see Blackwell [10] or Novikoff [94]).

We will need a few more facts about .4 for our proof of Theorem 8.5.3. Let <
be lexicographic order on .4". In other words, we define a relation < on .4/ by
declaring that m < n holds if

(a) m #n and
(b) mij, < nj,, where iy is the smallest of those positive integers i for which m; # n;;

then we declare that m < n means that m < n or m = n. It is easy to check that < is
a linear order on 4.

Recall also (see Example 8.1.6(b)) that .4 (ny,...,n) is the set of all elements
of ¥ whose first k elements are ny, ..., n.

Lemma 8.5.1. Each nonempty closed subset of A" has a smallest element.

Proof. Let C be a nonempty closed subset of ./4". We define a sequence {n;} of
positive integers as follows. Let

ny = inf{k € N: k = m, for some m in C}.
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Next suppose that ng, ..., n; have been chosen, and let
njr1 =inf{k e N:k=mj forsome min CN.A (ny,...,nj)}.

It is easy to check that the sequence n = {n;} produced by continuing in this way is
the required element of C. O

Lemma 8.5.2. Each subset of A that has the form
{me ./ :m<n} (1

for somenin AN is open. The collection of all subsets of N of the form (1) generates

Proof. Note that {m € 4" : m < n} is equal to Uy U<, A (1,1, ), and
s0, as the union of a collection of open sets, is open.

Let .# be the o-algebra generated by the sets of the form (1). Since each set of
the form (1) is open, .% is included in #(.#"). On the other hand, it is easy to check
that for each k and each ny, ..., ny the set A (ny,...,n;) is the intersection of

{me AV m< (ny,ng,....m_1,m+1,1,1,...)}
with the complement of

{me SV m< (ny,ny,...,m_1,n,1,1,..)}

and so belongs to .%. Since the sets .4 (ny,...,n;) form a countable base for ./
(see Example 8.1.6(b)), they generate H(.4"), and it follows that Z(A4") C Z.
Thus B(N) = F. O

For the following theorem we will, as usual, let #(X). denote the c-algebra of
universally measurable subsets of the Polish space X; we will also let <7 (X) denote
the ¢-algebra generated by the analytic subsets of X.

Theorem 8.5.3. Let X and Y be Polish spaces, let A be an analytic subset of X XY,
and let Ay be the projection of A on X. Then there is a function f: Ay — Y such
that

(a) the graph of f is a subset of A, and
(b) f is measurable with respect to </ (X) and B(Y) and with respect to B(X ).
and B(Y).

Proof. We can assume that A is not empty, and so we can choose a continuous
function g: 4" — X x Y such that g(.#") = A (Corollary 8.2.8). Let mx and 7y
be the projections of X x Y onto X and Y, respectively. Then mx og: A — X is
continuous, and (7 0 g)(4") = mx (A) = Ao. Hence if x € Ay, then (x 0 g) ! ({x})
is a nonempty closed subset of .4", and so has a smallest member (Lemma 8.5.1).
Define i: Ag — 4 by letting h(x) be this smallest member of (my og)~!({x}).
Let f = my ogoh. It is easy to check that f is a function from Aj to Y whose
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graph is included in A. Since g and 7y are continuous and since <7 (X) C Z(X).
(Corollary 8.4.3), the measurability of f will follow if we prove that / is measurable
with respect to o/ (X) and B(A4").

Note that if for each n in .4 we let

Up={mée ./ :m<n},

then h~!(Uy) is equal to (7 o g)(Un), and so, as the image of the open set Uy
under the continuous map 7y o g, is analytic. Since the sets U, generate %(.4")
(Lemma 8.5.2), the measurability of & with respect to </ (X) and ZB(.4") follows
(Proposition 2.6.2). Thus f is measurable, and the proof is complete. O

Theorem 8.5.3 implies the following result, in which X is no longer required to
be Polish. Recall that if (X, <) is an arbitrary measurable space, then 7 is the
o-algebra of sets that are universally measurable with respect to (X, 7).

Corollary 8.5.4. Let (X,<7) be a measurable space, let Y be a Polish space, let C
be a subset of X X Y that belongs to the 6-algebra o x B(Y), and let Cy be the
projection of C on X. Then there is a function f: Cy — Y such that

(a) the graph of f is a subset of C, and
(b) f is measurable with respect to <, and B(Y).

Proof. Let Z, h, H, and D be as in Lemma 8.4.5, and let D be the projection of
D on Z. Note that Cy = h~!(Dp). According to Theorem 8.5.3 there is a function
fo: Do — Y that is measurable with respect to #(Z), and (Y ) and whose graph
is a subset of D. Define f: Cy — Y by f(x) = fo(h(x)). The fact that C = H~'(D)
implies that the graph of f is included in C, and Lemma 8.4.6 implies that % is
measurable with respect to <% and %#(Z). and hence that f is measurable with
respect to 7% and A(Y). O

Exercises

1. Show by example that the Polish space Y in Proposition 8.4.4 and Corollary 8.5.4
cannot be replaced with an arbitrary measurable space (Y, %). (Hint: Let (X,.</)
be (R, Z(R)), let Y be a subset of R that is not Lebesgue measurable, and let %
be the trace of Z(R) on Y. For Proposition 8.4.4 consider the subset {(x,y) : x =
y}of X xY.)

2. Let (X,.<7) be a measurable space, let Y be a Polish space, and let C be a subset
of X X Y such that

(i) for each x in X the section C, is closed and nonempty, and
(ii) for each open subset U of ¥ the set {x € X : C,NU # &} belongs to <.

Show that there is a function f: X — Y such that
(a) f is measurable with respect to </ and (Y ), and
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(b) the graph of f is included in C.
(Hint: Let d be a complete metric for Y, and let D be a countable dense subset
of Y. Choose a sequence {f,} of «7-measurable functions from X to D such that
d(fn(x),Cy) < 1/2" and d(fy(x), fut+1(x)) < 1/2" hold for all n and x; then define
F by f(x) =1lim, f,(x).)

3. Let (X,47), Y, and C be as in Exercise 2. Show that there is a sequence {f; } of
functions from X to Y such that
(a) each f;, is measurable with respect to 2/ and #(Y ), and
(b) for each x in X the section C; is the closure of the set { f,(x) : n € N}.
(Hint: Let {U, } be an enumeration of the nonempty sets in some countable base
for Y. Define sets Xi, X», ... by letting X,, be the set of x’s for which C, N U,
is not empty; then use Exercise 2 to construct for each n a measurable function
&n: Xy, — U, whose graph is included in CN (X, x Uy). Construct the f,’s by
extending the g,’s to X in a suitable way.)

4. Let X be a Polish space, let (Y,.<7) be a measurable space, and let f: X — Y be
a function such that

(i) ify €Y, then f~!({y}) is a nonempty closed subset of X, and
(ii) if U is an open subset of X, then f(U) belongs to .«

Use Exercise 2 to show that there is a function g: Y — X that is measurable with
respect to &7 and (X ) and that satisfies y = f(g(y)) foreachyin Y.

5. Use Exercise 8.2.4, together with ideas from the proof of Theorem 8.5.3, to give
an alternate construction of the function g in Exercise 4.

8.6 Standard, Analytic, Lusin, and Souslin Spaces

A measurable space (X, /) is standard if there is a Polish space Z such that (X, )
is isomorphic to (Z, %(Z)), and is analytic if there is a Polish space Z and an analytic
subset A of Z such that (X,.27) is isomorphic to (A, Z(A)) (recall that Z(A) is the
Borel o-algebra of the subspace A, and so, according to Lemma 7.2.2, is the family
of subsets of A that have the form A N B for some Borel subset B of Z).

Of course, the earlier sections of this chapter contain a number of properties
of standard and analytic measurable spaces. (For example, Theorem 8.3.6 implies
that if (X,/) is a standard measurable space, then either X is countable and &7
contains all the subsets of X or else (X,.o) is isomorphic to (R, Z(R)).) This
section contains a few more such properties, plus some techniques for verifying
that a measurable space is standard or analytic.

We need to define a few more terms. Let (X,4/) be a measurable space.
A subfamily € of o/ generates o/ if 6(¢) = o/. The o-algebra o7, or the
measurable space (X,.«7), is countably generated if </ has a countable subfamily
that generates it. A family & of subsets of X separates the points of X if for each
pair x, y of distinct points in X there is a member of % that contains exactly one of x
and y. The space (X, &), or the o-algebra <7, is separated if o/ separates the points
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of X, and is countably separated if </ has a countable subfamily that separates the
points of X.

See Exercises 1, 2, and 4 for some information about the relationships among the
concepts just defined.

Let us begin with a couple of general facts about analytic measurable spaces
(Lemma 8.6.1 and Proposition 8.6.2), and then turn to ways of recognizing the ana-
lytic and standard spaces among the countably generated spaces (Propositions 8.6.5
and 8.6.6).

Lemma 8.6.1. Let (X, o) be an analytic measurable space, let Y be a Polish space,
and let f: X — Y be measurable with respect to o/ and B(Y). Then the images
under f of the sets in </ are analytic.

Proof. Since (X,.7) is an analytic measurable space, we can choose a Polish space
Z, an analytic subset Ap of Z, and an isomorphism g of (Ag, %(Ay)) onto (X,.o7).
Suppose that A € <7. Then g~ (A) € %(Ay), and so there is a set B in %(Z) such
that g~'(A) = BNAg (Lemma 7.2.2). Consequently f(A), as the image of g~ '(A)
under the measurable map f o g, is analytic (Proposition 8.2.6). ad

Proposition 8.6.2. Each bijective measurable map between analytic measurable
spaces is an isomorphism.

Proof. Suppose that (X,<7) and (Y,%8) are analytic measurable spaces and that
f: X —Y is ameasurable bijection. We need to show that if A € o7, then f(A) € B.
Since (Y, %) is analytic, there is a Polish space Z, an analytic subset A of Z, and an
isomorphism g of (¥, %) onto (A, #(Ap)). Of course g is measurable with respect
to # and #(Z) (Lemma 7.2.2). Now suppose that A € o7 . The measurability of go f
with respect to o and #(Z) implies that g(f(A)) and g(f(A°)) are analytic subsets
of Z (Lemma 8.6.1), while the injectivity of g o f implies that g(f(A)) and g(f(A€))
are disjoint; hence the separation theorem for analytic sets (Theorem 8.3.1) provides
a Borel subset B of Z such that g(f(A)) C B and g(f(A°)) C B¢. It is easy to check
that f(A) is equal to g~!(B), and so belongs to %. Since A was an arbitrary set in
47, the measurability of f~! follows. a

We need the following elementary construction for our proof of Proposi-
tion 8.6.5.

Lemma 8.6.3. Let (X,.o/) be a countably generated measurable space, and sup-
pose that the sets Ay, Aa, ... generate <. Define F: X — {0,1}N by letting F take
X to the sequence {)a,(x)}. Then

o ={BCX:B=F '(C) for some C in ({0,1}")}. (1)

Proof. Let us denote the set on the right-hand side of (1) by .<7r. Since the sets E1,

Ej, ... defined by N

Ep={{n} €{0,1} " :ne =1}
generate Z({0,1}") (Proposition 8.1.7) and since Ay = F~'(E}) holds for each k,
Proposition 2.6.2 implies that F is measurable with respect to .7 and Z({0, 1}),



272 8 Polish Spaces and Analytic Sets

and hence that @7y C <. On the other hand, <7 is a c-algebra on X that contains

each Ay, and hence includes the o-algebra these sets generate, namely 7. Thus
o = oy, O

Corollary 8.6.4. Let (X, <) be a separated and countably generated measurable
space. Then there is a subset A of {0,1}N such that (X,</) is isomorphic to
(A, 2(A)).

Proof. Use Lemma 8.6.3 to construct a map F: X — {0, 1} such that
o/ ={BCX:B=F '(C) for some C in Z({0,1})}. 2)

Let A = F(X). Since &/ was assumed to separate the points of X, (2) implies first
that F is injective and then that F is an isomorphism between (X, .o7) and (A, %(A))
(note that if B= F~!(C), then F(B) = CNA; also see Lemma 7.2.2). O

Proposition 8.6.5. Let (X,%7) be an analytic measurable space, let (Y, ) be
a separated and countably generated measurable space, and let f: X — Y be
surjective and measurable. Then (Y, ) is analytic.

Proof. Use Corollary 8.6.4 to construct a function F: ¥ — {0, 1}" that induces an
isomorphism of (Y, %) onto (F(Y),Z(F(Y))). Lemma 8.6.1, applied to the map
F o f, implies that F(Y) is an analytic subset of {0, 1}". Thus (¥, %), since it is
isomorphic to (F(Y),#(F(Y))), is an analytic space. O

Proposition 8.6.6. Let (X, /) be a standard measurable space, let (Y, ) be a
separated and countably generated measurable space, and let f: X — Y be bijective
and measurable. Then (Y, A) is standard.

Proof. Proposition 8.6.5 implies that (¥, 98) is analytic, and Proposition 8.6.2 then
implies that (Y, %) is isomorphic to (X, <7). Since (X, .o/) is standard, (Y, %) must
also be standard. a

We turn to an important result due to Blackwell and to some of its consequences.
For this we need to define the atoms of a c-algebra. Let (X, <) be a measurable
space, and let x be an element of X. The atom of </ determined by x is the
intersection of those sets that belong to .27 and contain x. Note that a point y belongs
to the atom determined by x if and only if x and y belong to exactly the same sets
in 7. It is easy to check that the atoms of &7 form a partition of X, that an atom of
o/ does not necessarily belong to .o/ (see Exercise 5), and that an atom of <7 can
contain more than one point (see Exercise 3).

Theorem 8.6.7 (Blackwell). Let (X, o) be an analytic measurable space, and let
oy be a countably generated sub-c-algebra of <f. Then a subset of X belongs to
o if and only if it belongs to o and is the union of a family of atoms of <.

Proof. Certainly every set that belongs to .2 also belongs to ./ and is the union of
a family of atoms of o). We need to prove the converse.
Use Lemma 8.6.3 to choose a function F: X — {0,1}" such that
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y={BCX:B=F'(C) for some C in Z({0,1})}. 3)

Note that F is measurable with respect to 7% and Z({0,1}"Y) and so with respect
to o7 and 2({0,1}"), and that the atoms of <% are the nonempty subsets of X that
are inverse images under F of one-point subsets of {0,1}". Now suppose that A
belongs to 7 and is the union of a family of atoms of <%. Then F(A) and F (A¢) are
disjoint analytic subsets of {0, 1} (use Lemma 8.6.1 and the assumption that A is
the union of a collection of atoms of %). Hence the separation theorem for analytic
sets provides a Borel subset C of {0, 1}" such that F(A) C C and F(A¢) C C¢. Then
A is equal to F~!(C) and so in view of (3) belongs to .2%. With this the proof is
complete. a

Corollary 8.6.8. Let (X, /) be an analytic measurable space, and let <% be a
separated and countably generated sub-c-algebra of o7 . Then <ty = o .

Proof. Since 27 is separated, each of its atoms contains only one point, and so each
subset of X is the union of a family of atoms of 2%. Thus Theorem 8.6.7 implies
that a subset of X belongs to .o if and only if it belongs to .. O

The following strengthened versions of Propositions 8.6.5 and 8.6.6 now follow.
They will be useful for the study of Lusin and Souslin spaces later in this section.

Corollary 8.6.9. Let (X,</) be an analytic measurable space, let (Y,2) be a
countably separated measurable space, and let f: X — Y be surjective and
measurable. Then (Y, 2) is analytic.

Proof. We begin by showing that & is countably generated. Choose a countable
subfamily & of % that separates the points of Y. We will show that Z is equal
to the countably generated o-algebra o(%). Let B be an arbitrary element of 2,
and let ) = 0(%¢ U{B}). Then %, is separated and countably generated, and f is
measurable with respect to 2/ and %y; hence (Y, %) is analytic (Proposition 8.6.5).
Furthermore, 0 (%) is a separated and countably generated sub-c-algebra of A,
and so Corollary 8.6.8 implies that (%) = %y. Thus B € 6(%). Since B was an
arbitrary member of %, it follows that & = o(%).

Now that we have proved that % is countably generated, we can use Proposi-
tion 8.6.5 to conclude that (Y, %) is analytic. O

Corollary 8.6.10. Ler (X,<f/) be a standard measurable space, let (Y, ) be
a countably separated measurable space, and let f: X — Y be bijective and
measurable. Then (Y, ) is standard.

Proof. This follows from Corollary 8.6.9 in the same way that Proposition 8.6.6
follows from Proposition 8.6.5. O
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Let us turn to the study of some not necessarily metrizable topological spaces
that are closely related to the Polish spaces. A Lusin space is a Hausdorff space that
is the image of a Polish space under a continuous bijection, and a Souslin space is
a Hausdorff space that is the image of a Polish space under a continuous surjection.
Of course, every Lusin space is a Souslin space.

Examples 8.6.11.

(a) Itis clear that the Souslin subspaces of a Polish space X are exactly the analytic
subsets of X. Proposition 8.2.10 (or Exercise 8.2.5) and Theorem 8.3.7 imply
that the Lusin subspaces of a Polish space X are exactly the Borel subsets of X.

(b) Now suppose that X is a Polish space, and let X be constructed by replacing
the topology of X with a weaker Hausdorff topology. The function f: X — Xy
defined by f(x) = x is continuous, and so Xy is a Lusin space. In particular, if X
is a separable Banach space, then X with its weak topology® is a Lusin space.
Likewise, if the dual X* of the Banach space X is separable, then X* with its
weak™ topology is a Lusin space. Furthermore, if the Banach space X is infinite
dimensional, then the weak topology on X and the weak® topology on X* are
not metrizable.” Thus non-metrizable Lusin spaces arise in a natural way. O

The rest of this section is devoted to some basic measure-theoretic facts about
Lusin and Souslin spaces. We will prove that if X is a Lusin space, then (X, (X))
is a standard measurable space, that if X is a Souslin space, then (X, %(X)) is an
analytic measurable space, and that if X is a Souslin space, then every finite Borel
measure on X is regular.

Lemma 8.6.12. If X is a Souslin space, then B(X) is countably separated.

Proof. Choose a Polish space Z and a continuous surjection f: Z — X. Define
F:ZXxZ—XxX by F(z1,22) = (f(z1),f(z2)). Let A be the subset of X x X
defined by

A={(x;,x) EXXX:x1 =x2},

and let % be the collection of those open rectangles in X x X that are included in
the complement of A. Then F is continuous, A is closed, and A = U% . Hence

F A=\ J{F'w):veu},

8This example assumes more Banach space theory than is developed in this book.

9Suppose that X is an infinite-dimensional Banach space. If the weak topology on X is metrizable,
then there is an infinite sequence {f;} in X* such that each f in X* is a linear combination of fi,
..., fn for some n (choose { f;} so that for each weakly open neighborhood U of O there is a positive
integer n and a positive number € such that x € U holds whenever x satisfies | f;(x)| < € fori =1,
..., n; then use Lemma V.3.10 in [42]). Thus X* is the union of a sequence of finite-dimensional
subspaces of X*. Since this is impossible (use Exercise 3.5.6, Corollary IV.3.2 in [42], and the
Baire category theorem), we have a contradiction, and the weak topology on X is not metrizable.
A similar argument shows that the weak™ topology on X* is not metrizable.
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and D.11, applied to {F~'(U) : U € %}, implies that there is a countable
subcollection % of % such that

F YA = {F '(U): U € %}
This and the surjectivity of F imply that
A= %.

Thus for each pair x, y of distinct points in X there is a set V x W in % such that
(x,y) € V. x W and hence (recall that (V x W)NA = @) such thatx e V,y e W,
and VNW = @. Consequently the sides of the rectangles in %4 form a countable
subfamily of Z(X) that separates the points of X. O

Proposition 8.6.13. If X is a Souslin space, then (X, (X)) is an analytic measur-
able space, while if X is a Lusin space, then (X, % (X)) is a standard measurable
space.

Proof. Let X be a Souslin space, and choose a Polish space Z and a continuous
surjection f: Z — X. Since f is Borel measurable and %(X) is countably separated
(Lemma 8.6.12), Corollary 8.6.9 implies that (X,%(X)) is analytic. A similar
argument, based on Lemma 8.6.12 and Corollary 8.6.10, shows that if X is a Lusin
space, then (X, (X)) is standard. O

Theorem 8.6.14. Every finite Borel measure on a Souslin space is regular.

Proof. Let X be a Souslin space, and let u be a finite Borel measure on X. We will
show that

W1(B) = sup{u(K) : K C B and K is compact} 4)

holds for each B in #(X). This gives the inner regularity of . It also implies the
outer regularity of u, since for each B in %(X) we can use (4), applied to B¢, to
approximate B¢ from below by compact sets and hence to approximate B from above
by open sets.

So suppose that B belongs to Z(X ). We can assume that B is not empty. Let us
begin by producing a continuous function f: .4 — X such that f(.#") = B. For this
choose a Polish space Z and a continuous surjection g: Z — X, note that g~!(B) is
a Borel and hence analytic subset of Z, choose a continuous function #: A" — Z
such that h(.#") = g~ !(B), and let f = goh.

For each positive number € we can use the constructions in the proof of
Theorem 8.4.1 to choose sets Z(ny,...,n;) (to be abbreviated as %) such
that u*(f(%)) > u(B) — € holds for each k. Arguments used in the proof of
Theorem 8.4.1 show that the sets L and K defined by L = N;.%;, and K = f(L)
are compact, that 4 (N f (%)) > 1(B) — &, and that K C N f(-%) .

Our earlier proof of the reverse inclusion works only if X is metrizable; hence it
must be replaced. Suppose that x € N /(%)™ and that U is an open neighborhood
of x. For each k choose an element my of % such that f(my) € U. As before,
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the sequence {m;} has a convergent subsequence, say with limit m. Then m € L,
and the continuity of f implies that f(m) € U~ and hence that U~ meets K. Since
this is valid for each open neighborhood U of x, it follows that x € K (otherwise,
since K is compact, Proposition 7.1.2 would provide disjoint open sets Uy and Vj
such that x € Uy and K C Vj, and Uy would be an open neighborhood of x such
that Uy N K = @). Since x was an arbitrary element of N f (%), it follows that
Mef (%)~ C K and hence that K = N f(-%;)~. With this we have constructed a
compact subset K of B such that u(K) > pu(B) — €, and (4) is proved. O

Exercises

1. Let (X, ) be a measurable space. Show that if <7 is separated and countably
generated, then .o/ is countably separated.

2. Give a o-algebra on R that is included in #(R) and is separated but not
countably separated.

3. Let (X, <) be a measurable space. Show that each atom of 2 contains only
one point if and only if .27 separates the points of X.

4. Give an example of a measurable space that is countably separated but not
countably generated.

5. Let X = {0,1}¥ and let .o/ be the smallest c-algebra on X that makes each
coordinate projection of X onto {0, 1} measurable (of course, {0,1} is to have
the o-algebra consisting of all of its subsets).

(a) Show that for each A in .2/ there is a countable subset S of R such that if
x €A, if y € X, and if x(s) = y(s) holds at each s in S, then y € A. (Hint:
See Exercise 1.1.7.)

(b) Show that the atoms of .27 do not belong to ..

6. Show by example that the hypothesis that .27 is countably generated cannot be
removed from Theorem 8.6.7.

7. Show by example that the hypothesis that (X, o) is analytic cannot be removed
from Theorem 8.6.7. (Hint: Let X = R, let A be a subset of R that is not Borel,
and let & = o(B(R)U{A}).)

8. Let X be a Souslin space. Show that if % is a collection of open subsets of
X, then there is a countable subcollection % of % such that U%y = U% .
(Hint: Study the proof of Lemma 8.6.12.)

9. Show that if X and Y are Souslin spaces, then B(X xY) = B(X) x B(Y).
(Hint: Apply Exercise 8 to the space X x Y.)

10. Show that each compact Souslin space is metrizable.
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Notes

The classical theory of analytic sets was developed by the Polish and Russian
schools of mathematics between the First and Second World Wars. See, for example,
Kuratowski [77]. In the mid-1950s Blackwell [11] noted that the theory of analytic
sets can be applied profitably to probability theory, while Mackey [86] noted that
it is useful for the study of group representations; their work has done much to
stimulate interest in the subject. Rather thorough recent treatments of analytic sets
have been given by Kechris [68] and Srivastava [112]. See also [29,62,83,101,107].

Analytic and Borel subsets of non-separable spaces have been studied by A.H.
Stone and his students. See Stone [113] for a survey and for further references.

Exercise 8.1.14 is due to Dudley [39].

The reader who wants to see additional (and more explicit) examples of
analytic sets that are not Borel should see Mazurkiewicz [88] and Dellacherie
[35]. For example, Mazurkiewicz shows that the subset A of C[0,1] consisting of
the differentiable functions (that is, of the continuous functions on [0,1] that are
differentiable at each point in [0, 1]) is the complement of an analytic set, but is not
itself analytic (thus A€ is analytic but not Borel).

The proof of Theorem 8.3.6 given in the text was suggested by Kuratowski and
Mostowski [78], while that in Exercise 8.3.5 is taken from Parthasarathy [96]. The
proof given here for Theorem 8.3.7 is due to Dellacherie [36].

Theorems 8.4.1 and 8.5.3 are classical. That they imply Proposition 8.4.4
and Corollary 8.5.4 has been noticed (independently) by a number of people.
See Castaing and Valadier [26] and Wagner [121] (and of course [62,68,101, 112])
for further information and references. The concepts of capacity and capacitability
are due to Choquet [28].

The results in the first part of Sect. 8.6 are due to Blackwell [11] and Mackey [86].
Bourbaki (see Chapter IX of [17]) introduced the terms Lusin space and Souslin
space for metrizable spaces that are images of Polish spaces under continuous
bijections and surjections; Cartier [25] noted that the assumption of metrizability
is not needed.



Chapter 9
Haar Measure

We saw in Chap. 1 that Lebesgue measure on R is translation invariant, in the sense
that 2 (A +x) = A(A) holds for each A in Z(R?) and each x in R¢. Furthermore,
we saw that Lebesgue measure is essentially the only such Borel measure on R?:
if i is a nonzero Borel measure on R that is finite on the compact subsets of R¢
and satisfies t (A +x) = u(A) for each A in Z(R?) and each x in RY, then there is a
positive number ¢ such that p1(A) = cA(A) holds for every Borel subset A of R9.

It turns out that very similar results hold for every locally compact group
(see Sect.9.1 for the definition of such groups); the role of Lebesgue measure is
played by what is called Haar measure. This chapter is devoted to an introduction to
Haar measure.

Section 9.1 contains some basic definitions and facts about topological groups.
Section 9.2 contains a proof of the existence and uniqueness of Haar measure,
and Sect. 9.3 contains additional basic properties of Haar measures. In Sect. 9.4 we
construct two algebras, L' (G) and M(G), which are fundamental for the study of
harmonic analysis on a locally compact group G.

9.1 Topological Groups

A topological group is a set G that has the structure of a group (say with group
operation (x,y) — xy) and of a topological space and is such that the operations
(x,y) — xy and x +— x~ ! are continuous. Note that (x,y) > xy is a function from the
product space G x G to G and that we are requiring that it be continuous with respect
to the product topology on G x G; thus xy must be “jointly continuous” in x and y and
not merely continuous in x with y held fixed and continuous in y with x held fixed
(see Exercise 3). A locally compact topological group, or simply a locally compact
group, is a topological group whose topology is locally compact and Hausdorff. A
compact group is a topological group whose topology is compact and Hausdorff.
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