Chapter 1
Measures

Suppose that X is a set and f: X — R is a function that we want to integrate.
As we noted in the introduction, we need to deal with the sizes of subsets of
X in order to define the integral of f. In this chapter we introduce measures,
the basic tool for dealing with such sizes. The first two sections of the chapter
are abstract (but elementary). Section 1.1 looks at o-algebras, the collections of
sets whose sizes we measure, while Sect. 1.2 introduces measures themselves. The
heart of the chapter is in the following two sections, where we look at some
general techniques for constructing measures (Sect. 1.3) and at the basic properties
of Lebesgue measure (Sect. 1.4). The chapter ends with Sects. 1.5 and 1.6, which
introduce some additional fundamental techniques for handling measures and o-
algebras.

1.1 Algebras and Sigma-Algebras

Let X be an arbitrary set. A collection .o of subsets of X is an algebra on X if

(a) X € o,

(b) for each set A that belongs to o7, the set A€ belongs to o7,

(c) for each finite sequence Ay, ..., A, of sets that belong to <7, the set U} |A;
belongs to <7, and

(d) for each finite sequence Ay, ..., A, of sets that belong to 7, the set N?_|A;
belongs to 7.

Of course, in conditions (b), (c), and (d), we have required that .27’ be closed under
complementation, under the formation of finite unions, and under the formation
of finite intersections. It is easy to check that closure under complementation
and closure under the formation of finite unions together imply closure under the
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2 1 Measures

formation of finite intersections (use that fact that N?_;A; = (U’ A¢)). Thus we
could have defined an algebra using only conditions (a), (b), and (c). A similar
argument shows that we could have used only conditions (a), (b), and (d).

Again let X be an arbitrary set. A collection . of subsets of X is a ¢-algebra’
on X if

(a) X € 4,

(b) for each set A that belongs to .27, the set A belongs to <7,

(c) for each infinite sequence {A;} of sets that belong to <7, the set U7 | A; belongs
to .7, and

(d) for each infinite sequence {A;} of sets that belong to <7, the set N° | A; belongs
to o7 .

Thus a o-algebra on X is a family of subsets of X that contains X and is closed
under complementation, under the formation of countable unions, and under the
formation of countable intersections. Note that, as in the case of algebras, we could
have used only conditions (a), (b), and (c), or only conditions (a), (b), and (d), in our
definition.

Each o-algebraon X is an algebra on X since, for example, the union of the finite
sequence Ay, Ay, ..., A, is the same as the union of the infinite sequence A, Ay, ...,
A, Any An,s ...

If X is a set and .7 is a family of subsets of X that is closed under complemen-
tation, then X belongs to 7 if and only if @ belongs to .27. Thus in the definitions
of algebras and o-algebras given above, we can replace condition (a) with the
requirement that & be a member of .. Furthermore, if .27 is a family of subsets of
X that is nonempty, closed under complementation, and closed under the formation
of finite or countable unions, then .27 must contain X: if the set A belongs to <7, then
X, since it is the union of A and A°, must also belong to 2/ Thus in our definitions
of algebras and o-algebras, we can replace condition (a) with the requirement that
4/ be nonempty.

If o7 is a o-algebra on the set X, it is sometimes convenient to call a subset of X
o/ -measurable if it belongs to .o7.

Examples 1.1.1 (Some Families of Sets That Are Algebras or c-algebras, and
Some That Are Not).

(a) Let X be a set, and let o« be the collection of all subsets of X. Then .27 is a
o-algebra on X.

(b) Let X be a set, and let &/ = {@,X}. Then & is a c-algebra on X.

(c) Let X be an infinite set, and let .« be the collection of all finite subsets of X.
Then &7 does not contain X and is not closed under complementation; hence it
is not an algebra (or a ¢-algebra) on X.

IThe terms field and o-field are sometimes used in place of algebra and c-algebra.
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(d) Let X be an infinite set, and let .2/ be the collection of all subsets A of X such
that either A or A€ is finite. Then 7 is an algebra on X (check this) but is not
closed under the formation of countable unions; hence it is not a ¢-algebra.

(e) Let X be an uncountable set, and let .27 be the collection of all countable
(i.e., finite or countably infinite) subsets of X. Then .27 does not contain X and
is not closed under complementation; hence it is not an algebra.

(f) Let X be a set, and let .o be the collection of all subsets A of X such that either
A or A€ is countable. Then <7 is a o-algebra.

(g) Let &7 be the collection of all subsets of R that are unions of finitely many
intervals of the form (a, b], (a,+o0), or (—eo,b]. It is easy to check that each set
that belongs to <7 is the union of a finite disjoint collection of intervals of the
types listed above, and then to check that <7 is an algebra on R (the empty set
belongs to 7, since it is the union of the empty, and hence finite, collection of
intervals). The algebra .7 is not a ¢-algebra; for example, the bounded open
subintervals of R are unions of sequences of sets in .27 but do not themselves
belong to <7 O

Next we consider ways of constructing c-algebras.

Proposition 1.1.2. Let X be a set. Then the intersection of an arbitrary nonempty
collection of o-algebras on X is a c-algebra on X.

Proof. Let € be a nonempty collection of c-algebras on X, and let o/ be the
intersection of the o-algebras that belong to . It is enough to check that .27 contains
X, is closed under complementation, and is closed under the formation of countable
unions. The set X belongs to 27, since it belongs to each c-algebra that belongs
to ©. Now suppose that A € 7. Each o-algebra that belongs to 4 contains A and
so contains A¢; thus A belongs to the intersection <7 of these o-algebras. Finally,
suppose that {A;} is a sequence of sets that belong to <7 and hence to each ¢-algebra
in . Then U;A; belongs to each c-algebra in ¢ and so to <7 O

The reader should note that the union of a family of o-algebras can fail to be a
o-algebra (see Exercise 5).

Proposition 1.1.2 implies the following result, which is a basic tool for the
construction of o-algebras.

Corollary 1.1.3. Let X be a set, and let F be a family of subsets of X. Then there
is a smallest 6-algebra on X that includes .7 .

Of course, to say that o is the smallest o-algebra on X that includes .# is to
say that o7 is a o-algebra on X that includes .# and that every o-algebra on X that
includes .% also includes <. If <7 and % are both smallest o-algebras that include
Z, then &7 C o and @ C @, and so &7] = o; thus the smallest c-algebra on X
that includes .% is unique. The smallest o-algebra is called the o-algebra generated
by .# and is often denoted by o (.%#).

Proof. Let € be the collection of all c-algebras on X that include .%. Then
% is nonempty, since it contains the o-algebra that consists of all subsets of
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X. The intersection of the o-algebras that belong to % is, according to Proposi-
tion 1.1.2, a o-algebra; it includes .% and is included in every o-algebra in ¥—that
is, it is included in every o-algebra on X that includes .%. O

We now use the preceding corollary to define an important family of o-algebras.
The Borel 6-algebra on R is the -algebra on R? generated by the collection of
open subsets of R?; it is denoted by Z(R?). The Borel subsets of R? are those that
belong to Z(R?). In case d = 1, one generally writes Z(R) in place of Z(R").

Proposition 1.1.4. The c-algebra B(R) of Borel subsets of R is generated by each
of the following collections of sets:

(a) the collection of all closed subsets of R;
(b) the collection of all subintervals of R of the form (—oo,b];
(c) the collection of all subintervals of R of the form (a,b).

Proof. Let #,, %>, and %5 be the c-algebras generated by the collections of sets in
parts (a), (b), and (c) of the proposition. We will show that B(R) 2> B, D %, O H;
and then that %3 O %(R); this will establish the proposition. Since %(R) includes
the family of open subsets of R and is closed under complementation, it includes the
family of closed subsets of R; thus it includes the o-algebra generated by the closed
subsets of R, namely ;. The sets of the form (—eo,b] are closed and so belong to
Py, consequently B D K. Since (a,b] = (—eo,b] N (—oo,a], each set of the form
(a,b] belongs to %y; thus B, O 5. Finally, note that each open subinterval of R
is the union of a sequence of sets of the form (a,b] and that each open subset of R
is the union of a sequence of open intervals (see Proposition C.4). Thus each open
subset of R belongs to %3, and so %3 O A(R). O

As we proceed, the reader should note the following properties of the o-algebra
B(R):
(a) It contains virtually? every subset of R that is of interest in analysis.
(b) It is small enough that it can be dealt with in a fairly constructive manner.

It is largely these properties that explain the importance of Z(R).

Proposition 1.1.5. The c-algebra B(R?) of Borel subsets of R? is generated by
each of the following collections of sets:

(a) the collection of all closed subsets of R?;

(b) the collection of all closed half-spaces in RY that have the form {(x1,...,xq) :
x; < b} for some index i and some b in R;

(c) the collection of all rectangles in R? that have the form

{(x1,.-0xg) rai<xi <bjfori=1,...,d}.

2See Chap. 8 for some interesting and useful sets that are not Borel sets.
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Proof. This proposition can be proved with essentially the argument that was used
for Proposition 1.1.4, and so most of the proof is omitted. To see that the o-algebra
generated by the rectangles of part (c) is included in the c-algebra generated by the
half-spaces of part (b), note that each strip that has the form

{(xl,...,xd) :a<xi§b}

for some i is the difference of two of the half-spaces in part (b) and that each of the
rectangles in part (c) is the intersection of d such strips. a

Let us look in more detail at some of the sets in Z(R?). Let ¢ be the family of all
open subsets of R?, and let .7 be the family of all closed subsets of RY. (Of course
¢ and .# depend on the dimension d, and it would have been more precise to write
¢(R?) and .7 (R?).) Let %5 be the collection of all intersections of sequences of
sets in ¢, and let % be the collection of all unions of sequences of sets in .%. Sets
in ¥ are often called G’s, and sets in % are often called Fg’s. The letters G and
F presumably stand for the German word Gebiet and the French word fermé, and
the letters ¢ and 0 for the German words Summe and Durchschnit.

Proposition 1.1.6. Each closed subset of R? is a Gg, and each open subset of R?
is an Fg.

Proof. Suppose that F is a closed subset of R?. We need to construct a sequence
{U,} of open subsets of R? such that F = N, U,. For this define U, by

Upy={xeR?: ||x—y| < 1/n for someyin F}.

(Note that U, is empty if F is empty.) It is clear that each U, is open and that
F C N,U,. The reverse inclusion follows from the fact that F is closed (note that
each point in N,U, is the limit of a sequence of points in F'). Hence each closed
subset of R is a Gg.

If U is open, then U°¢ is closed and so is a Gg. Thus there is a sequence {U,} of
open sets such that U¢ = N,U,. The sets Uy are then closed, and U = U,U;; hence
U is an Fg. O

For an arbitrary family . of sets, let . be the collection of all unions of
sequences of sets in ., and let . be the collection of all intersections of sequences
of sets in .. We can iterate the operations represented by ¢ and 6§, obtaining from
the class ¢ the classes ¥, Yso> Ysos- - - -» and from the class % the classes Zg,
Fss» Fosos ---- (Note that ¥ = 45 and .F = F5. Note also that Y55 = ¥, that
Fs6 = Fg,and so on.) It now follows (see Proposition 1.1.6) that all the inclusions
in Fig. 1.1 below are valid.

It turns out that no two of these classes of sets are equal and that there are Borel
sets that belong to none of them (see Exercises 7 and 9 in Sect. 8.2).

A sequence {A;} of sets is called increasing if A; C A;1 holds for each i and
decreasing if A; O A;11 holds for each i.
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Proposition 1.1.7. Let X be a set, and let o/ be an algebra on X. Then <7 is a
o-algebra if either

(a) o is closed under the formation of unions of increasing sequences of sets, or
(b) o is closed under the formation of intersections of decreasing sequences of
sets.

Proof. First suppose that condition (a) holds. Since <7 is an algebra, we can check
that it is a ¢-algebra by verifying that it is closed under the formation of countable
unions. Suppose that {A;} is a sequence of sets that belong to 7. For each n let
B, = U A;. The sequence {By,} is increasing, and, since </ is an algebra, each B,
belongs to 7 thus assumption (a) implies that U, B, belongs to .«#. However, U;A;
is equal to U, B, and so belongs to <. Thus &/ is closed under the formation of
countable unions and so is a o-algebra.

Now suppose that condition (b) holds. It is enough to check that condition (a)
holds. If {A;} is an increasing sequence of sets that belong to <7, then {Af} is a
decreasing sequence of sets that belong to .o/, and so condition (b) implies that
M;AS belongs to 7. Since U;A; = (M;AS)C, it follows that U;A; belongs to <. Thus
condition (a) follows from condition (b), and the proof is complete. a

Exercises

1. Find the o-algebra on R that is generated by the collection of all one-point
subsets of R.

2. Show that Z(R) is generated by the collection of intervals (—eo, b] for which the
endpoint b is a rational number.

3. Show that Z(R) is generated by the collection of all compact subsets of R.

4. Show that if <7 is an algebra of sets, and if U,A, belongs to <7 whenever {A,}
is a sequence of disjoint sets in .27, then .«¢ is a o-algebra.

5. Show by example that the union of a collection of c-algebras on a set X can fail
to be a o-algebra on X. (Hint: There are examples in which X is a small finite
set.)

6. Find an infinite collection of subsets of R that contains R, is closed under the
formation of countable unions, and is closed under the formation of countable
intersections, but is not a o-algebra.
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7. Let .7 be a collection of subsets of the set X. Show that for each A in ¢(.¥),
there is a countable subfamily 6 of . such that A € 6(%p). (Hint: Let <7 be the
union of the o-algebras 6 (%), where € ranges over the countable subfamilies of
., and show that 7 is a o-algebra that satisfies . C &/ C ¢(.¥) and hence is
equal to 6(.%).)

8. Find all o-algebras on N.

9. (a) Show that Q is an Fg, but not a Gg, in R. (Hint: Use the Baire category

theorem, Theorem D.37.)
(b) Find a subset of R that is neither an Fi nor a Gg.

1.2 Measures

Let X be a set, and let ./ be a o-algebra on X. A function gt whose domain is the
o-algebra o7 and whose values belong to the extended half-line [0, 4] is said to
be countably additive if it satisfies

=

H(UZ1A) = D (A
i=1

for each infinite sequence {A;} of disjoint sets that belong to «7. (Since (A;) is
nonnegative for each i, the sum X7° | 11(A;) always exists, either as a real number or
as +oo; see Appendix B.) A measure (or a countably additive measure) on </ is a
function u : &/ — [0, 40| that satisfies (@) = 0 and is countably additive.

We should note a related concept which is sometimes of interest. Let <7 be an
algebra (not necessarily a o-algebra) on the set X. A function y whose domain is
</ and whose values belong to [0,+-co] is finitely additive if it satisfies

n
H(UL A = 3 (A
i=1
for each finite sequence Ay, ..., A, of disjoint sets that belong to 7. A finitely
additive measure on the algebra < is a function p: o/ — [0,+oo] that satisfies
1(2) =0 and is finitely additive.

It is easy to check that every countably additive measure is finitely additive:
simply extend the finite sequence Aj, ..., A, to an infinite sequence {A;} by
letting A; = & if i > n, and then use the fact that (&) = 0. There are, however,
finitely additive measures that are not countably additive (see Example 1.2.1(d) and
Exercise 8 in Sect. 3.5).

Finite additivity might at first seem to be a more natural property than count-
able additivity. However, countably additive measures on the one hand seem to
be sufficient for almost all applications and, on the other hand, support a much
more powerful theory of integration than do finitely additive measures. Thus we
will follow the usual practice and devote almost all of our attention to countably
additive measures.
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We should emphasize that in this book the word “measure” (without modifiers)
will always denote a countably additive measure. The expression “finitely additive
measure” will always be written out in full.

If X is a set, if &7 is a 0-algebra on X, and if u is a measure on .<7, then the triplet
(X, 47, ) is often called a measure space. Likewise, if X is a set and if <7 is a O-
algebra on X, then the pair (X,.<) is often called a measurable space. If (X, 7, 11)
is a measure space, then one often says that u is a measure on (X, <), or, if the
o-algebra o7 is clear from context, a measure on X.

Examples 1.2.1.

(a) Let X be an arbitrary set, and let <7 be a o-algebra on X. Define a function
U: o/ — [0,4o0] by letting tt(A) be n if A is a finite set with n elements and
letting t1(A) be 4o« if A is an infinite set. Then u is a measure; it is often called
counting measure on (X, ).

(b) Let X be a nonempty set, and let .o/ be a o-algebra on X. Let x be a member of
X. Define a function 6, : o7 — [0, 4] by letting 6,(A) be 1 if x € A and letting
Ox(A) be 0if x ¢ A. Then Oy is a measure; it is called a point mass concentrated
at x.

(c) Consider the set R of all real numbers and the o-algebra Z(R) of Borel subsets
of R. In Sect. 1.3 we will construct a measure on Z(R) that assigns to each
subinterval of R its length; this measure is known as Lebesgue measure and
will be denoted by A in this book.

(d) Let X be the set of all positive integers, and let .7 be the collection of all
subsets A of X such that either A or A€ is finite. Then 7 is an algebra, but not a
o-algebra (see Example 1.1.1(d)). Define a function i : o/ — [0, 40| by letting
U(A) be 1 if A is infinite and letting 1 (A) be 0 if A is finite. It is easy to check
that U is a finitely additive measure; however, it is impossible to extend p to a
countably additive measure on the o-algebra generated by <7 (if Ay = {k} for
each k, then u(Uy_Ax) = u(X) =1, while ;7 ; u(Ax) =0).

(e) Let X be an arbitrary set, and let o7 be an arbitrary c-algebra on X. Define a
function it : &/ — [0, 4] by letting 11 (A) be +o0 if A # &, and letting 1 (A) be
0if A= @. Then U is a measure.

(f) Let X be a set that has at least two members, and let </ be the c-algebra
consisting of all subsets of X. Define a function p: &/ — [0,+oo] by letting
u(A) be 1if A # & and letting ((A) be 0 if A = @. Then g is not a measure,
nor even a finitely additive measure, for if A; and A, are disjoint nonempty
subsets of X, then pt(A; UAy) =1, while g (A) + u(Az) = 2. O

Proposition 1.2.2. Let (X,47, 1) be a measure space, and let A and B be subsets of
X that belong to of and satisfy A C B. Then u(A) < w(B). If in addition A satisfies

H(A) < oo, then (B —A) = 1(B) — u(A).
Proof. The sets A and B — A are disjoint and satisfy B = AU (B — A); thus the
additivity of u implies that

1(B)=p(A)+u(B—A).
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Since p(B—A) > 0, it follows that t(A) < u(B). In case t(A) < oo, the relation
w(B)— w(A) = u(B—A) also follows. O

Let u be a measure on a measurable space (X, 7). Then y is a finite measure if
U(X) < +eo and is a o-finite measure if X is the union of a sequence Ay, Ay, ... of
sets that belong to 7 and satisfy t(A;) < +eo for each i. More generally, a set in .27
is o-finite under p if it is the union of a sequence of sets that belong to .«7 and have
finite measure under u. The measure space (X,.o7, 1) is also called finite or G-finite
if u is finite or o-finite. Most of the constructions and basic properties that we will
consider are valid for all measures. For a few important theorems, however, we will
need to assume that the measures involved are finite or o-finite.

If the measure space (X,.27, i1) is o-finite, then X is the union of a sequence {B;}
of disjoint sets that belong to .7 and have finite measure under u; such a sequence
{B;} can be formed by choosing a sequence {A;} as in the definition of o-finiteness,
and then letting By = Aj and B; = A; — (Uj;llAj) ifi > 1.

Examples 1.2.3 (Dealing with o-Finiteness). Note that the measure defined in
Example 1.2.1(a) is finite if and only if the set X is finite and is o-finite if and
only if the set X is the union of a sequence of finite sets that belong to .27’
The measure defined in Example 1.2.1(b) is finite. Lebesgue measure, described
in Example 1.2.1(c), is o-finite, since R is the union of a sequence of bounded
intervals. See also Exercises 2 and 7 below. O

The following propositions give some elementary but useful properties of
measures.

Proposition 1.2.4. Let (X, 1) be a measure space. If {Ay} is an arbitrary
sequence of sets that belong to <7, then

M

(U Ak) < D) i(Ag).

k=1

Proof. Define a sequence {B;} of subsets of X by letting Bj = A; and letting
B, =A;— (U;‘;llAi) if K > 1. Then each By belongs to ./ and is a subset of the
corresponding Ay, and so satisfies (t(By) < t(Ag). Since in addition the sets By are
disjoint and satisfy UpBy = UiAy, it follows that

1 (UeAr) = 1(UeBy) = D 1 (Br) < X 1(Ay).- a
% %

In other words, the countable additivity of u implies the countable subadditivity
of u.

31If in Example 1.2.1(a) the o-algebra 27 contains all the subsets of X, then  is o-finite if and only
if X is at most countably infinite.



10 1 Measures

Proposition 1.2.5. Let (X,.<7, 1) be a measure space.

(a) If {Ax} is an increasing sequence of sets that belong to <, then U(UiAy) =
limy 11 (Ag).

(b) If {Ay} is a decreasing sequence of sets that belong to of, and if [L(A,) < +oo
holds for some n, then UL(MAx) = limy (L (Ay).

Proof. First suppose that {A;} is an increasing sequence of sets that belong to <7,
and define a sequence {B;} of sets by letting B; = A; and letting B; = A; — A;_ if
i > 1. The sets just constructed are disjoint, belong to .o, and satisfy A; = Uf?lei
for each k. It follows that U,A; = U;B; and hence that

k

1 (UrAy) Zu im Y 1 (B) =limpu (Ui, B;) = lim ().
i=1

This completes the proof of (a).

Now suppose that {A;} is a decreasing sequence of sets that belong to </ and
that (1(A,) < oo holds for some n. We can assume that n = 1. For each k let C;, =
Ay — Ay. Then {C;} is an increasing sequence of sets that belong to <7 and satisfy

UkCr = A1 — (MiAg)-
It follows from part (a) that p(UgCy) = limg 1t (Cy) and hence that

1AL — (MkAk)) = u(UkCi) = lilglu(ck) = 1iI£n.U(Al —Ayp).

In view of Proposition 1.2.2 and the assumption that (1(A|) < 4o, this implies that

1 (MeAk) = limy 11 (Ag). O
The preceding proposition has the following partial converse, which is sometimes

useful for checking that a finitely additive measure is in fact countably additive.

Proposition 1.2.6. Let (X, /) be a measurable space, and let | be a finitely
additive measure on (X, /). Then | is a measure if either

(a) limg pu(Ay) = p(UgAy) holds for each increasing sequence {A} of sets that
belong to <7, or
(b) limy 1 (Ax) = 0 holds for each decreasing sequence {A;} of sets that belong to
o and satisfy N Ay = &
Proof. We need to verify the countable additivity of u. Let {B;} be a sequence of
disjoint sets that belong to &/; we will prove that u(U;B;) = X; u(B;).
First assume that condition (a) holds, and for each k let A, = ’; 1Bj. Then the

finite additivity of u implies that t(A;) = 2/; | L(Bj), while condition (a) implies
that 1 (U Ag) = limy p(Ay); since U7 Bj = Ui Ay, it follows that

‘LL(U;O:IB]) = I'L(Uk 1Ak) = llm[.i Ak = Z
j=1
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Now assume that condition (b) holds, and for each k let A, = U;":kB ;- Then the
finite additivity of u implies that

k
U= ~1Bj) Z i)+ 1(Argr),

while condition (b) implies that limy tt (A1) = 0; hence /,L(Ujf’lej) =37 u(Bj).
O

Let us close this section by introducing a bit of terminology. A measure on
(R, 2(R?)) is often called a Borel measure on R, More generally, if X is a Borel
subset of R? and if .o/ is the c-algebra consisting of those Borel subsets of R? that
are included in X, then a measure on (X,.o/) is called a Borel measure on X.

Now suppose that (X,.<7) is a measurable space such that for each x in X the
set {x} belongs to </. A finite or o-finite measure y on (X, %) is continuous if
1({x}) = 0 holds for each x in X and is discrete if there is a countable subset D
of X such that u(D°) = 0. (More elaborate definitions are needed if 7 does not
contain each {x} or if u is not o-finite. We will, however, not need to consider such
matters.)

Exercises

1. Suppose that u is a finite measure on (X,.<).
(a) Show that if A and B belong to <7, then

H(AUB) = p(A)+ u(B) — u(ANB).
(b) Show that if A, B, and C belong to <7, then

HAUBUC) =u(A)+ pu(B) + u(C)
—U(ANB)—u(ANC) —pu(BNC)
+u(ANBNC).

(c) Find and prove a corresponding formula for the measure of the union of n
sets.

2. Define u on (R, %(R)) by letting 11(A) be the number of rational numbers in A
(of course L(A) = +oo if there are infinitely many rational numbers in A). Show
that 1 is a o-finite measure under which each open subinterval of R has infinite
measure.

3. Let &7 be the o-algebra of all subsets of N, and let y be counting measure on
(N, 7). Give a decreasing sequence {A;} of sets in &7 such that u(N;Ax) #
limy 1t (Ay). Hence the finiteness assumption cannot be removed from part (b) of
Proposition 1.2.5.
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4. Let (X, o) be a measurable space.

(a) Suppose that u is a nonnegative countably additive function on 7. Show that
if (A) is finite for some A in <7, then p (@) = 0. (Thus y is a measure.)

(b) Show by example that in general the condition u (@) = 0 does not follow
from the remaining parts of the definition of a measure.

5. Let (X, /) be a measurable space, and let x and y belong to X. Show that the
point masses O, and J, are equal if and only if x and y belong to exactly the same
sets in 7.

6. Let (X, /) be a measurable space.

(a) Show that if {u,} is an increasing sequence of measures on (X,.2) (here
“increasing” means that 1, (A) < w,1(A) holds for each A and each n), then
the formula p(A) = lim, 1, (A) defines a measure on (X, .<7).

(b) Show that if {u,} is an arbitrary sequence of measures on (X,.2/), then the
formula u(A) =3, 1, (A) defines a measure on (X,.%).

7. Let {x,} be a sequence of real numbers, and define a measure it on (R, #(R))
by u =Y, 8, (see Exercise 6).

(a) Show that u assigns finite values to the bounded subintervals of R if and only
if limy, x| = H-oo.

(b) For which sequences {x,} is the measure y o-finite?

8. Let (X, <, ) be a measure space, and define 4°®: & — [0,+o0] by

u*(A) =sup{u(B) : BC A, Be &, and i(B) < +oo}.

(a) Show that u* is a measure on (X, .%7).
(b) Show that if u is o-finite, then u® = u.
(c) Find p® if X is nonempty and p is the measure defined by

A =
HA) 0 ifA=0.

{+oo if A€o andA # @, and

9. Let u be a measure on (X,.o7), and let {A;} be a sequence of sets in &7 such that
S U(Ag) < +eo. Show that the set of points that belong to Ay for infinitely many
values of k has measure zero under y. (Hint: Consider the set N>, U Ag, and
note that p (M Ui, Ax) < 1 (U ,Ax) holds for each p.)

1.3 Outer Measures

In this section we develop one of the standard techniques for constructing measures;
then we use it to construct Lebesgue measure on R¢.

Let X be a set, and let #(X) be the collection of all subsets of X. An outer
measure on X is a function u*: 92(X) — [0, +oo] such that
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() u'(2)=0,
(b) ifACBCX,then u*(A) < u*(B), and
(c) if {A,} is an infinite sequence of subsets of X, then u*(U,A,) <Y, u*(4,).

Thus an outer measure on X is a monotone and countably subadditive function from
P (X) to [0,+o0] whose value at & is 0.

Note that a measure can fail to be an outer measure; in fact, a measure on X is an
outer measure if and only if its domain is &?(X) (see Propositions 1.2.2 and 1.2.4).
On the other hand, an outer measure generally fails to be countably additive and so
fails to be a measure.

In Theorem 1.3.6, we will prove that for each outer measure y* on X there is
a relatively natural o-algebra .#,~ on X such that the restriction of u* to .#)+ is
countably additive, and hence a measure. Many important measures can be derived
from outer measures in this way.

Examples 1.3.1.

(a) Let X be an arbitrary set, and define u* on &(X) by u*(A) =0if A = & and
w*(A) =1 otherwise. Then p* is an outer measure.

(b) Let X be an arbitrary set, and define u* on &?(X) by u*(A) = 0if A is countable,
and u*(A) = 1 if A is uncountable. Then y* is an outer measure.

(c) Let X be an infinite set, and define u* on Z(X) by u*(A) =0 if A is finite, and
w*(A) = 1if A is infinite. Then pu* fails to be countably subadditive and so is
not an outer measure.

(d) Lebesgue outer measure on R, which we will denote by A%, is defined as
follows. For each subset A of R, let €4 be the set of all infinite sequences
{(ai,b;)} of bounded open intervals such that A C U;(a;, b;). Then A*: Z(R) —
[0,+o0] is defined by

A*(4) = inf{Z(b,- —a): {(aibi)} € %A}.

(Note that the set of sums involved here is nonempty and that the infimum of
the set consisting of +oo alone is 4. We check in the following proposition
that A* is indeed an outer measure.) a

Proposition 1.3.2. Lebesgue outer measure on R is an outer measure, and it
assigns to each subinterval of R its length.

Proof. We begin by verifying that A* is an outer measure. The relation A*(&) =0
holds, since for each positive number € there is a sequence {(a;,b;)} of open
intervals (whose union necessarily includes &) such that >;(b; —a;) < €. For the
monotonicity of A*, note that if A C B, then each sequence of open intervals
that covers B also covers A, and so A*(A) < A*(B). Now consider the countable
subadditivity of A*. Let {A,};,_, be an arbitrary sequence of subsets of R.
If ¥, A*(A,) = oo, then A*(U,A4,) <X, A*(A,) certainly holds. So suppose that
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Y. A*(A,) < +oo, and let € be an arbitrary positive number. For each n choose a
sequence {(an,i,bni)};>, that covers A, and satisfies

or

—_

(bni—an;) < A*(An) +€/2"

If we combine these sequences into one sequence {(a;,b;)} (see, for example, the
construction in the last paragraph of A.6), then the combined sequence satisfies

UnAn © Uj(aj;b;)

and

Z(bj —aj) < Z(A*(An) +¢e/2") = ZA*(An) + €.

J n n
These relations, together with the fact that € is arbitrary, imply that 1*(U,A,) <
Y. A*(A,). Thus A* is an outer measure.

Now we compute the outer measure of the subintervals of R. First consider a
closed bounded interval [a,b]. It is easy to see that A*([a,b]) < b — a (cover [a,b]
with sequences of open intervals in which the first interval is barely larger than
[a,b], and the sum of the lengths of the other intervals is very small). We turn to
the reverse inequality. Let {(a;,b;)} be a sequence of bounded open intervals whose
union includes [a,b]. Since [a,b] is compact, there is a positive integer n such that
[a,b] C UL (ai,b;). It is easy to check that b —a < Y, (b; — a;) (use induction on
n) and hence that b —a < X2 | (b; — a;). Since {(a;,b;)} was an arbitrary sequence
whose union includes [a,b], it follows that b —a < A*([a,b]). Thus A*([a,b]) =
b—a.

The outer measure of an arbitrary bounded interval is its length, since such an
interval / includes and is included in closed bounded intervals of length arbitrarily
close to the length of /. Finally, an unbounded interval has infinite outer measure,
since it includes arbitrarily long closed bounded intervals. a

Let us look at another basic example.

Example 1.3.3. Lebesgue outer measure on R4, which we will denote by A* (or, if
necessary in order to avoid ambiguity, by A7) is defined as follows. A d-dimensional
interval is a subset of RY of the form I} X -+ X 1;, where I, ..., I; are subintervals
of Rand I} x --- x I; is given by

I ><~~~><Id:{(xi,...,xd):x,'ell-fori:1,...,d}.

Note that the intervals Iy, ..., I;, and hence the d-dimensional interval I} X --- X I,
can be open, closed, or neither open nor closed. The volume of the d-dimensional
interval I} X --- x I; is the product of the lengths of the intervals Iy, ..., I;, and
will be denoted by vol(I; x --- x I;). For each subset A of R? let % be the set of all
sequences {R;} of bounded and open d-dimensional intervals for which A C U7 | R;.
Then A*(A), the outer measure of A, is the infimum of the set
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{Zmlvol(Ri) {R) ). ]

We note the following analogue of Proposition 1.3.2.

Proposition 1.3.4. Lebesgue outer measure on R? is an outer measure, and it
assigns to each d-dimensional interval its volume.

Proof. Most of the details are omitted, since they are very similar to those in the
proof of Proposition 1.3.2. Note, however, that if K is a compact d-dimensional
interval and if {R;}, is a sequence of bounded and open d-dimensional intervals
for which K C U2 | R;, then there is a positive integer n such that K C U |R;, and
K can be decomposed into a finite collection {K;} of d-dimensional intervals that
overlap only on their boundaries and are such that for each j the interior of K; is
included in some R; (where i < n). From this it follows that

vol(K) =) vol(K;) < ) vol(R;)
J i
and hence that vol(K) < A*(K). The remaining modifications needed to convert our

proof of Proposition 1.3.2 into a proof of the present result are straightforward. 0O

Let X be a set, and let u* be an outer measure on X. A subset B of X is p*-
measurable (or measurable with respect to L*) if

W(A) = W (ANB) + (AN B)

holds for every subset A of X. Thus a y*-measurable subset of X is one that divides
each subset of X in such a way that the sizes (as measured by u*) of the pieces
add properly. A Lebesgue measurable subset of R or of R? is of course one that is
measurable with respect to Lebesgue outer measure.

Note that the subadditivity of the outer measure y* implies that

W(A) < W(ANB) + U (ANB)

holds for all subsets A and B of X. Thus to check that a subset B of X is pu*-
measurable, we need only check that

H*(A) = p*(ANB)+p*(ANB) (1)

holds for each subset A of X . Note also that inequality (1) certainly holds if u*(A) =
+-co. Thus the p*-measurability of B can be verified by checking that (1) holds for
each A that satisfies t*(A) < 0.

Proposition 1.3.5. Let X be a set, and let u* be an outer measure on X. Then each
subset B of X that satisfies u*(B) = 0 or that satisfies t*(B¢) = 0 is u*-measurable.

Proof. Assume that p*(B) = 0 or that u*(B¢) = 0. According to the remarks above,
we need only check that each subset A of X satisfies
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W (A) > u*(ANB) + u*(ANB").

However our assumption about B and the monotonicity of pt* imply that one of the
terms on the right-hand side of this inequality vanishes and that the other is at most
W*(A); thus the required inequality follows. O

It follows that the sets & and X are measurable for every outer measure on X.
The following theorem is the fundamental fact about outer measures; it will be
the key to many of our constructions of measures.

Theorem 1.3.6. Let X be a set, let U* be an outer measure on X, and let //lw be
the collection of all W*-measurable subsets of X. Then

(a) Ay~ is a 6-algebra, and
(b) the restriction of U* to My~ is a measure on M.

Proof. We begin by showing that .#+ is an algebra of sets. First note that
Proposition 1.3.5 implies that X belongs to .#,+. Note also that the equation

W(A) = W (ANB) + (AN B)

is not changed if the sets B and B¢ are interchanged; thus the y*-measurability of
B implies that of B¢, and so .#;+ is closed under complementation. Now suppose
that By and B; are u*-measurable subsets of X; we will show that B UB; is u*-
measurable. For this, let A be an arbitrary subset of X. The u*-measurability of B
implies

U (AN(B1UBy)) =u"(AN(B1UBy)NBy)+u* (AN (B UBy) NBY)
=u"(ANB)+ U (ANB{NBy).

If we use this identity and the fact that (B; UB,)° = B{ N BS, and then simplify the
resulting expression by appealing first to the measurability of B, and then to the
measurability of By, we find

H*(AN(B1UBy)) + 1" (AN (B1UB))
=p"(ANBy)+ 1" (ANBSNBy) +u*(ANBSNBS)
=" (ANBy) +u*(ANBY)
= " (A).

Since A was an arbitrary subset of X, the set B{ UB, must be measurable. Thus .#),
is an algebra.

Next suppose that {B;} is an infinite sequence of disjoint *-measurable sets; we
will show by induction that

WH(A) = Y u (ANB) + (AN (ML, BY)) @
i=1
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holds for each subset A of X and each positive integer n. Equation (2) is, in the case
where n = 1, simply a restatement of the measurability of B;. As to the induction
step, note that the p*-measurability of B, and the disjointness of the sequence
{B;} imply that

ur (AN (MZ1B7))
= W (AN(NELBY) NByr1) + 1 (AN (N1 BY) N By )
= W (ANBy11) + 1 (AN (N B)).

With this (2) is proved.

Note that we do not increase the right-hand side of Eq.(2) if we replace
pr(AN (N, BS)) with u*(AN (N2, Bf)), and thus with u*(A N (U2 B;)); by
letting the n in the sum in the resulting inequality approach infinity, we find

8

HH(A) > YU (ANB) + 1 (AN (ULB)°). 3)
=1

1

This and the countable subadditivity of u* imply that

pr(A) >

M

W (ANB) +u*(An (U B:)°)
1

AN (UZBi) + 1 (AN (UZ,Bi)°)
W (A);

>

Y

it follows that each inequality in the preceding calculation must in fact be an equality
and hence that U7, B; is it *-measurable. Thus .#);+ is closed under the formation of
unions of disjoint sequences of sets. Since the union of an arbitrary sequence {B;}
of sets in .#;+ is the union of a disjoint sequence of sets in .#),+, namely of the
sequence

Bi,BSNBy,....B{NB5N---NBS_ | NB,, ...,

the algebra .+ is closed under the formation of countable unions. With this we
have proved that ./, is a c-algebra.

To show that the restriction of ©* to .#,+ is a measure, we need to verify its
countable additivity. If {B;} is a sequence of disjoint sets in .#,+, then replacing A
with U7, B; in inequality (3) yields

WU B) > Y (B) +0;

since the reverse inequality is automatic, the countable additivity of the restriction
of u* to .4~ follows. 0

We turn to applications of Theorem 1.3.6 and begin with Lebesgue measure.
We will denote the collection of Lebesgue measurable subsets of R by ) «.
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Proposition 1.3.7. Every Borel subset of R is Lebesgue measurable.

Proof. We begin by checking that every interval of the form (—e,b] is Lebesgue
measurable. Let B be such an interval. According to the remarks made just before
the statement of Proposition 1.3.5, we need only check that

A*(A) > A" (ANB)+ A" (ANB°) 4)

holds for each subset A of R for which A*(A) < 4eo. Let A be such a set, let €
be an arbitrary positive number and let {(a,,b,)} be a sequence of open intervals
that covers A and satisfies X (b, — an) < A*(A) + €. Then for each n the sets
(@n,by) N B and (an,by) ﬁBC are disjoint intervals (one of which may instead be the
empty set) whose union is (ay, b, ), and so

by —an = A*((an,bn)) = A" ((an,bn) NB) + A*((an,bn) N B°) Q)

(see Proposition 1.3.2). Since the sequence {(an,b,) N B} covers ANB and the
sequence {(an,b,) N B¢} covers AN B¢, we have from Eq.(5) and the countable
subadditivity of A* that

A*(ANB)+A*(ANB°) <Z)L (an,bn) NB) +2/1 (an,bn) NB°)
=Y (by—an) <A*(A) +e

However, € was arbitrary, and so inequality (4) and the Lebesgue measurability of
B follow.

Thus the collection .#« of Lebesgue measurable sets is a o-algebra on R
(Theorem 1.3.6) that contains each interval of the form (—eo,b]. However Z(R)
is the smallest o-algebra on R that contains all these intervals (Proposition 1.1.4),
and so Z(R) C 4)«. O

We will also use .#« to denote the collection of Lebesgue measurable subsets
of R,

Proposition 1.3.8. Every Borel subset of R? is Lebesgue measurable.

Proof. Tt is easy to give a proof of Proposition 1.3.8 by modifying that of
Proposition 1.3.7; the details are left to the reader. O

The restriction of Lebesgue outer measure on R (or on R?) to the collection . L
of Lebesgue measurable subsets of R (or of R?) is called Lebesgue measure and
will be denoted by A or by A,. The restriction of Lebesgue outer measure to Z(R)
or to B(R?) is also called Lebesgue measure, and it too will be denoted by A or by
Aq. We can specify which version of Lebesgue measure we intend by referring, for
example, to Lebesgue measure on (R, %(R)) or to Lebesgue measure on (R, .7 +).
We will deal most often with Lebesgue measure on the Borel sets; its relation to the
other version of Lebesgue measure is treated in Sect. 1.5.
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Two questions arise immediately. Is every subset of R Lebesgue measurable?
Is every Lebesgue measurable set a Borel set? The answer to each of these questions
is no; see Sects. 1.4 and 2.1 for details.

We close this section with a technique for constructing and representing all finite
measures on (R, Z(R)). We begin with the following elementary fact.

Proposition 1.3.9. Let i be a finite measure on (R, Z(R)), and let F;: R -+ R
be defined by Fy(x) = i((—ee,x]). Then F is bounded, nondecreasing, and right-
continuous, and satisfies limy_, o Fy (x) = 0.

Proof. Tt follows from Proposition 1.2.2 that 0 < p((—ee,x]) < u(R) holds for
all x in R and that p((—oe,x]) < p((—eo,y]) holds for all x and y in R such that
x < y; hence F), is bounded and nondecreasing. Next suppose that x € R and that
{x,} is the sequence defined by x,, = x+ 1/n. Then (—eo,x] = N7"_,(—eo,x,], and
so Proposition 1.2.5 implies that Fy,(x) = lim, Fj; (x,). The right continuity of F,
follows (note that if x <y < x,, then, since F}, is nondecreasing, |Fy (y) — Fy(x)| <
|Fii(xn) — Fyu(x)]). A similar argument shows that lim,_, .. Fj; (x) = 0. O

Let u and F,, be as in Proposition 1.3.9. The interval (a,b] is the difference of
the intervals (—eoo,b] and (—oo,al, and so Proposition 1.2.2 implies that

1((a,b]) = Fu(b) — Fu(a). (6)

Since F), is bounded and nondecreasing, the limit of F,(¢) as ¢ approaches x from
the left exists for each x in R; this limit is equal to sup{F,(¢) : # < x} and will be
denoted by Fj,(x—). Now let {a,} be a sequence that increases to the real number
b; if we apply Eq. (6) to each interval (a,, ] and then use Proposition 1.2.5, we find
that

u({b}) = Fu(b) = Fu(b—). @)

Consequently F}, is continuous at b if p({b}) = 0, and is discontinuous there, with
ajump of size u({b}) in its graph, if g ({b}) # 0. Thus the measure y is continuous
(see Sect. 1.2) if and only if the function F}, is continuous.

Equations (6) and (7) allow one to use F, to recover the measure under p of
certain subsets of R (see also Exercise 4); however, the following proposition allows
us to say more, namely that the measure under pt of every Borel subset of R is in
fact determined by F),.

Proposition 1.3.10. For each bounded, nondecreasing, and right-continuous
function F : R — R that satisfies lim,_, .. F (x) = 0, there is a unique finite measure
U on (R, B(R)) such that F (x) = p((—eo,x]) holds at each x in R.

Proof. Let F be as in the statement of the proposition. We begin by constructing
the required measure f. Define a function p*: Z(R) — [0, +oo] by letting u*(A)
be the infimum of the set of sums Y, (F(b,) — F(ay)), where {(an,by]} ranges
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over the set of sequences of half-open intervals that cover A, in the sense that
A C U:zl(a,,,b,,]. Then u* is an outer measure on R; the reader can check this
by modifying some of the arguments used in the proof of Proposition 1.3.2.

Next we verify that u*((—eo,x]) = F(x) holds for each x in R. The inequality
1*((—oo,x]) < F(x) holds, since (—eo,x] can be covered by the intervals in the
sequence { (x—n,x—n+1]}>_,, forwhichwehave ¥,>_| (F(x—n+1)—F(x—n)) =
F(x). We turn to the reverse inequality. Let {(a,,b,]} be a sequence that covers
(—eo,x], and let € be a positive number. Use the fact that lim,_,_.. F (t) = 0 to choose
a number # such that# < x and F(¢) < €, and for each n use the right continuity of
F to choose a positive number 8, such that F (b, + 8,) < F(b,) + £/2". Then the
interval [t,x] is compact, each interval (a,,b, + 0,) is open, [t,x] C Uy, (an, b, +
&), and Y, (F (b, + 6,) — F(an)) < X,(F(by) — F(ay)) + €. The compactness of
[t,x] implies that there is a positive integer N such that [t,x] C UN_, (an,by + 8,).
It follows that (,x] is the union of a finite collection of disjoint intervals (c;,d|],
each of which is included in some (ay, b, + 6,]. Consequently

F@) = P(0) = S(F(d) ~ Fle;)) < 3. (Fbu+ &)~ Fla),

J
and so

F(x)—e< i(F(b,,)—F(an))—i—e.

Since € and the sequence {(ay,,b,]} are arbitrary, the inequality F (x) < p*((—oe,x])
follows. With this we have shown that F(x) = p*((—ee,x]).

The reader should check that the proof of Proposition 1.3.7 can be modified so as
to show that each interval (—oo, b] is (1 *-measurable and then that each Borel subset
of R is pt*-measurable.

Let i be the restriction of u* to Z(R). The preceding steps of our proof, together
with Theorem 1.3.6, show that u is a measure and that it satisfies p((—eo,x]) =
F(x) at each x in R. Since F is bounded, while u(R) = lim,_ye ((—oo,n]) =
lim,,_.. F (n) (Proposition 1.2.5), the measure g is finite.

Finally we check the uniqueness of . Let 1 be as constructed above, and let v
be a possibly different measure such that v((—ee,x]) = F(x) holds for each x in R.
We first show that

V(A) < u(A) (®)

is true for each Borel subset A of R. To see this, note that if A is a Borel set and
if {(an,bn]} is a sequence such that A C Uy, (ay, by, then (according to (6), applied
to V)

A) < Y v((an,ba]) = X (F (bn) = F(an))- ©)



1.3 Outer Measures 21

Since p*(A) was defined to be the infimum of the set of values that can occur as
sums on the right side of (9), inequality (8) follows. If we apply inequality (8) to A
and to A, we find

V(R) = V(A) + V(A) < u(A) + p(A) = u(R).

Since V(R) = u(R) < o, it follows that v(A) and v(A°) are equal to p(A) and
W(A), respectively. With this the proof that v = u is complete. O

The uniqueness assertion on Proposition 1.3.10 can also be proved by means of
other standard techniques; see, for example, the discussion following the proof of
Corollary 1.6.3.

Exercises

1. Define functions uj, ..., u¢ on Z(R) by

. 0 if A is empty,
(A4) = L
1 if A is nonempty,

. 0 if A is empty,
uz(A) = o
+oo if A is nonempty,
. 0 if A is bounded,
U3 (A) = o
1 if A is unbounded,
0 if A is empty,
wi(A)y=<1 if A is nonempty and bounded,
4o if A is unbounded,
“ 0 if A is countable,
us(A) = o g
1 if A is uncountable,
“ 0 if A is countable, and
e (A) = e g
+oo if A is uncountable.

(a) Which of u3, puy, pj, and ug are outer measures? (We noted in Exam-
ples 1.3.1(a) and 1.3.1(b) that uj and us are outer measures.)
(b) For each i such that y is an outer measure determine the 1 -measurable
subsets of R.
2. Let C be a countable subset of R. Using only the definition of A*, show that
A*(C)=0.
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3. Show that for each subset A of R there is a Borel subset B of R that includes A
and satisfies A (B) = 1*(A).

4. Let F: R — R be a bounded, nondecreasing, and right-continuous function that
satisfies limy_,_. F(x) = 0, and let p be the measure on (R, ZA(R)) that is
associated to F by Proposition 1.3.10. Show that if a and b belong to R and
satisfy a < b, then

p((=oe,b)) = F(b=),
u((a,b)) = F(b—) — F(a),
t([a,b]) = F(b) — F(a—), and

t(la,b)) = F(b—) — F(a—).

5. Let X be a set, let &7 be an algebra of subsets of X, and let it be a finitely additive
measure on <. For each subset A of X let u*(A) be the infimum of the set of
sums Y7 U(Ag), where {A; } ranges over the sequences of sets in .o for which
A C UL A
(a) Show that u* is an outer measure on X.

(b) Show that each set in .o is y*-measurable.

(c) Show that if u is countably additive (in the sense that p(UAg) = D U(Ag)
holds whenever {A;} is a sequence of disjoint sets in o7 for which UgA;
belongs to «7), then each A in < satisfies (1(A) = u*(A).

(d) Conclude that if p is a countably additive measure on the algebra 27, then
there is a countably additive measure on ¢ (<) that agrees with  on 7.

6. (Continuation.) Let X, &7, u, and pu* be as in Exercise 5, and assume that y is
countably additive.

(a) Show that if v is a countably additive measure on ¢ (.<7) that agrees with
on 7, then v(A) < u*(A) holds for each A in 6 (A).

(b) Conclude that if u is finite (or if X is the union of a sequence of sets that
belong to <7 and have finite measure under i), then 1 can be extended to a
countably additive measure on 6() in only one way.

7. Show that a subset B of R is Lebesgue measurable if and only if

A*(I) = A*(INB) + A*(INB)

holds for each open subinterval I of R.

8. Let I be a bounded subinterval of R. Show that a subset B of I is Lebesgue
measurable if and only if it satisfies A*(I) = A*(B) + A*(IN B°).

9. Let A* be Lebesgue outer measure on R, and let 7 be the projection of R? onto
R given by 7(x,y) = x. Define a function u*: Z2(R?) — [0,+o0] by u*(A) =
A*(m(A)).

(a) Show that u* is an outer measure on R?.

(b) Show that a subset B of R? is measurable for the outer measure y* defined
in this exercise if and only if there are Lebesgue measurable subsets By and
B of R such that By C By, A*(B; —Bp) =0,and By x RC B C B} x R.
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1.4 Lebesgue Measure

This section contains a number of the basic properties of Lebesgue measure on
R?. The reader who wants to move quickly on to Chap. 2 might restrict his or her
attention to Proposition 1.4.1, Proposition 1.4.4, and Theorem 1.4.9.

Proposition 1.4.1. Let A be a Lebesgue measurable subset of R?. Then

(@ A(A) =inf{A(U):U is open and A C U}, and
(b) A(A) =sup{A(K) : K is compact and K C A}.
Proposition 1.4.1 can be put more briefly, namely as the assertion that Lebesgue

measure is regular. In the interest of simplicity, however, we will delay the study
and even the definition of regularity until Sect. 1.5 and Chap. 7.

Proof. Note that the monotonicity of A implies that
A(A) <inf{A(U):U isopenand A C U}

and
A(A) > sup{A(K) : K is compact and K C A}.

Hence we need only prove the reverse inequalities.

We begin with part (a). Since the required equality clearly holds if A(A) = +o,
we can assume that A(A) < +oo. Let € be an arbitrary positive number. Then
according to the definition of Lebesgue measure, there is a sequence {R;} of open
d-dimensional intervals such that A C U;R; and Y, vol(R;) < A(A) +¢€. Let U be
the union of these intervals. Then U is open, A C U, and (see Propositions 1.2.4
and 1.3.4)

AU) < S AR) = S vol(R;) < A(A) +e&.
Since ¢ is arbitrary, part (a) is proved.
We turn to part (b) and deal first with the case where A is bounded. Let C be a

closed and bounded set that includes A, and let € be an arbitrary positive number.
Use part (a) to choose an open set U that includes C — A and satisfies

A(U) <A(C—A)+e. (1)

Let K = C —U. (Drawing a sketch might help the reader.) Then K is a closed and
bounded (and hence compact) subset of A; furthermore, C C K UU and so

A(C) < A(K) + A(U). 2)

Inequalities (1) and (2) (and the fact that A(C —A) = A(C) — A(A)) imply that
A(A) — e < A(K). Since € was arbitrary, part (b) is proved in the case where A
is bounded.
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Finally, consider the case where A is not bounded. Suppose that b is a real number
less than A(A); we will produce a compact subset K of A such that b < A(K).
Let {A;} be an increasing sequence of bounded measurable subsets of A such that
A =UjA; (for example, we might let A; be the intersection of A with the closed ball
of radius j about the origin). Proposition 1.2.5 implies that A (A) =lim; A (A}), and
so we can choose jjo such that A(Aj,) > b. Now apply to A, the weakened form of
part (b) that was proved in the preceding paragraph; this gives a compact subset K
of Aj, (and hence of A) such that A (K) > b. Since b was an arbitrary number less
than A (A), the proof is complete. O

The following lemma will be needed for the proof of Proposition 1.4.3. In this
lemma we will be dealing with a certain collection of half-open cubes, namely with
those that have the form

{(x1,eeoxa) s j2 F <xi < (ji+ 12 fori=1,.... d} 3)
for some integers ji, ..., j; and some positive integer k.

Lemma 1.4.2. Each open subset of R? is the union of a countable disjoint
collection of half-open cubes, each of which is of the form given in expression (3).

Proof. For each positive integer k let 6 be the collection of all cubes of the form
{(xryexa) s j2 << i+ 127 % fori=1,..., d},

where ji, ..., jg are arbitrary integers. It is easy to see that

(a) each %} is a countable partition of R4, and
(b) if ki < ko, then each cube in ¢, is included in some cube in €, .

The reader should keep these facts about the family {%}} in mind when checking
that the collection & defined below has the properties claimed for it.

Suppose that U is an open subset of RY. We construct a collection Z of cubes
inductively by letting & be empty at the start, and then at step k (for k=1, 2, ...)
adding to Z those cubes in %} that are included in U but are disjoint from all the
cubes putinto Z at earlier steps. It is clear that & is a countable disjoint collection of
cubes whose union is included in U. It remains only to check that its union includes
U. Let x be a member of U. Since U is open, the cube in %} that contains x is
included in U if k is sufficiently large. Let ko be the smallest such k. Then the cube
in ¢}, that contains x belongs to &, and so x belongs to the union of the cubes in Z.

O

Proposition 1.4.3. Lebesgue measure is the only measure on (R?, B(R?)) that
assigns to each d-dimensional interval, or even to each half-open cube of the form
given in expression (3), its volume.

Proof. That Lebesgue measure does assign to each d-dimensional interval its
volume was noted in Sect. 1.3. So we need only assume that y is a measure on
(R, 2(R?)) that assigns to each cube of the form given in expression (3) its volume
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and prove that y = A. First suppose that U is an open subset of R?. Then according
to Lemma 1.4.2 there is a disjoint sequence {C;} of half-open cubes that have the
form given in expression (3) and whose union is U, and so

(V) = Y u(C) = TA(C) = AU);
J J

hence u and A agree on the open subsets of R?. Next suppose that A is an
arbitrary Borel subset of R?. If U is an open subset of R that includes A, then
1(A) < u(U) = A(U); it follows that u(A) < inf{A(U): Uisopenand A CU}.
The regularity of A (Proposition 1.4.1) now implies that

1(A) <A(A). @)

We need to show that this inequality can be replaced with an equality. First suppose
that A is a bounded Borel subset of R? and that V is a bounded open set that includes
A. Then inequality (4), applied to the sets A and V — A, implies that

H(V) = H(A) + (V= A) < A(A) + A(V —A) = A(V);

since the extreme members of this inequality are equal, and since p(A) and pu(V —A)
are no larger than A (A) and A(V — A), respectively, it follows that 11(A) and A(A)
are equal. Finally, an arbitrary Borel subset A of R¢ is the union of a sequence of
disjoint bounded Borel sets and so must satisfy (t(A) = A(A). O

For each element x and subset A of R? we will denote by A + x the subset of RY
defined by

A+x={yeR?:y=a+xforsomeainA};

the set A + x is called the translate of A by x. We turn to the invariance of Lebesgue
measure under such translations.

Proposition 1.4.4. Lebesgue outer measure on R? is translation invariant, in the
sense that if x € RY and A C RY, then A*(A) = A*(A +x). Furthermore, a subset B
of R? is Lebesgue measurable if and only if B+ x is Lebesgue measurable.

Proof. The equality of A*(A) and A*(A + x) follows from the definition of A* and
the fact that the volume of a d-dimensional interval is invariant under translation.
The second assertion follows from the first, together with the definition of a
Lebesgue measurable set—note that a set B satisfies

AA=—x)=A"((A—x)NB)+ A" ((A—x)NB°)
for all sets A — x if and only if B + x satisfies

A*(A) = A*(AN (B+x)) + A" (AN (B+x)°)

for all sets A. O
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Lebesgue measure on (RY, %(R?)) is characterized up to constant multiples by
the following result; see Chap.9 for analogous results that hold in more general
situations.

Proposition 1.4.5. Let u be a nonzero measure on (R4, Z(R%)) that is finite on the
bounded Borel subsets of RY and is translation invariant, in the sense that [1(A) =
U(A +x) holds for each A in (RY) and each x in R%. Then there is a positive
number ¢ such that [L(A) = cA(A) holds for each A in ZB(R%).

Note that for the concept of translation invariance for measures on (R?, Z(R¢))
to make sense, the Borel ¢-algebra on R4 must be translation invariant, in the sense
that if A € Z(R?) and x € R?, then A +x € B(R?). To check this translation
invariance of Z(R?), note that {A C R? : A+ x € B(R?)} is a c-algebra that
contains the open sets and hence includes (R?).

Proof. Let C = {(x1,...,x4) : 0<x; < 1foreach i}, and let c = u(C). Then c is
finite (since U is finite on the bounded Borel sets) and positive (if it were 0, then
R4, as the union of a sequence of translates of C, would have measure zero under
). Define a measure v on %(R?) by letting v(A) = (1/c)u(A) hold for each A
in 2(R¥). Then v is translation invariant, and it assigns to the set C defined above
its Lebesgue measure, namely 1. If D is a half-open cube that has the form given in
expression (3) and whose edges have length 27, then C is the union of 2% translates
of D, and so
2%v(D) = v(C) = 2(C) =2%A(D);

thus v and A agree on all such cubes. Proposition 1.4.3 now implies that v = A and
hence that it = cA. O

Example 1.4.6 (The Cantor Set). We should note a few facts about the Cantor
set, a set which turns out to be a useful source of examples. Recall that it is defined
as follows. Let Ky be the interval [0, 1]. Form K| by removing from Kj the interval
(1/3,2/3). Thus K; = [0,1/3]U[2/3,1]. Continue this procedure, forming K, by
removing from K,_; the open middle third of each of the intervals making up
K,—1. Thus K, is the union of 2" disjoint closed intervals, each of length (1/3)".
The Cantor set (which we will temporarily denote by K) is the set of points that
remain; thus K = N, K.

Of course K is closed and bounded. Furthermore, K has no interior points, since
an open interval included in K would for each n be included in one of the intervals
making up K, and so would have length at most (1/3)". The cardinality of K is that
of the continuum: it is easy to check that the map that assigns to a sequence {z, }
of 0’s and 1’s the number Y, 2z, /3" is a bijection of the set of all such sequences
onto K; hence the cardinality of K is that of the set of all sequences of 0’s and 1’s
and so that of the continuum (see Appendix A). O

Proposition 1.4.7. The Cantor set is a compact set that has the cardinality of the
continuum but has Lebesgue measure zero.
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Proof. We have already noted that the Cantor set (again call it K) is compact and
has the cardinality of the continuum. To compute the measure of K, note that for
each n it is included in the set K, constructed above and that A (K, ) = (2/3)". Thus
A(K) < (2/3)" holds for each n, and so A (K) must be zero. (For an alternative proof,
check that the sum of the measures of the intervals removed from [0, 1] during the
construction of K is the sum of the geometric series

P ()
andsois 1.) a

Example 1.4.8 (A Nonmeasurable Set). We now return to one of the promises
made in Sect. 1.3 and prove that there is a subset of R that is not Lebesgue
measurable. Note that our proof of this uses the axiom of choice.* Whether the
use of this axiom is essential was an open question until the mid-1960s, when R.M.
Solovay showed that if a certain consistency assumption holds, then the existence
of a subset of R that is not Lebesgue measurable cannot be proved from the axioms
of Zermelo—Frankel set theory without the use of the axiom of choice.’

Theorem 1.4.9. There is a subset of R, and in fact of the interval (0, 1), that is not
Lebesgue measurable.

Proof. Define a relation ~ on R by letting x ~ y hold if and only if x — y is rational.
It is easy to check that ~ is an equivalence relation: it is reflexive (x ~ x holds for
each x), symmetric (x ~ y implies y ~ x), and transitive (x ~ y and y ~ z imply x ~ z).
Note that each equivalence class under ~ has the form Q + x for some x and so is
dense in R. Since these equivalence classes are disjoint, and since each intersects
the interval (0, 1), we can use the axiom of choice to form a subset E of (0, 1) that
contains exactly one element from each equivalence class. We will prove that the
set E is not Lebesgue measurable.

Let {r,} be an enumeration of the rational numbers in the interval (—1,1), and
for each n let £, = E + r,,. We will check that

(a) the sets E, are disjoint,
(b) U,E, is included in the interval (—1,2), and
(c) theinterval (0,1) is included in U, E,,.

To check (a), note that if E,, N E, # &, then there are elements e and ¢’ of E such
that e + r,,, = €’ + ry,; it follows that e ~ ¢’ and hence that e = ¢’ and m = n. Thus (a)
is proved. Assertion (b) follows from the inclusion E C (0, 1) and the fact that each
term of the sequence {r,} belongs to (—1,1). Now consider assertion (c). Let x be

4See items A.12 and A.13 in Appendix A.
SFor details, see Solovay [110].
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an arbitrary member of (0, 1), and let e be the member of E that satisfies x ~ e. Then
x — e is rational and belongs to (—1, 1) (recall that both x and e belong to (0,1)) and
so has the form r,, for some n. Hence x € E,,, and assertion (c) is proved.

Suppose that the set E is Lebesgue measurable. Then for each n the set E,, is
measurable (Proposition 1.4.4), and so property (a) above implies that

AUE,) = 3 A(Ey);

furthermore, the translation invariance of A implies that A(E,) = A(E) holds for
each n. Hence if A(E) = 0, then A(U,E,) = 0, contradicting assertion (c) above,
while if A(E) # 0, then A(U,E,) = +oo, contradicting assertion (b). Thus the
assumption that £ is measurable leads to a contradiction, and the proof is complete.

O

Let A be a subset of R. Then diff(A) is the subset of R defined by
diff(A) ={x—y:xc€Aandy € A}.
The following fact about such sets is occasionally useful.

Proposition 1.4.10. Let A be a Lebesgue measurable subset of R such that A(A) >
0. Then diff(A) includes an open interval that contains 0.

Proof. According to Proposition 1.4.1, there is a compact subset K of A such that
A(K) > 0. Since diff(K) is then included in diff(A), it is enough to prove that
diff(K) includes an open interval that contains 0. Note that a real number x belongs
to diff(K) if and only if K intersects x + K; thus it suffices to prove that if |x| is
sufficiently small, then K intersects x + K.

Use Proposition 1.4.1 to choose an open set U such that K C U and A(U) <
2A(K). The distances between the points in K and the points outside U are bounded
away from O (since the distance from a point x of U to the complement of U is
a continuous strictly positive function of x and so has a positive minimum on the
compact set K; see D.27 and D.18). Thus there is a positive number € such that if
|x| < &, then x+ K is included in U. Suppose that |x| < €. If x+ K were disjoint
from K, then it would follow from the translation invariance of A and the relation
x+ K CU that

2A(K) = A(K) +A(x+K)=A(KU (x+K)) < A(U).

However this contradicts the inequality A (U) < 2A(K), and so K and x+ K cannot
be disjoint. Therefore, x € diff(K). Consequently the interval (—¢, €) is included in
diff(K), and thus in diff(A). O

We can use Proposition 1.4.10, plus a modification of the proof of Theorem 1.4.9,
to prove the following rather strong result (see the remark at the end of this section
and the one following the proof of Proposition 1.5.4).
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Proposition 1.4.11. There is a subset A of R such that each Lebesgue measurable
set that is included in A or in A€ has Lebesgue measure zero.

Proof. Define subsets G, Gy, and G| of R by
G = {x:x=r+nV2 forsome rin Q and n in Z},
Go={x:x=r+ 2nV/2 for some r in Q and 7 in Z}, and
Gy = {x:x=r+(2n+1)V2 for some r in Q and n in Z}.

It is easy to see that G and Gg are subgroups of R (under addition), that Gy and Gy
are disjoint, that G| = Gy + V/2, and that G = Gy U G;. Define a relation ~ on R
by letting x ~ y hold when x —y € G; the relation ~ is then an equivalence relation
on R. Use the axiom of choice to form a subset E of R that contains exactly one
representative of each equivalence class of ~. Let A = E + G (that is, let A consist
of the points that have the form e 4 go for some e in £ and some g¢ in Gy).

We now show that there does not exist a Lebesgue measurable subset B of A
such that A(B) > 0. For this let us assume that such a set exists; we will derive
a contradiction. Proposition 1.4.10 implies that there is an interval (—g, ) that is
included in diff(B) and hence in diff(A). Since G| is dense in R, it meets the interval
(—¢,¢€) and hence meets diff(A). This, however, is impossible, since each element
of diff(A) is of the form e; — ey + go (where e and e, belong to E and gy belongs
to Go) and so cannot belong to G (the relation e; — e + go = g1 would imply that
e1 = e and go = g1, contradicting the disjointness of Gy and Gy). This completes
our proof that every Lebesgue measurable subset of A must have Lebesgue measure
Zero.

It is easy to check that A° = E + G| and hence that A = A + V2. 1t follows that
each Lebesgue measurable subset of A€ is of the form B + /2 for some Lebesgue
measurable subset B of A. Since A has no Lebesgue measurable subsets of positive
measure, it follows that A° also has no such subsets, and with this the proof is
complete. a

Note that the set A of Proposition 1.4.11 is not Lebesgue measurable: if it were,
then both A and A€ would include (in fact, would be) Lebesgue measurable sets
of positive Lebesgue measure. Thus we could have presented Theorem 1.4.9 as a
corollary of Proposition 1.4.11. (Of course, the proof of Theorem 1.4.9 presented
earlier is simpler than the proofs of Propositions 1.4.10 and 1.4.11 taken together
and is in fact a classical and well-known argument; hence it was included.)

Exercises

1. Prove that under Lebesgue measure on R?
(a) every straight line has measure zero, and
(b) every circle has measure zero.
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2. Let A be a subset of R?. Show that the conditions

(i) A is Lebesgue measurable,
(ii) A is the union of an Fy and a set of Lebesgue measure zero, and
(iii) there is a set B that is an Fy and satisfies A*(AAB) =0

are equivalent.

3. Let T be a rotation of R? about the origin (or, more generally, a linear map from
R? to R? that preserves distances).

(a) Show that a subset A of R? (or of R¥) is Borel if and only if T(A) is Borel.
(Hint: See the remark following the statement of Proposition 1.4.5.)

(b) Show that each Borel subset A of R? (or of R?) satisfies A(A) = A(T(A)).
(Hint: Use Proposition 1.4.5.)

4. Show that for each number o that satisfies 0 < & < 1 there is a closed subset C of
[0,1] that satisfies A (C) = o and includes no nonempty open set. (Hint: Imitate
the construction of the Cantor set.)

5. Show that there is a Borel subset A of R such that 0 < A(INA) < A(/) holds
whenever [ is a bounded open subinterval of R.

6. Show that if B is a subset of R that satisfies 1*(B) > 0, then B includes a set that
is not Lebesgue measurable. (Hint: Use Proposition 1.4.11.)

7. Show that there exists a decreasing sequence {A,} of subsets of [0, 1] such that
A*(An) = 1 holds for each n, but for which N,A, = @. (Hint: Let B be a Hamel
basis® for R as a vector space over Q, and let {B,} be a strictly increasing
sequence of sets such that B = U,B,. For each n let V, be the subspace of R
spanned by B, and let A,, = [0, 1] N V,£. Use Proposition 1.4.10 to show that each
Borel subset of V,, has Lebesgue measure zero and hence that A*(A,) = 1.)

1.5 Completeness and Regularity

Let (X, <7, 1) be a measure space. The measure ( (or the measure space (X, </, 1))
is complete if the relations A € o7, 1(A) =0, and B C A together imply that B € <7
It is sometimes convenient to call a subset B of X u-negligible (or p-null) if there
is a subset A of X such that A € o/, B C A, and (A) = 0. Thus the measure  is
complete if and only if every p-negligible subset of X belongs to ..

It follows from Proposition 1.3.5 that if u* is an outer measure on the set X
and if .+ is the o-algebra of all 1*-measurable subsets of X, then the restriction
of u* to .#y+ is complete. In particular, Lebesgue measure on the c-algebra of

5This means that B spans R (i.e., that R is the smallest linear subspace of R that includes B) and
that no proper subset of B spans R. The axiom of choice implies that such a set B exists; see, for
example, Lang [80, Section 5 of Chapter II1].
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Lebesgue measurable subsets of R is complete. On the other hand, as we will soon
see, the restriction of Lebesgue measure to the o-algebra of Borel subsets of R is
not complete.

It is sometimes convenient to be able to deal with arbitrary subsets of sets of
measure zero, and at such times complete measures are desirable. In many such
situations the following construction proves useful.

Let (X, /) be a measurable space, and let it be a measure on 7. The completion
of &/ under U is the collection 7, of subsets A of X for which there are sets £ and
F in </ such that

ECACF (D
and
w(F—E)=0. )

A set that belongs to 7, is sometimes said to be u-measurable.

Suppose that A, E, and F are as in the preceding paragraph. It follows imme-
diately that u(E) = pu(F). Furthermore, if B is a subset of A that belongs to <7,
then

Hence
W(E) =sup{u(B):Bc o/ and BC A},

and so the common value of y(E) and u(F) depends only on the set A (and the
measure [), and not on the choice of sets E and F satisfying (1) and (2). Thus we
can define a function [1: o7, — [0,+oo| by letting [1(A) be the common value of
W(E) and u(F), where E and F belong to </ and satisfy (1) and (2). This function
I is called the completion of L.

Proposition 1.5.1. Let (X, o) be a measurable space, and let |L be a measure on
o/ . Then ), is a 6-algebra on X that includes </, and [I is a measure on <, that
is complete and whose restriction to o7 is |L.

Proof. It is clear that .2/, includes ./ (for A in & let the sets E and F in (1) and
(2) equal A), and in particular that X € 27,. Note that the relations E C A C F and
WU(F — E) = 0 imply the relations F© C A° C E€ and u(E® — F) = 0; thus &7, is
closed under complementation. Next suppose that {A, } is a sequence of sets in .27,.
For each n choose sets E,, and F}, in <7 such that E, C A, C F, and u(F, — E,) =0.
Then U,E, and U, F, belong to 7 and satisfy U,E, C U,A,, C U,F, and

W(UnFy — UnEn) < 1(Un(Fy — Ep)) < 3 1 (Fy — Ep) =0;

thus UA,, belongs to .27,. This completes the proof that .27, is a 6-algebra on X that
includes 7.

Now consider the function . It is an extension of u, since for A in &/ we can
again let £ and F equal A. It is clear that (f has nonnegative values and satisfies
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(@) =0, and so we need only check its countable additivity. Let {A,} be a
sequence of disjoint sets in 7, and for each n again choose sets E, and F, in
of that satisfy E, C A, C F, and u(F, — E,) = 0. The disjointness of the sets A,
implies the disjointness of the sets E,, and so we can conclude that

H(UnAp) = u(UnEp) = Z.U(En) = Zﬁ(An)

Thus f is a measure. It is easy to check that If is complete. a
We turn to an example.

Proposition 1.5.2. Lebesgue measure on (R?, #).) is the completion of Lebesgue
measure on (R, (R%)).

We begin with the following lemma.

Lemma 1.5.3. Let A be a Lebesgue measurable subset of RY. Then there exist Borel
subsets E and F of R? such that E CA C F and A(F—E)=0.

Proof. First suppose that A is a Lebesgue measurable subset of R such that A (A) <
+oo. For each positive integer n, use Proposition 1.4.1 to choose a compact set K,
such that K, CA and A(A) — 1/n < A(K,) and an open set U, such that A C U, and
A(U,) < A(A)+1/n.Let E = U,K, and F = N,U,. Then E and F belong to Z(R¢)
and satisfy £ C A C F. The relation

A(F —E) < AUy —Ky) = A(Uy —A) + A(A—K,) < 2/n

holds for each n, and so A(F — E) = 0. Thus the lemma is proved in the case where
A(A) < Hoo.

If A is an arbitrary Lebesgue measurable subset of R?, then A is the union of a
sequence {A,} of Lebesgue measurable sets of finite Lebesgue measure. For each
n we can choose Borel sets E,, and F,, such that E, C A, C F, and A(F, —E,) = 0.
The sets E and F defined by E = U,E,, and F = U, F, then satisfy E CA C F and
A(F —E) =0 (note that F — E C Uy, (F, — Ep)). O

Proof of Proposition 1.5.2. Let A be Lebesgue measure on (RY, Z(R¢)), let A be
the completion of A, and let A,, be Lebesgue measure on (R?,.#, ). Lemma 1.5.3
implies that ./ - is included in the completion of (R?) under A and that A, is the
restriction of A to . 2.+- Thus we need only check that each set A that belongs to the
completion of Z(R?) under A is Lebesgue measurable. For such a set A there exist
Borel sets E and F such that E CAC F and A(F—E)=0.Since A—ECF—E
and A4,,(F —E) = A(F — E) = 0, the completeness of Lebesgue measure on .#)
implies that A — E € .#+. Thus A, since it is the union of A — E and E, must belong
to M) . O
We will see in Sect. 2.1 that

(a) there are Lebesgue measurable subsets of R that are not Borel sets, and
(b) the restriction of Lebesgue measure to %(IR) is not complete.
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It should be noted that although replacing a measure space (X,<7,u) with
its completion (X,.,,1I) enables one to avoid some difficulties, it introduces
others. Some difficulties arise because the completed c-algebra <7, is often more
complicated than the original o-algebra 7. Others are caused by the fact that for
measures (L and v defined on a common o-algebra <7, the completions 7/, and
a/, of o/ under u and v may not be equal (see Exercise 3). Because of these
complications it seems wise whenever possible to avoid arguments that depend on
completeness; it turns out that in the basic parts of measure theory this can almost
always be done.

Let (X, <) be a measurable space, let y be a measure on .27, and let A be an
arbitrary subset of X. Then u*(A), the outer measure of A, is defined by

u(A)=inf{u(B):ACBand B € &}, 3)
and (1. (A), the inner measure of A, is defined by
W (A) =sup{u(B):BCAand B € &/}.

It is easy to check that p,(A) < p*(A) holds for each subset A of X.

Proposition 1.5.4. Let (X,<7) be a measurable space, and let L be a measure
on (X,9). Then the function u*: P(X) — [0,+oo] defined by Eq. (3) is an outer
measure (as defined in Sect. 1.3) on X.

Proof. Certainly pu* satisfies 4*(2) = 0 and is monotone. We turn to its subadditiv-
ity. Let {A, } be a sequence of subsets of X. The inequality p*(U,A,) <X, u*(An)
is clear if ¥, 4*(A,) = —+o0. So suppose that 3, 1*(A,) < +oo. Let € be an arbitrary
positive number, and for each n choose a set B, that belongs to <7, includes A,,, and
satisfies U (B,) < u*(A,) + €/2". Then the set B defined by B = U,B, belongs to
&/, includes U,A,, and satisfies (B) <Y, u*(A,) + € (see Proposition 1.2.4); thus
w(UpA,) <3, u*(A,) + €. Since € is arbitrary, the proof is complete. O

Note that Proposition 1.4.11 can now be rephrased: there is a subset A of R such
that A, (A) = 0 and A, (A°) = 0.

Proposition 1.5.5. Let (X,47) be a measurable space, let 1 be a measure on <,
and let A be a subset of X such that 1*(A) < +eo. Then A belongs to <), if and only

if . (A) = 1 (A).

Proof. If A belongs to <7, then there are sets E and F that belong to &/ and satisfy
ECACFand u(F—E)=0. Then

K(E) < pe(A) < p*(A) < u(F),

and since p(E) = u(F), the relation p,(A) = pu*(A) follows.

One can obtain a proof that the relation p,(A) = u*(A) < +oo implies that A
belongs to 27, by modifying the first paragraph of the proof of Lemma 1.5.3; the
details are left to the reader (replace appeals to Proposition 1.4.1 with appeals to the
definitions of u, and (™). O
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In this section we have been dealing with one way of approximating sets from
above and from below by measurable sets. We turn to another such approximation.

Let o7 be a 5-algebra on R? that includes the o-algebra Z(R?) of Borel sets. A
measure i on (RY, .o7) is regular if

(a) each compact subset K of R satisfies tt(K) < oo,
(b) each set A in .« satisfies

1(A) =inf{u(U): U is open and A C U}, and
(c) each open subset U of R satisfies

w(U) = sup{u(K) : K is compactand K C U }.

Proposition 1.4.1 implies that Lebesgue measure, whether on (RY,.#).) or
on (R4, 2(R?)), is regular. Part (b) of that proposition appears to be stronger
than condition (c) in the definition of regularity; however, we will see in Chap.7
that every regular measure on (RY, Z(R¥)) satisfies the analogue of part (b) of
Proposition 1.4.1. In Chap.7 we will also see that on more general spaces, the
analogue of condition (c) above, rather than of part (b) of Proposition 1.4.1, is the
condition that should be used in the definition of regularity.

Proposition 1.5.6. Let u be a finite measure on (R, B(R%)). Then u is regular.
Moreover, each Borel subset A of R? satisfies

w(A) =sup{u(K) : K C A and K is compact}. “)

Let us first prove the following weakened form of Proposition 1.5.6.

Lemma 1.5.7. Let u be a finite measure on (R, B(R?)). Then each Borel subset
A of R? satisfies

u(A) =inf{u(U):A CU and U is open} and Q)
U(A) =sup{u(C) :C C A andC is closed}. (6)

Proof. Let % be the collection of those Borel subsets A of R? that satisfy (5) and
(6).

We begin by showing that % contains the open subsets of R9. Let V be an open
subset of R?. Of course V satisfies

w(V)=inf{u(U):V CU and U is open}.

According to Proposition 1.1.6, there is a sequence {C,} of closed subsets of R¢
such that V = U,C,. We can assume that the sequence {C,} is increasing (replace
C, with U?_, C; if necessary). Proposition 1.2.5 implies that (V') = lim,, 4 (C,), and
so V satisfies
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u(V)=sup{u(C):C CV and C is closed}.

With this we have proved that % contains all the open subsets of R¢.
It is easy to check (do so) that Z# consists of the Borel sets A that satisfy

for each positive € there exist an open set U and a closed set C
suchthat CCACU and u(U—-C) < e. @)

We now show that Z is a G-algebra. If contains R?, since R? is open. If A € , if
€ is a positive number, and if C and U are, respectively, closed and open and satisfy
CCACU and u(U —C) < g, then U¢ and C¢ are respectively closed and open
and satisfy U¢ C A C C¢ and u(C° — U*) < ¢; thus it follows (from (7)) that % is
closed under complementation. Now let {A;} be a sequence of sets in % and let €
be a positive number. For each k choose a closed set Cy and an open set Uy such that
Cy C Ay C U and pu(Uy — Cy) < /2%, Let U = U Uy and C = UyCy. Then U and C
satisfy the relations C C U;A; C U and

w(U—=C) < u(Ue(Up = Cr)) < DUk — ) < &. ®)
x

The set U is open, but the set C can fail to be closed. However, for each n the set
Up_,Cy is closed, and it follows from (8), together with the fact that (U —C) =
lim,, y (U — Uy_,Cy) that there is a positive integer n such that u(U — U}_,C;) < €.
Then U and U}_, C; are the sets required in (7), and Z is closed under the formation
of countable unions.

We have now shown that % is a o-algebra on R? that contains the open sets.
Since Z(R?) is the smallest o-algebra on R? that contains the open sets, it follows
that (RY) C Z. With this Lemma 1.5.7 is proved. O

Proof of Proposition 1.5.6. Condition (a) in the definition of regularity follows
from the finiteness of u, while condition (b) follows from Lemma 1.5.7. We
turn to condition (c) and Eq.(4). Let A be a Borel subset of R? and let € be a
positive number. Then according to Lemma 1.5.7 there is a closed subset C of A
such that u(C) > p(A) — e. Choose an increasing sequence {C,} of closed and
bounded (hence compact) sets whose union is C (these sets can, for example, be
constructed by letting C, = CN {x € R : ||x|| < n}). Proposition 1.2.5 implies that
w(C) = lim, u(C,), and so if n is large enough, then C, is a compact subset of A
such that u(C,) > u(A) — €. Equation (4) and condition (c) follow. O

Exercises

1. Let (X,.o7, i) be a measure space. Show that (<7, ) = 7, and T = M.
2. (a) Find the completion of Z(R) under the point mass concentrated at 0.
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10.

11.

12.
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(b) Let .27 be the o-algebra on R? that consists of all unions of (possibly empty)
collections of vertical lines. Find the completion of . under the point mass
concentrated at (0,0).

. Let u and v be finite measures on a measurable space (X,<).

(a) Show by example that 27, and %%, need not be equal.
(b) Prove or disprove: .7, = &/, if and only if 4 and v have exactly the same
sets of measure zero.

. Show that there is a Lebesgue measurable subset of R> whose projection on R

under the map (x,y) — x is not Lebesgue measurable.

. Let u be a measure on (X, o). Show that for each subset A of X there are sets Ag

and A; that belong to & and satisfy the conditions Ag CA C Ay, U(Ag) = U« (A),
and ((A;) = u*(A).

. Show by example that half of Proposition 1.5.5 can fail if the assumption that

W*(A) < +eo is omitted.

. Suppose that ¢ is a measure on (X, 7). Show that each subset A of X satisfies

W (A) + pa(A9) = p(X).

. Show that there is a subset A of the interval [0, 1] that satisfies A*(A) = 1 and

A«(A) = 0. (Hint: Use Proposition 1.4.11.)

. Let u be a o-finite measure on (X,.<7), and let u* be the outer measure defined

in formula (3). Show that .27, is equal to the o-algebra of u*-measurable sets

and that [I is the restriction of u* to ;.

Show that if A is a Lebesgue measurable subset of R, then { (x,y) € R? : x € A}

is a Lebesgue measurable subset of R.

Let (X, /) be a measurable space, and let C be a subset of X (it is not assumed

that C belongs to <7).

(a) Show that the collection of subsets of C that have the form A NC for some
A in o/ is a o-algebra on C. This o-algebra is sometimes called the frace
of o7 on C and is denoted by 7.

(b) Now suppose that u is a finite measure on (X,<”). Let C; be a set that
belongs to o7, includes C, and satisfies u(Cy) = u*(C) (see Exercise 5).
Show that if A} and A, belong to <7 and satisfy Aj NC = A; NC, then
U(A;NCy) = u(A2NCy). Thus we can use the formula uc(ANC) = u(AN
C)) to define a function uc: ¢ — [0,+o0).

(c) Show that uc(B) = p*(B) holds for each B in o/. Thus pi¢ does not depend
on the choice of the set C;.

(d) Show that ¢ is a measure on (C, </ ). The measure L¢ is sometimes called
the trace of  on C.

Let (X, .o/) be a measurable space, and let C be a subset of X.

(a) Show that the sets that belong to (.« U{C}) are exactly those that have
the form (A; NC) U (A, NC®) for some Aj and A in &7.

(b) Now suppose that p is a finite measure on (X,<?). Let Cy and C; be <7-
measurable subsets of C and C¢ that satisfy u(Cop) = t«(C) and u(Cy) =
W (C), and let pe and yee be the traces of 1 on C and C° (see Exercises 5
and 11). Show that the formulas
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Ho(A) = n(ANCo) + Hee(ANC)

and
Hi(A) = pc(ANC)+ n(ANCy)

define measures Lo and iy on o(«/ U{C}), that these measures agree with
U on ¢/, and that they satisfy py(C) = p.(C) and p; (C) = u*(C).

(c) Show that for each o between . (C) and p*(C) there is a measure v on
o(«/ U{C}) that agrees with  on &/ and satisfies v(C) = a. (Hint: Let
v =1+ (1 —1)u for a suitable 7.)

1.6 Dynkin Classes

This section is devoted to a technique that is often useful for verifying the equality of
measures and the measurability of functions (measurable functions will be defined
in Sect. 2.1). We begin with a basic definition.

Let X be a set. A collection Z of subsets of X is a d-system (or a Dynkin class)
on X if

(a) X € 9,
(b) A—B€ 2 wheneverA,B € 2 and A D B, and
(c) UpA, € 9 whenever {A, } is an increasing sequence of sets in 2.

A collection of subsets of X is a w-system on X if it is closed under the formation of
finite intersections.

Example 1.6.1. Suppose that X is a set and that ./ is a c-algebra on X. Then &/
is certainly a d-system. Furthermore, if g and v are finite measures on 2/ such
that 1t (X) = v(X), then the collection . of all sets A that belong to <7 and satisfy
1(A) = v(A) is a d-system; it is easy to show by example that .¥ is not necessarily
a o-algebra (see Exercise 3). The fact that such families . are d-systems forms the
basis for many of the applications of d-systems. O

Note that the intersection of a nonempty family of d-systems on a set X is a d-
system on X and that an arbitrary collection of subsets of X is included in some
d-system on X, namely the collection of all subsets of X. Hence if ¥ is an arbitrary
collection of subsets of X, then the intersection of all the d-systems on X that include
% is ad-system on X that includes %’; this intersection is the smallest such d-system
and is called the d-system generated by €. We will sometimes denote this d-system

by d(%).

Theorem 1.6.2. Let X be a set, and let € be a n-system on X. Then the G-algebra
generated by € coincides with the d-system generated by €.

Proof. Let 9 be the d-system generated by €, and, as usual, let (%) be the o-
algebra generated by €. Since every o-algebra is a d-system, the ¢-algebra o(%)
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is a d-system that includes %’; hence 2 C 6(%’). We can prove the reverse inclusion
by showing that & is a o-algebra, for then &, as a o-algebra that includes €, must
include the o-algebra generated by %, namely ¢ (%).

We begin the proof that & is a o-algebra by showing that & is closed under the
formation of finite intersections. Define a family 2; of subsets of X by letting

={A€2:ANCe€ P foreach Cin € }.
The fact that € C & implies that X € 2;; furthermore, the identities
(A—B)NC=(ANC)—(BNC)

and
(UnAn) NC = Up(4,NC),

together with the fact that & is a d-system, imply that 2; is closed under the
formation of proper differences and under the formation of unions of increasing
sequences of sets. Thus Z; is a d-system. Since € is closed under the formation of
finite intersections and is included in 2, it is included in &;. Thus 2 is a d-system
that includes ¢; hence it must include &. With this we have proved that we get a
set in & whenever we take the intersection of a set in 2 and a set in €.

Next define 2, by letting

P, ={B€ 2:ANBeE P foreach A in 2}.

The previous step of this proof shows that € C %, and a straightforward modifica-
tion of the argument in the previous step shows that %, is a d-system. It follows that
9 C 9,—in other words, that & is closed under the formation of finite intersections.

It is now easy to complete the proof. Parts (a) and (b) of the definition of a d-
system imply that X € & and that Z is closed under complementation. As we have
just seen, Z is also closed under the formation of finite intersections, and so it is
an algebra. Finally 2, as a d-system, is closed under the formation of unions of
increasing sequences of sets, and so by Proposition 1.1.7 it must be a ¢-algebra;
with that the proof is complete. O

We turn to some applications of Theorem 1.6.2.

Corollary 1.6.3. Ler (X, o7) be a measurable space, and let € be a m-system on X
such that & = o (€). If L and v are finite measures on < that satisfy u(X) = v(X)
and that satisfy U (C) = v(C) for each C in €, then 4 = v.

Proof. Let 9 = {A € & : u(A) = v(A)}. As we noted above, Z is a d-system.
Since % is a m-system and is included in &, it follows from Theorem 1.6.2 that
2 2 0(%) = . Thus u(A) = v(A) holds for each A in 7, and the proof is
complete. a
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Now suppose that y and v are finite Borel measures on R such that y(I) =
v(I) holds for each interval I of the form (—oe,b]. Note that R is the union of an
increasing sequence of intervals of the form (—oe,b] and hence that u(R) = v(R).
Since the collection of all intervals of the form (—ee,b] is a 7-system that generates
AB(R) (see Proposition 1.1.4), it follows from Corollary 1.6.3 that y = v. With this
we have another proof of the uniqueness assertion in Proposition 1.3.10.

The following result is essentially an extension of Corollary 1.6.3 to the case of
o-finite measures. Note that it implies that Lebesgue measure is the only measure
on %(R?) that assigns to each d-dimensional interval its volume, and so it provides
a second proof of part of Proposition 1.4.3.

Corollary 1.6.4. Let (X, o) be a measurable space, and let € be a m-system on X
such that & = o(%). If L and v are measures on (X, <) that agree on €, and if
there is an increasing sequence {C,} of sets that belong to €, have finite measure
under L and v, and satisfy U,C, = X, then Ll = V.

Proof. Choose an increasing sequence {C,} of sets that belong to €, have finite
measure under y and v, and satisfy U,C, = X. For each positive integer n
define measures , and v, on &7 by u,(A) = u(ANG,) and v,(A) = v(ANGC,).
Corollary 1.6.3 implies that for each n we have u, = v,,. Since

w(A) = lilzn,un(A) = lirrln vn(A) = Vv(A)

holds for each A in 7, the measures 1 and v must be equal. O
Exercises

1. Give at least six m-systems on R, each of which generates (R).

2. (b) Check that the rectangles of the form considered in part (c) of Proposi-

tion 1.1.5, together with the empty set, form a 7-system on R9.
(b) What is the smallest 7-system on R? that contains all the half-spaces of the
form considered in part (b) of Proposition 1.1.5?
3. Give a measurable space (X, <) and finite measures ( and Vv on it that satisfy
U(X) = v(X) but are such that

{Aed u(A)=v(A)}

is not a o-algebra. (Hint: Don’t work too hard; X can be a fairly small finite set.)
4. Show by example that Corollary 1.6.3 would be false if the hypothesis that u
and v are finite were replaced with the hypothesis that they are o-finite. (See,
however, Corollary 1.6.4.)
5. Use Theorem 1.6.2 to give another proof of Proposition 1.5.6. (Hint: Show that
the collection consisting of those Borel subsets of R? that can be approximated
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from below with compact sets and from above with open sets is a d-system, and
that this d-system contains each rectangle of the form considered in part (c) of
Proposition 1.1.5.)

6. Let X be a set. A collection € of subsets of X is a monotone class on X if it is
closed under monotone limits, in the sense that

(i) if {A,} is an increasing sequence of sets that belong to €, then U,A,
belongs to %, and

(ii) if {A,} is a decreasing sequence of sets that belong to &, then N,A,
belongs to % .

(a) Show that if &7 is a collection of subsets of X, then there is a smallest
monotone class on X that includes .<7. This smallest monotone class is called
the monotone class generated by <7; let us denote it by m(.<7).

(b) Prove the monotone class theorem: if <7 is an algebra of subsets of X, then
m(</) = o(</). (Hint: Modify the proof of Theorem 1.6.2.)

Notes

Halmos [54] is a standard reference for the theory of measure and integration.
The books by Bartle [3], Berberian [7], Billingsley [8], Bruckner, Bruckner, and
Thomson [23], Dudley [40], Folland [45], Hewitt and Stromberg [59], Munroe [92],
Royden [102], Rudin [105], and Wheeden and Zygmund [127] are also well known
and useful. The reader should see Billingsley [8] and Dudley [40] for applications
to probability theory, Rudin [105] and Benedetto and Czaja [6] for a great variety
of applications to analysis, and Wheeden and Zygmund [127] for applications to
harmonic analysis. Gelbaum and Olmsted [48] contains an interesting collection
of counterexamples. Bogachev’s recent two-volume work [15] and Fremlin’s five-
volume work [46] are good references. Pap [95] is a collection of survey papers on
measure theory. Federer [44], Krantz and Parks [75], Morgan [89], and Rogers [100]
treat topics in measure theory that are not touched upon here.

Theorem 1.6.2 is due to Dynkin [43] (see also Blumenthal and Getoor [14]).

See Dudley [40] and Bogachev [15] for very thorough historical notes and
bibliographic citations.



