Chapter 4
Signed and Complex Measures

In this chapter we study signed and complex measures, which are defined to
be the countably additive functions from a c-algebra to [—eo,+oo] or to C that
have value 0 on the empty set. We begin in Sect.4.1 with some basic definitions
and facts. Section 4.2 is devoted to the main result of this chapter, the Radon—
Nikodym theorem. Let u be a o-finite positive measure on a measurable space
(X, 7). The Radon—-Nikodym theorem characterizes those finite positive, signed,
or complex measures v whose values can be computed by integrating some -
integrable function—in other words, it characterizes those v for which there is a
p-integrable f such that v(A) = [, fdu holds for all A in o7. The last part of the
chapter is devoted to the relation of the material in the early parts of the chapter to
the classical concepts of bounded variation and absolute continuity (Sect. 4.4) and
to the use of the Radon—-Nikodym theorem to compute the dual spaces of a number
of the L spaces (Sect.4.5).

4.1 Signed and Complex Measures

Let (X, ) be a measurable space, and let u be a function on .7 with values in
[—eo,4-o0]. The function u is finitely additive if the identity

u <£J1Ai> = ii#(Ai)

holds for each finite sequence {A;}}_, of disjoint sets in &7 and is countably additive
if the identity

u <QAi> = 2#(1‘11‘)
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114 4 Signed and Complex Measures

holds for each infinite sequence {A;} of disjoint sets in .27 If i is countably additive
and satisfies u(@) = 0, then it is a signed measure. Thus signed measures are the
functions that result if in the definition of measures the requirement of nonnegativity
is removed. This section is devoted to signed measures and complex measures (to be
defined below) and to their relationship to measures. '

A signed measure is finite if neither +oo nor —ee occurs among its values.

Suppose that u is a signed measure on the measurable space (X, 7). Then for
each A in o/ the sum p(A)+ 1 (A°) must be defined (that is, must not be of the form
(+00) 4 (—o0) or (—o0) + (+o0)) and must equal 1 (X). Hence if there is a set A in
</ for which p1(A) = +oe, then p(X) = oo, and if there is a set A in ./ for which
W(A) = —oo, then p(X) = —eo. Consequently a signed measure can attain at most
one of the values 40 and —eo. A similar argument shows that if B is a set in .7 for
which p(B) is finite, then pt(A) is finite for each <7-measurable subset A of B.

Examples 4.1.1.

(a) Let (X,.27, 1) be a measure space, let f belong to .Z!(X,.o7, u,R), and define
a function v on < by v(A) = [, fdu. Then the linearity of the integral and the
dominated convergence theorem imply that v is a signed measure on (X, .<7).
Note that such a signed measure is the difference of the positive measures v;
and v, defined by v;(A) = [, fTdp and vo(A) = [, f~ dpu.

(b) More generally, if v and v, are positive measures on the measurable space
(X, o) and if at least one of them is finite, then v; — v, is a signed measure on
(X, <7). We will soon see that every signed measure arises in this way. a

Lemma 4.1.2. Let (X,47) be a measurable space, and let L be a signed measure
on (X,o). If {A} is an increasing sequence of sets in <, then

u(kQAk) —limu(Ay),

and if {Ay} is a decreasing sequence of sets in </ such that LL(A,) is finite for some
n, then

u(ﬁAk) = lim 1 (Ay).

k=1

Lemma 4.1.3. Suppose that (X,</) is a measurable space and that | is an
extended real-valued function on < that is finitely additive and satisfies u (@) = 0.

IWe will try not to abbreviate the phrases “signed measure” and “complex measure” with the
word “measure”; thus the word “measure” by itself will continue to mean a nonnegative countably
additive function whose value at @ is 0. However, for clarity and emphasis, we will sometimes
refer to a measure as a positive measure.
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If u(Ug_ Ax) = limy . (Ay) holds for each increasing sequence {Ay} of sets in o/ or
if limy W (Ag) = 0 holds for each decreasing sequence {Ay} of sets in < for which
Ne_ | Ak = D, then L is a signed measure.

The proofs of these lemmas are very similar to those of Propositions 1.2.5
and 1.2.6 and so are omitted.

Let i be a signed measure on the measurable space (X,.27). A subset A of X is a
positive set for |1 if A € o7 and each o7 -measurable subset E of A satisfies u(E) > 0.
Likewise A is a negative set for it if A € o/ and each </-measurable subset E of A
satisfies (E) < 0.

The role of positive and negative sets is explained by Theorem 4.1.5 and
Corollary 4.1.6 below. For the proofs of these results, we will need the following
construction.

Lemma 4.1.4. Let i be a signed measure on the measurable space (X, <), and let
A be a subset of X that belongs to &/ and satisfies —eo < [1(A) < 0. Then there is a
negative set B that is included in A and satisfies

w(B) < u(A). )

Proof. We will remove a suitable sequence of subsets from A and then let B consist
of the points of A that remain. To begin, let

01 =sup{U(E):E € o/ and E C A}, ()
and choose an .o/ -measurable subset A; of A that satisfies?

1(A;) > min (%31,1) .

Then &, and 1 (A;) are nonnegative (note that (2) implies that §; > (=) = 0). We
proceed by induction, constructing sequences {8, } and {A, } by letting

O = sup{u(E) E€ o/ and E C (A—HUIAi)},
i=1

and then choosing an .«7-measurable subset A, of A — J/_ A; that satisfies

1(A) 2min<%5n,1).

Now define A and B by A = U;_A, and B =A — A...

2We require that {1(A1) be at least min(§; /2, 1), rather than at least §; /2, because we have not yet
proved that &, is finite (see Exercise 4).
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Let us check that B has the required properties. Since the sets A, are disjoint and
satisfy ((A,) > 0, it follows that 1(A) > 0 and hence that

1(A) = t(As) + p(B) = u(B).

Thus B satisfies (1).

We turn to the negativity of B. The finiteness of ((A) implies the finiteness of
U (As) and so, since U (Aw) =Y, (A,), implies that lim, 1 (A,) = 0. Consequently
lim, §, = 0. Since an arbitrary ./ -measurable subset E of B satisfies (t(E) < J, for
each n and so satisfies (t(E) < 0, B must be a negative set for L. a

The following theorem and its corollary give the standard decomposition of
signed measures.

Theorem 4.1.5 (Hahn Decomposition Theorem). Let (X,o/) be a measurable
space, and let [l be a signed measure on (X, o). Then there are disjoint subsets
P and N of X such that P is a positive set for I, N is a negative set for |, and
X =PUN.

Proof. Since the signed measure p cannot include both 4o and —eo among its
values, we can for definiteness assume that —eo is not included. Let

L=inf{u(A): Ais anegative set for u} 3)

(the set on the right side of (3) is nonempty, since & is a negative set for ). Choose a
sequence {A, } of negative sets for u for which L =lim, i1(A,), and let N =U>"_|A,.
It is easy to check that N is a negative set for u (each .o/-measurable subset of
N is the union of a sequence of disjoint .2/-measurable sets, each of which is
included in some A,). Hence L < p(N) < u(A,) holds for each n, and so L = 1(N).
Furthermore, since (t does not attain the value —oo, 1 (N) must be finite.

Let P = N¢. Our only remaining task is to check that P is a positive set for u.
If P included an </-measurable set A such that 1(A) < 0, then it would include a
negative set B such that 1 (B) < 0 (Lemma 4.1.4), and N U B would be a negative set
such that

H(NUB) = u(N)+p(B) <pu(N)=L

(recall that (N) is finite). However this contradicts (3), and so P must be a positive
set for u. O

A Hahn decomposition of a signed measure [l is a pair (P, N) of disjoint subsets
of X such that P is a positive set for u, N is a negative set for t, and X = PUN.
Note that a signed measure can have several Hahn decompositions. For example,
if X is the interval [—1,1], if &7 is the c-algebra of Borel subsets of [—1,1], and
if u is defined by pu(A) = [,xA(dx), then ([0,1],[—1,0)) and ((0,1],[—1,0]) are
both Hahn decompositions of . On the other hand, if y is an arbitrary signed
measure on a measurable space (X, ) and if (P;,N;) and (P5,N,) are Hahn
decompositions of u, then Py NN, is both a positive set and a negative set for U,
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and so each ./ -measurable subset of P NN, has measure zero under u. Likewise,
each «/-measurable subset of P, N N; has measure zero under p. Thus the Hahn
decomposition of U is essentially unique.

Corollary 4.1.6 (Jordan Decomposition Theorem). Every signed measure is the
difference of two positive measures, at least one of which is finite.

Proof. Let 1 be a signed measure on (X, 7). Choose a Hahn decomposition (P,N)
for i (see Theorem 4.1.5), and then define functions 4™ and y1~ on .27 by

pr(A)=pAnP)
and
T (4) = —(ANN).

It is clear that 4" and ™ are positive measures such that it = u™ — ™. Since +oo
and —eo cannot both occur among the values of i, at least one of the values (L (P)
and i (N), and hence at least one of the measures 4 and (™, must be finite. a

Let (P,N) be a Hahn decomposition of the signed measure u, let 4 and u~ be
the measures constructed from (P,N) in the proof of Corollary 4.1.6, and suppose
that A belongs to .o/ Then each o7 -measurable subset B of A satisfies

p(B)=u"(B)—u~(B) <u"(B) <u*(A).
Since in addition u* (A) = u(ANP), it follows that
Ut (A) =sup{u(B):B€ o and BC A}.
Likewise the measure (t~ satisfies
1 (A)=sup{—p(B):B€ </ and BC A}.

Thus 1+ and u~ do not depend on the particular Hahn decomposition used in their
construction. The measures y " and u~ are called the positive part and the negative
part of W, and the representation yt = u+ — ™ is called the Jordan decomposition
of u.

The variation of the signed measure U is the positive measure || defined by
|| = T+ p~. Ttis easy to check that

()] < [ul(4)

holds for each A in .7 and in fact that || is the smallest of those positive measures
v that satisfy |£(A)| < v(A) for each A in o (see Exercise 5). The total variation
|l || of the signed measure y is defined by ||u|| = |u|(X).
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Let (X, o/) be a measurable space. A complex measure on (X, /) is a function
u from o7 to C that satisfies (&) = 0 and is countably additive, in the sense that

u (OAn> = Z.U(An)
n=1 n=

holds for each infinite sequence {A,} of disjoint sets in .27. Note that by definition
a complex measure has only complex values and so has no infinite values.

Each complex measure i on (X, o) can of course be written in the form y =
W' +in"”, where ' and p" are finite signed measures on (X, <). Hence the Jordan
decomposition theorem implies that each complex measure p can be written in the
form

U=y — fo + i3 — i, “)

where 1, i, U3, and L are finite positive measures on (X, <7). Such a representa-
tion is called the Jordan decomposition of p if u’ = py — Uy and pu” = yz — yy are
the Jordan decompositions of the real and imaginary parts of u.

We turn to the variation |i| of the complex measure y. For each A in & let
|14|(A) be the supremum of the numbers Xj_, [1(A;)|, where {A;}"_, ranges over
all finite partitions of A into <7-measurable sets.

Proposition 4.1.7. Let (X,<7) be a measurable space, and let |L be a complex
measure on (X, ). Then the variation ||| of WL is a finite measure on (X, o).

Proof. The relation |u|(@) = 0 is immediate.

We can check the finite additivity of |u| by showing that if B} and B, are disjoint
sets that belong to <7, then |u|(By UB,) = |u|(B1) + |it|(B2). For this, note that if
{A;}_, is afinite partition of By UB; into «/-measurable sets, then

2@ <X luA;nBy)|+ X u(A4;NBy)]
J J J

< |u[(B1) + [p|(By).

Since |u|(B UB3) is the supremum of the numbers that can appear on the left side
of the inequality, it follows that

u[(B1UBy) < |u[(Br) + |u[(Ba).
A similar argument, based on partitioning By and B, shows that
[1I(B1) + |u[(B2) < [u|(B1UBy).

Thus |u|(B; UBy) = |ut|(By) + |1t|(B2), and the finite additivity of |ut| is proved.
If u = g — Hp +iuz — iy is the Jordan decomposition of (1, then

[1|(A) < mi(A) + 2 (A) + p3(A) + 1a(A) (5)
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holds for each A in /. Since the measures U, Uy, U3, and py are finite, the
finiteness of |u| follows. Furthermore, if {4,} is a decreasing sequence of .-
measurable sets such that N,A, = &, then lim, 1 (A,) = 0 holds for k = 1,
..., 4, and so (5) implies that lim, |u|(A,) = 0. Thus |¢| is countably additive
(Proposition 1.2.6). O

It is easy to check that if u is a complex measure on (X, <), then |u| is the
smallest of the positive measures v that satisfy [u(A)] < v(A) for all A in &
(see Exercise 5). Note that if u is a finite signed measure, then p is also a complex
measure; it is easy to check that in this case the variation of U as a signed measure
is the same as its variation as a complex measure (Exercise 6).

The total variation ||| of the complex measure u is defined by ||u|| = |u|(X).

Suppose that (X,.7) is a measurable space. Let M (X, <7, R) be the collection of
all finite signed measures on (X,<”), and let M(X,27,C) be the collection of all
complex measures on (X,.27). It is easy to check that M(X, .o/, R) and M (X, </,C)
are vector spaces over R and C, respectively, and that the total variation gives a
norm on each of them.

Proposition 4.1.8. Ler (X,4/) be a measurable space. Then the spaces
M(X, o/ ,\R) and M(X, % ,C) are complete under the total variation norm.

Proof. Let {u,} be a Cauchy sequence in M(X,</,R) or in M(X,«/,C). The in-
equality |tm(A) — wa(A)| < ||m — Un|| implies that for each A in < the sequence
{tn(A)} is a Cauchy sequence of real or complex numbers and hence is convergent.
Define a real- or complex-valued function ¢ on 7 by letting ((A) = lim, ,(A)
hold at each A in 7. We need to check that u is a signed or complex measure and
that limy, ||i, — || = 0.

It is clear that yt (@) = 0 and that u is at least finitely additive.

As preparation for checking the countable additivity of u, we will show that the
convergence of U, (A) to t(A) is uniform in A. If € is a positive number and if N is
a positive integer such that ||, — U,|| < € holds whenever m > N and n > N, then

| (A) — un(A)| < & (6)

holds whenever A € .o/, m > N, and n > N, and so

u(A) —un(A)| < &

holds whenever A € ./ and n > N (let m approach infinity in (6)). Since € is arbitrary,
the uniformity of the convergence of 1, (A) to i (A) follows.

We now use Lemmas 4.1.2 and 4.1.3 (and their extensions to complex measures)
to prove the countable additivity of u. Let {A;} be a decreasing sequence of sets
in &7 such that N;A; = &, and let € be a positive number. Use the uniformity of
the convergence of 1, (A) to 11(A) to choose N so that |1(A) — u,(A)| < €/2 holds
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whenever A € o/ and n > N, and then use Lemma 4.1.2 to choose K such that
|t (Ag)] < €/2 holds whenever k > K. It follows that if k£ > K then

[(AD] < [1(AR) — (A + (A < 5 +5 =&
Thus limy (1(Ay) = 0, and the countable additivity of u follows.

We turn to the relation lim,, || — u,|| = 0. Let € be a positive number, and use
the fact that {u,} is a Cauchy sequence to choose N so that |1, — Uy || < € holds
whenever m > N and n > N. Note that if m > N and n > N, then each partition of X
into &/-measurable sets A, j = 1,...,k, satisfies

k
Zlum AN < (|t — o] < €,

and hence satisfies

-

1

k
|14(A}) = pn(A;)| = lim Zl |m(A)) — pn(Aj)| < €.
J J=

Since ||it — Uy is the supremum of the numbers that can appear on the left side of
this inequality, it follows that ||it — t,]| < € holds whenever n > N. Consequently
lim,, |t — || = 0. Thus M(X, o/, R) and M(X, o/, C) are complete. O

Let us deal briefly with integration with respect to a finite signed or complex
measure.

Suppose that (X,47) is a measurable space. We will denote by B(X, </ ,R)
the vector space of bounded real-valued .&/-measurable functions on X and by
B(X,4,C) the vector space of bounded complex-valued .7 -measurable functions
on X. If u is a finite signed measure on (X, &), if 4 = u* — u~ is the Jordan
decomposition of u, and if f belongs to B(X,.<7,R), then the integral of f with
respect to u is defined by

[rau= [ raw [ rau-.

Itis clear that f — [ fdu defines a linear functional on B(X, <7, R).
IfA € o7, then [ yadp = 1(A) holds for each 1 in M (X, <7, R). Thus the formula

uH/fdu

defines a linear functional on M(X, ./ ,R) if f is an ./-measurable characteristic
function and hence if f is an arbitrary function in B(X,7,R) (use the linearity of
the integral and the dominated convergence theorem).
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Similarly, if g is a complex measure on (X,<?), then we can use the Jordan
decomposition of u to define the integral with respect to p of a function in
B(X,,C). The expressions f — [ fdu and u — [ fdu define linear functionals
on B(X,4/,C) and on M(X, .o/, C), respectively.

Now use the formula

[[fllee = sup{|f(x)] : x € X}

to define norms on B(X,<,R) and B(X,</,C) (see Example 3.2.1(f)). If u is a
finite signed or complex measure on (X,.<7) and if f is a simple 27/-measurable
function on X, say with values ay, ..., ai, attained on the sets Ay, ..., A, then

. k k k
[ ran| = | S amap)| < Xlalluan| < 114,
j= j= j=
and so
| [ rau] <A1l ™

Since each function in B(X,«,R) or in B(X,«/,C) is the uniform limit of a
sequence of simple .2/-measurable functions, it follows that (7) holds whenever f
belongs to B(X, </ ,R) or B(X,<,C).

Exercises

1. Let u be a signed or complex measure on (X,.o/), and let A belong to <7

(a) Show that |u|(A) = 0 holds if and only if each &/-measurable subset B of A
satisfies u(B) = 0.

(b) Show that in general the relation p(A) = 0 does not imply the relation
|uf(A) =0.

2. Let u be a signed measure on (X, <), and let v; and v, be positive measures
on (X,.«/) such that 4 = v; — v,. Show that v;(A) > u™(A) and v,(A) > u=(A)
hold for each A in 7.

3. Let u; and y; be finite signed measures on the measurable space (X, ./). Define
signed measures (; V (o and [y A pp on (X,./) by iV pp = iy + (2 — )™
and g Aty =y — (U — p2) ™"

(a) Show that u; V u, is the smallest of those finite signed measures v that satisfy
v(A) > 1 (A) and v(A) > up(A) forall A in <7 .
(b) Find and prove an analogous characterization of t; A .

4. Show that the quantities &§;, &, ... defined in the proof of Lemma 4.1.4 are
finite. (Hint: Use Theorem 4.1.5; this is legitimate, since Lemma 4.1.4 and
Theorem 4.1.5 were proved without using the finiteness of the J,’s.)
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5. Let u be a signed or complex measure on (X,.27), and let v be a positive measure
on (X,.27) such that |(A)| < v(A) holds for each A in </. Show that |u|(A) <
v(A) holds for each A in .
6. Note that if u is a finite signed measure, then U is both a signed measure and a
complex measure. Show that in this case the two definitions of |u| yield the same
result.
7. Let u; and U, be finite signed measures, and let v be the complex measure
defined by v = p; + ittp. Show that || < |v|, [u2| < |v| and |v| < ||+ |u2].
Is it necessarily true that ||v]] < /||t1]]? + || i22]|*?
8. Let u and y, U, ... be finite signed or complex measures on (X, .27). Show that
lim, ||, — pt]| = 0 holds if and only if u,(A) converges to 1 (A) uniformly in A
as n approaches infinity.
9. Use Proposition 3.2.5, Exercise 1.2.6, and the Jordan decomposition to give
another proof of Proposition 4.1.8.
10. Check that the spaces B(X, <7, R) and B(X, <7, C) are complete under the norm
[l

11. Let u be a finite signed or complex measure on (X,), and let {f,} be
a uniformly bounded sequence of real- or complex-valued .7-measurable
functions on X (thus there is a positive number B such that | f,(x)| < B holds
for each x and n). Show that if f(x) = lim, f,(x) holds at each x in X, then

Jfdp=1lim, [ fydu.

4.2 Absolute Continuity

Let (X, <7) be a measurable space, and let i and v be positive measures on (X,.27).
Then v is absolutely continuous with respect to L if each set A that belongs to .7 and
satisfies [1(A) = 0 also satisfies V(A) = 0. One sometimes writes v < U to indicate
that v is absolutely continuous with respect to . A measure on (RY, Z(R?)) is
simply called absolutely continuous if it is absolutely continuous with respect to
d-dimensional Lebesgue measure.

Suppose that (X,.o7, i) is a measure space and that f is a nonnegative function
in £V (X, o/, 1, R). We have seen (in Sect.2.4) that the formula v(A) = [, fdu
defines a finite positive measure v on 7. If y1(A) =0, then fy, vanishes p-almost
everywhere, and so vV(A) = 0. Thus v is absolutely continuous with respect to 1. We
will see that if u is o-finite, then every finite measure on (X,.27) that is absolutely
continuous with respect to y arises in this way.

The following lemma characterizes those finite positive measures that are abso-
lutely continuous with respect to an arbitrary positive measure; this characterization
is useful in the classical theory of functions of a real variable (see Sect. 4.4).

Lemma 4.2.1. Let (X, o) be a measurable space, let |1 be a positive measure on
(X,97), and let v be a finite positive measure on (X, ). Then v < W if and only
if for each positive € there is a positive 6 such that each <7 -measurable set A that
satisfies W(A) < & also satisfies V(A) < €.
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Proof. First suppose that for each positive € there is a corresponding &. Let A be
an o7 -measurable set that satisfies 11(A) = 0. Then u(A) < 8 holds for each 8, and
so V(A) < € holds for each &; hence A satisfies v(A) = 0. Thus v is absolutely
continuous with respect to .

Next suppose that there is a positive number € (which we will hold fixed) for
which there is no suitable §. Then for each positive integer k¥ we can (and do)
choose an .«7-measurable set A; that satisfies (A;) < 1/2% and v(A;) > €. Then
the inequalities u (U Ax) < S, t(Ax) < 1/2" 1 and v(UZ_Ax) > v(A,) > €
hold for each n, and so the set A defined by A = N> Up?_, Ay satisfies 1 (A) =0 and
v(A) > € (see Proposition 1.2.5). Thus A satisfies (1(A) = 0 but not v(A) = 0, and
so V is not absolutely continuous with respect to . O

‘We turn to the main result of this section.

Theorem 4.2.2 (Radon-Nikodym Theorem). Let (X,<7) be a measurable space,
and let |t and v be o-finite positive measures on (X,<7). If v is absolutely
continuous with respect to U, then there is an o/ -measurable function g: X —
[0,+00) such that v(A) = [, gdu holds for each A in /. The function g is unique
up to l-almost everywhere equality.

Proof. First consider the case where u and v are both finite. Let .# be the set
consisting of those .«7-measurable functions f: X — [0, +oo] that satisfy [, fdu <
v(A) for each A in 7. We will show first that .% contains a function g such that

/gdu—sup{/fdu:feﬂ} (1)

and then that this function g satisfies v(A) = [, gdu for each A in 7. Finally, we
will show that g can be modified so as to have only finite values.

We begin by checking that if f; and f; belong to .%, then f; V f> belongs to .7
to see this note that if A is an arbitrary setin &, if Ay = {x € A: fi(x) > f>(x)}, and
ifAy ={x€A: fo(x) > fi(x)}, then

/(fl\/fz)dli:/ flle-/ fdp < v(A)+Vv(A2) = Vv(A).
A Ay Ay

Furthermore, .% is not empty (the constant 0 belongs to it). Now choose a sequence
{fu} of functions in .% for which

lilgn/f,,d,u:sup{/fdu fes}.

By replacing f,, with f; V ---V f,, we can assume that the sequence {f,} is
increasing. Let g = lim,, f,,. The monotone convergence theorem implies that the
relation

[ sdu=tim [ fudu < via)
A n JA
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holds for each A and hence that g belongs to .%#. It also implies that [gdu =
sup{ [ fdu : f € F}. Thus g has the first of the properties claimed for it.

We turn to the proof that v(A) = [, gdu holds for each A in <. Since g belongs
to .Z, the formula vo(A) = v(A) — [, g du defines a positive measure on .«7. We need
only show that vg = 0. Assume the contrary. Then, since u is finite, there is a positive
number € such that

vo(X) > en(X). 2

Let (P,N) be a Hahn decomposition (see Sect. 4.1) for the signed measure vy — eLL.
Note that for each A in &7 we have vo(ANP) > eu(ANP), and hence we have

V(A):Agdu+Vo(A)2'/Agdu+vo(AmP) 3)

2Agdu+8u(AﬁP)=A(g+sxP)du.
Note also that (P) > 0, since if @ (P) = 0, then® vy (P) = 0, and so
Vo(X) —en(X) = (vo—en)(N) <0,

contradicting (2). It follows from this, the relation [gdu < v(X) < 4oo, and (3)
that g+ exp belongs to .# and satisfies [(g+ exp)du > [gdu. This, however,
contradicts (1) and so implies that vy = 0. Hence v(A) = [, gdu holds for each A
in 7. Since g can have an infinite value only on a p-null set (Corollary 2.3.14), it
can be redefined so as to have only finite values. With this we have constructed the
required function in the case where ( and v are finite.

Now suppose that it and v are o-finite. Then X is the union of a sequence { B, } of
disjoint .o/ -measurable sets, each of which has finite measure under ¢t and under v.
For each n the first part of this proof provides an 2/ -measurable function g, : B, —
[0,4-0) such that V(A) = [, g»du holds for each .«/-measurable subset A of B,,.
The function g: X — [0,+eo) that agrees on each B, with g, is then the required
function.

We turn to the uniqueness of g. Let g,h: X — [0,4+<0) be </-measurable
functions that satisfy

Vi) = [ edu= [ na

for each A in 7. First consider the case where v is finite. Then g — /& is integrable
and

J(s=mau=o

3This is where we use the absolute continuity of v.
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holds for each A in <7 since in this equation A can be the set where g > / or the
set where g < h, it follows that [(g—h)"du =0and [(g—h)~ du = 0 and hence
that (g — )" and (g — h)~ vanish u-almost everywhere (Corollary 2.3.12). Thus
g and h agree p-almost everywhere. If v is o-finite and if {B,} is a sequence of
o/ -measurable sets that have finite measure under v and satisfy X = U, B,, then the
preceding argument shows that g and % agree p-almost everywhere on each B, and
hence p-almost everywhere on X. O

Example 4.2.3. The assumption that u is o-finite cannot simply be omitted from
Theorem 4.2.2. To see that, let X be the interval [0, 1], let o be the o-algebra of
Borel subsets of [0, 1], let it be counting measure on (X, .¢), and let v be Lebesgue
measure on (X, ). Then v < u, but there is no measurable function f such that
V(A) = [, fdu holds for all A. (Concerning the possibility of not requiring that v
be o-finite, see Exercise 6.) O

Now suppose that (X, .o/) is a measurable space, that (t is a positive measure on
(X,47), and that v is a signed or complex measure on (X,<7). Then Vv is absolutely
continuous with respect to I, written v < 1, if its variation |v| is absolutely
continuous with respect to u. It is easy to check that a signed measure v is absolutely
continuous with respect to u if and only if v and v~ are absolutely continuous with
respect to 4 and that a complex measure Vv is absolutely continuous with respect to
if and only if the measures vy, v;, v3, and v4 appearing in its Jordan decomposition
V = V| — Vo +iVv3 — iV, are absolutely continuous with respect to . It is also easy to
check that a signed or complex measure Vv is absolutely continuous with respect to
if and only if each A in .« that satisfies (1(A) = 0 also satisfies v(A) = 0 (be careful:
v(A) = 0is not equivalent to |v|(A) = 0; see Exercise 4.1.1).

The Radon-Nikodym theorem can be formulated for signed and complex
measures as follows.

Theorem 4.2.4 (Radon-Nikodym Theorem). Let (X,<7) be a measurable space,
let U be a o-finite positive measure on (X, <), and let v be a finite signed or
complex measure on (X, ). If v is absolutely continuous with respect to L, then
there is a function g that belongs to " (X, ,u,R) or to L'(X,o/,u,C) and
satisfies v(A) = [, gd for each A in /. The function g is unique up to [1-almost
everywhere equality.

Proof. 1f v is a complex measure that is absolutely continuous with respect to ,
then it can be written in the form v = v| — v, +iv3 — iv4, where vy, V;, v3, and vy
are finite positive measures that are absolutely continuous with respect to . Then
Theorem 4.2.2 yields functions g;, j =1, ..., 4, that satisfy v;(A) = [, g;du for
each A in /. The required function g is now given by g = g1 — g» + ig3 — ig4.
The case of a finite signed measure is similar.

The uniqueness of g can be proved with the method used in the proof of
Theorem 4.2.2; in case Vv is a complex measure, the real and imaginary parts of
g should be considered separately. a
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Let (X, o7) be ameasurable space, let i be a -finite positive measure on (X, <),
and let v be a finite signed, complex, or o-finite positive measure on (X,.<).
Suppose that v is absolutely continuous with respect to (. An ./-measurable
function g on X that satisfies V(A) = [, gdu for each A in </ is called a Radon—
Nikodym derivative of v with respect to U or, in view of its uniqueness up to (-null
sets, the Radon—Nikodym derivative of v with respect to . A Radon—Nikodym
derivative of v with respect to i is sometimes denoted by 3—;1

We close this section with a few facts about the relationship of a finite signed or

complex measure to its variation.

Proposition 4.2.5. Suppose that (X, </, L) is a measure space, that [ belongs to
LYX, o 1u,R) orto LV(X, o/ ,1u,C), and that v is the finite signed or complex
measure defined by v(A) = [, fdu. Then

vI(a) = [ 11w

holds for each A in < .

Proof. Let A belong to </ and let {Aj}ljzl be a finite sequence of disjoint .-
measurable sets whose union is A. Then

;lv(A,»l :; /Ajfdu‘ s;/AJ_ |fldu :/Alfldu-

Since |v|(A) is the supremum of the sums that can appear on the left side of this
inequality, it follows that |v|(A) < [, | f|dpu.

Next construct a sequence {g, } of o/ -measurable simple functions for which the
relations |g,(x)| = 1 and lim, g, (x)f(x) = |f(x)| hold at each x in X (the details

of the construction are left to the reader). Suppose that a, j, j =1, ..., ky, are the
values of g, and that these values are attained on the sets A, j, j =1, ..., k,. Then
for an arbitrary set A in .2/ we have
‘ / gnfdﬂ‘ [ Zans [ fdu’
A j AﬂA,,J'

Za,wv(A ﬂAnJ)
J

<D IvAnA, )| <[v|(4).
J

Since the dominated convergence theorem implies that lim,, [, gofdu = [, |f|du, it
follows that [, | f|du < |v|(A). Thus |v|(A) = [, |f]|du, and the proof is complete.
O

Corollary 4.2.6. Let v be a finite signed or complex measure on the measurable
space (X, ). Then the Radon—-Nikodym derivative of v with respect to |v| has
absolute value 1 at |v|-almost every point in X.



4.2 Absolute Continuity 127

Proof. Proposition 4.2.5, applied in the case where f =

that
|v|<A>—/A|%

holds for each A in &7 . Thus | dd‘—z‘ | is a Radon-Nikodym derivative of |v| with respect

dM and p = |v|, implies

dlv|

to |v| Since the constant 1 is another such Radon-Nikodym derivative, it follows
that | 4V it | = 1 almost everywhere. O

Recall that in Sect. 4.1 we used the formulas

/fdv:/fdv+—/fdv*
/de=/de1—'/fdvz—i—i/fdw—i/fdvzt

to define the integral of a bounded 427 measurable function f with respect to a finite
signed or complex measure v. Let 4 av | be a Radon-Nikodym derivative of v with

and

respect to |v|. Then the relation

/fdvf/fd|| @)

holds for each bounded .<7-measurable function f on X this is clear in case f is the
characteristic function of an 7 -measurable set and then follows in the general case
from the linearity of the integral and the dominated convergence theorem.

Exercises

1. Define a measure v on (R, Z(R)) by v(A) = [, |x|A(dx). Show that v <« 4,
but that for no positive € does there exist a positive § such that v(A) < € holds
whenever A is a Borel set for which A(A) < §. Thus the assumption that v is
finite is essential in Lemma 4.2.1.

2. Let {r,} be an enumeration of the rational numbers, and for each positive integer
n let f,: R — R be a nonnegative Borel function that satisfies [ f,dA =1 and
vanishes outside the closed interval of length 1/2" centered at r,. Define  on

(a) Show that Y, f,(x) < +oo holds at A-almost every x in R. (Hint: See
Exercise 1.2.9.)

(b) Show that u is o-finite, that 4 < A, and that each nonempty open subset of
R has infinite measure under L.
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3. Suppose that u and v are o-finite positive measures on (X,.27), that v < u, and
that g is a Radon—Nikodym derivative of v with respect to 1. Show that

(a) an o/-measurable function f: X — R is v-integrable if and only if fg is
u-integrable, and
(b) if those functions are integrable, then [ fdv = [ fgdu.

4. Suppose that v;, v,, and v3 are o-finite positive measures on (X, ), that v <
V,, and that v, < v3.
(a) Show that v; < v3.
(b) Make precise and prove the assertion that

dv1 _ dv1 de
dvs B dv; dV3.

5. Let (X,%7) be a measurable space, let 1 be a o-finite positive measure on
(X,4), and let v; and v, be finite signed measures on (X, /) that are absolutely
continuous with respect to L.

(a) Show that (v; Vv) < u and (v; A vy) < U (see Exercise 4.1.3).
(b) Express the Radon—Nikodym derivatives (with respect to ) of v; V v, and
Vi A v, in terms of those of v; and v;.

6. Show that the assumption that v is o-finite can be removed from Theorem 4.2.2
if g is allowed to have values in [0,4-cc]. (Hint: Reduce the general case to the
case where u is finite. For each positive integer n choose a Hahn decomposition
(Py,N,) for v —nu; then consider the measures A — v(AN (N,P,)) and A —
V(AN (NePy)).)

7. Let 1 be a o-finite positive measure on (X,.«7).

(a) Show that
{veMX, o R):v<u}

is a closed linear subspace of the normed linear space M (X, </ ,R).
(b) Find an isometric isomorphism of L'(X,.7,u,R) onto the subspace of
M(X, <7 R) considered in part (a).

8. Let (X, <) be a measurable space, let it be a finite signed or complex measure on
(X, <), and let f be a bounded real- or complex-valued <7-measurable function
on X. Show that | [ fdu| < [|f|d|u].

9. Let u and v be o-finite positive measures on (X,<7). Show that the condi-
tions

) v<uuand u K v,
(i1) u and v have exactly the same sets of measure zero, and
(iii) there is an <7-measurable function g that satisfies 0 < g(x) < —+eo at each x
in X and is such that v(A4) = [, gdp holds for each A in &7

are equivalent.
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10.

11.

12.

13.

14.

15.

16.
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Show that if u is a o-finite measure on (X,.27), then there is a finite measure v
on (X, <) such that v < p and u < v. (Hint: See Exercise 9.)

Supply the missing details in the following proof of the Radon—Nikodym
theorem for finite positive measures. Let (X,%7) be a measurable space, and
let 1 and v be finite positive measures on (X,.<7).

(a) Show that the formula F({f)) = | fdv defines a bounded linear functional
on L*(X, o, u+v,R).

(b) Use Exercises 3.3.3 and 3.5.7 to obtain a function g in £?(X,.</, u + v,R)
such that F((f)) = [ fgd(u+ v) holds for each f in Z?(X, o, u+v,R).

(c) Show that if v < u, then the function g satisfies 0 < g(x) < 1 at (4 + v)-
almost every x in X and hence can be redefined so that 0 < g(x) < 1 holds
atevery xin X.

(d) Show that if v < u and if g has been redefined as in part (c), then v(A) =
J18/(1 —g)du holds for each A in 7.

Let (X, o7, 1) be a finite measure space, and let .% be a subset of ! (X, .o, 11).
Then .7 is called L!-bounded if the set {||f||1 : f € Z} is bounded above, is
called uniformly absolutely continuous if for each positive € there is a positive
0 such that [, |f|du < € holds whenever f € .#, A € o/, and (A) < 6,
and is called uniformly integrable if it is L'-bounded and uniformly absolutely
continuous. Show that .% is uniformly integrable if and only if it satisfies

lim sup{/ |f|d/,t:f€9}—0.
a=rfe {If>a}

(Hint: Recall Proposition 2.3.10.)

Show that if (X, </, 1) is a finite measure space, then every finite subset of
ZY(X, o/, 1) is uniformly integrable.

Let (X, <7, 1) be a finite measure space, and let g be a nonnegative function
that belongs to .Z!(X, o7, u). Show that if . is a collection of measurable
functions such that |f(x)| < g(x) holds for each f in .# and each x in X, then
Z is uniformly integrable.

Construct a finite measure space (X,</,u) and a sequence {f,} of /-
measurable functions on X such that {f, :n =1, 2, ... } is uniformly integrable,
but sup,, | f»| is not integrable. (Compare this with Exercise 14.)

Let (X, </, 1) be a finite measure space, let { f,,} be a sequence of functions in
ZVY(X,of, 1), and let f be an .7 -measurable real- or complex-valued function
on X.

(a) Show that if {f,} is uniformly integrable and if {f,} converges to f
in measure, then f is integrable and [ fdu = lim, [ f,du. (Hint: Use
Proposition 3.1.3, Theorem 2.4.4, and the inequality

[it=sldu< [1f=fldu+ [ Aldu+ [ 1flan)
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(b) Now suppose that f belongs to .Z'(X,.7, it). Show that {f,} converges to
f in mean if and only if {f,,} is uniformly integrable and converges to f in
measure.

(c) Use part (a) to give another proof of the dominated convergence theorem in
the case where 1 is finite. (See Exercise 14.)

4.3 Singularity

Let (X,.<7) be a measurable space. A positive measure {1t on (X, ) is concentrated
on the &/-measurable set E if u(E¢) = 0. A signed or complex measure 1 on
(X,4f) is concentrated on the f-measurable set E if the variation |u| of u is
concentrated on E, or equivalently, if each .«/-measurable subset A of E€ satisfies
1(A) = 0 (see Exercise 4.1.1). Now suppose that i and v are positive, signed, or
complex measures on (X,.7). Then u and v are mutually singular if there is an
o/ -measurable set E such that u is concentrated on E and v is concentrated on E°.
One sometimes writes ¢ L v to indicate that ¢t and v are mutually singular. Instead
of saying that u and v are mutually singular, one sometimes says that (4 and v are
singular, that v is singular with respect to u, or that u is singular with respect to v.
A positive, signed, or complex measure on (RY, (R%)) is simply called singular if
it is singular with respect to d-dimensional Lebesgue measure.

Examples 4.3.1.

(a) Let u be a signed measure on the measurable set (X,.27). Then the positive and
negative parts 4+ and u~ of u are mutually singular; they are concentrated on
the pair of disjoint sets appearing in a Hahn decomposition of 4.

(b) Next let us consider some measures on (R, Z(R)) that are singular with respect
to Lebesgue measure. If u is a finite discrete measure on (R, %Z(R)), then
there is a countable subset C of R on which p is concentrated; since Lebesgue
measure is concentrated on the complement of C, u is singular with respect
to Lebesgue measure. However not every finite measure on (R, Z(R)) that
is singular with respect to Lebesgue measure is discrete; for example, the
measure induced by the Cantor function (defined in Sect. 2.1) is singular with
respect to Lebesgue measure but assigns measure zero to each point in R
(see Exercise 2.1.7). a

Theorem 4.3.2 (Lebesgue Decomposition Theorem). Ler (X,<7) be a measur-
able space, let L be a positive measure on (X,</), and let v be a finite signed,
complex, or o-finite positive measure on (X, .</). Then there are unique finite signed,
complex, or positive measures V, and Vg on (X, <) such that

(a) v, is absolutely continuous with respect to |,
(b) vy is singular with respect to |, and
©) v=v,+vs

The decomposition v = Vv, + V; is called the Lebesgue decomposition of v, while
v, and vy are called the absolutely continuous and singular parts of v.



4.3 Singularity 131

Proof. We begin with the case in which v is a finite positive measure. Define .4, by
Ny ={Be o :u(B)=0},

and choose a sequence {B;} of sets in .4, such that

liﬁnv(Bj) =sup{v(B):Be A}

Let N = U;B;, and define measures v, and v, on (X,.%7) by v,(A) = v(ANN¢) and
vs(A) = v(ANN). Of course v = v, + ;. The countable subadditivity of u implies
that (t(N) = 0 and hence that v; is singular with respect to (. Since

V(N) =sup{v(B):B e A},

each «7-measurable subset B of N¢ that satisfies p(B) = 0 also satisfies v(B) =0
(otherwise N UB would belong to .4, and satisfy v(N UB) > v(N)). The absolute
continuity of v, follows.

In case v is a finite signed or complex measure, we can apply the preceding
construction to the finite positive measure |v|, obtaining a p-null set N such that
the Lebesgue decomposition of |v| is given by |v|,(A) = |[V[(ANN) and |v|s(A) =
[V|(ANN). It is easy to check that the signed or complex measures Vv, and v, defined
by v,(A) = v(ANN¢) and v5(A) = v(ANN) form a Lebesgue decomposition of v.

Now suppose that v is a o-finite positive measure, and let {D;} be a partition
of X into .o/-measurable sets that have finite measure under v. For each k let .27,
be the o-algebra on Dy that consists of the .<7-measurable subsets of Dy, and apply
the construction above to the restrictions of the measures ¢ and v to the spaces
(D, %). Let Ny, Ny, ... be the p-null subsets of Dy, D,, ... thus constructed,
and let N = UgNy. Then the measures v, and v, defined by v,(4) = v(ANN¢) and
Vs(A) = v(ANN) form a Lebesgue decomposition of v.

We turn to the uniqueness of the Lebesgue decomposition. Let v = v, 4 v, and
v =V, + V! be Lebesgue decompositions of v. First suppose that v is a finite signed,
complex, or finite positive measure. Then

/ /
Vg — V, = Vg — Vs,

and since (v, — Vv),) < p and (V] — vy) L p, it follows that

Va—Vi=Vi—v;=0
(see Exercise 1). Thus v, = v/, and v; = V.. The case where V is a o-finite positive
measure can be dealt with by choosing a partition {D;} of X into </-measurable
subsets that have finite measure under v, and applying the preceding argument to

the restrictions of v,, v;, v[,, and v‘é to the ./ -measurable subsets of the sets D;. 0O

See Exercise 6 for another proof of the uniqueness of the Lebesgue
decomposition.
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One sometimes goes a step further for a finite measure v on (R, Z(R)). Let C =
{xeR:v({x}) # 0}, and note that C is countable (for each positive integer n, there
are only finitely many points x such that v({x}) > 1/n). Let v; be the measure on
A(R) defined by vi(A) = v(ANC), and let v, and v; be the singular and absolutely
continuous (with respect to Lebesgue measure) parts of the measure A — v(ANC®).
Then v = v; + v, + v3 is a decomposition of v into the sum of a discrete measure,
a continuous but singular measure, and an absolutely continuous measure. It is easy
to check that the measures appearing in this decomposition are unique.

Exercises

1. Let i be a positive measure on (X,.o/), and let v be a positive, signed, or complex
measure on (X,.o/). Show that if v <« u and v L u, then v = 0. (Hint: Use the
definitions of absolute continuity and of singularity.)

2. Let u be a positive measure on (X, 7). Show that

{veMX,o/,R):v Lu}

is a closed linear subspace of the normed linear space M(X,.<7,R).

3. Let u be a positive measure on (X,27), let v be a finite signed or complex
measure on (X,.7), and let v = v, + v; be the Lebesgue decomposition of v.
Show that ||v|| = [|va|| + || vs]|-

4. Let p and v be positive measures on (X, %7) such that for each positive € there
is a set A in 7 that satisfies [1(A) < € and V(A®) < €. Show that p L v. (Hint:
Choose sets A1, Ap, ... in such a way that the set A defined by A = M>_, U, Ax
satisfies £(A) =0 and v(A€) =0.)

5. Show by example that in the Lebesgue decomposition theorem, we cannot allow
v to be an arbitrary positive measure. (Hint: Let (X, %) = (R, Z4(R)), let u be
Lebesgue measure on (X,.2/), and let v be counting measure on (X,.2/).)

6.(a) Let u and v be as in Theorem 4.3.2, let v = v, + v; be a Lebesgue

decomposition of v, and suppose that v, is concentrated on the u-null set
N. Show that each A in .« satisfies Vs(A) = V(ANN) and v,(A) = v(ANN®).

(b) Use part (a) to give another proof of the uniqueness assertion in Theo-
rem 4.3.2.

7. (Continuation of Exercise 4.1.3.) Let it and v be finite positive measures on
(X, ). Show that the conditions

H ulyv,
(i) puAv=0,and
(i) uvv=u+v

are equivalent.
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4.4 Functions of Finite Variation

In Sect. 1.3 we constructed a bijection between the set of all finite positive measures
on (R, %(R)) and the set of all bounded nondecreasing right-continuous functions
F: R — R that vanish at —eo.* In this section we will extend this correspondence to
a bijection between the set of all finite signed measures on (R, Z(R)) and a certain
set of real-valued functions on R, and we will use this bijection to give a classical
characterization of those finite signed measures on (R, Z(R)) that are absolutely
continuous with respect to Lebesgue measure.

Suppose that F is a real-valued function whose domain includes the interval
[a,b]. Let . be the collection of finite sequences {#;}}_, such that

altpy<fy < ---<t, <bh.

Then Vg[a, b], the variation of F over [a,b], is defined by
Vila,b] = sup{ T |F (1) = F(ti1)|: {} € 7 }.

The function F is of finite variation (or of bounded variation) on [a,b) if Vi [a,b] is
finite.

The variation of F over the interval (—oe, b] and the variation of F over R, written
Vp(—eo,b] and Vg (—oo, +e0), respectively, are defined in a similar way, now using
finite sequences whose members belong to (—eo,b] or to (—oo,4o0). Of course,
F is said to be of finite variation on (—eo,b] if Vp(—oo,b] is finite, and to be of
finite variation if Vp(—eo,+o0) is finite. If F: R — R is of finite variation, then the
variation of F is the function Vr: R — R defined by Vg (x) = Vp(—oo,x].

Suppose that u is a finite signed measure on (R, Z(R)). Define a function
Fy: R — R by letting

Fu(x) = p((=ee,x]) (D

hold at each x in R. If {#;}}"_ is an increasing sequence of real numbers, then

ZlF“ l‘, Fll ti—1 I—ZW i 1h])|<|I~L|( )

i=1

it follows that V, (—oo,+e0) < [u[(R) and hence that F, is of finite variation. It is
easy to check that F, vanishes at —eo and is right-continuous (use Proposition 1.3.9
and the Jordan decomposition of u). We will soon see that every right-continuous
function of finite variation that vanishes at —eco arises from a finite signed measure
in this way.

4Recall that a function F: R — R is said to vanish at —oo if lim,_, .. F(x) = 0.
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It is easy to check that the function Fy; defined by (1) is continuous if and only if
1 ({x}) = 0 holds for each x in R. In this case

u((a,b)) = u(la,b]) = u(la,b)) = u((a,b]) = Fu(b) — Fu(a)

holds whenever a < b.

Let us turn to some general properties of functions of finite variation.

Suppose that F': R — R is of finite variation. It is easy to check that F is bounded
and that if —eo < a < b < +-oo, then

VF(—OO,b] = VF(—oo,a] + Vi [a,b]. 2)
Furthermore, if b € R, then

Vie(—oo,b] = lim Vila,b]; 3)

to prove this, let € be a positive number, choose an increasing sequence {7}, of
numbers that belong to (—e, b] and satisfy

n
Y F(t;) = F(ti-1)| > Vi (—o0,b] &,
i=1
and note that for each a that satisfies a < fy we have
VF(—OO,b] —&e< VF[a,b] < VF(—OO,b].

A similar argument shows that if @ < ¢ and if F is right-continuous at a, then

Vrla,c] = blilg Vr[b,c]. 4)

Lemma 4.4.1. Let F be a function of finite variation on R. Then

(a) VF is bounded and nondecreasing,
(b) Vr vanishes at —oo, and
(c) if F is right-continuous, then VF is right-continuous.

Proof. Part (a) is clear. Equations (2) and (3) justify the calculation

A, Vr(x) = B V(e

= lim (Vp(—oo,b] = Vr[x,b])
= VF(—‘X’,b] - VF(_‘x’vb] =0,

and so part (b) is proved. A similar argument, using Eqs. (2) and (4), yields part (c).
O

Proposition 4.4.2. Let F be a function of finite variation on R. Then there are
bounded nondecreasing functions Fy and F, such that F = F| — F,.
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Proof. Tt is easy to check that the functions defined by F = (Vp+F)/2 and F, =
(Vr — F)/2 have the required properties. O

Let F: R — R be of finite variation, and let F; and F> be the functions constructed
in the proof of Proposition 4.4.2. Lemma 4.4.1 implies that if F is right-continuous,
then F| and F, are right-continuous, and that if ' vanishes at —eo, then F] and F,
vanish at —oo.

Proposition 4.4.3. Equation (1) defines a bijection L — Fy, between the set of all
finite signed measures on (R, Z(R)) and the set of all right-continuous functions of
finite variation that vanish at —oo.

Proof. We have already checked that Fy, is a right-continuous function of finite
variation that vanishes at —eo. If ¢t and v are finite signed measures such that Fy, = F,,
andif g = pu* —pu~ and v =v* — v~ are their Jordan decompositions, then F,+ —
Fy- = F,+ — F,~; since this implies that F;+ + F,- = F,+ + F};-, it follows from
Proposition 1.3.10 that u* + v~ = v + 1~ and hence that 4 = v. The injectivity
of the map p — F, follows. The surjectivity follows from Proposition 1.3.10,
Proposition 4.4.2, and the remarks following the proof of Proposition 4.4.2. O

A function F': R — R is absolutely continuous if for each positive number € there
is a positive number & such that ;| F(#;) — F(s;)| < € holds whenever {(s;,#;)} is a
finite sequence of disjoint open intervals for which ¥;(f; —s;) < 6.

It is clear that every absolutely continuous function is continuous and, in fact,
uniformly continuous. There are, however, functions that are uniformly continuous
and of finite variation, but are not absolutely continuous (see Exercise 3). It is easy
to check that an absolutely continuous function is of finite variation on each closed
bounded interval (see Exercise 5), but is not necessarily of finite variation on R
(consider the function F defined by F(x) = x).

We turn to the relationship between absolute continuity for signed measures and
absolute continuity for functions of a real variable.

Lemma 4.4.4. If F: R — R is absolutely continuous and of finite variation, then
VF is absolutely continuous.

Proof. Let € be a positive number, and use the absolute continuity of F' to choose a
corresponding 6. If {(s;,#;)} is a finite sequence of disjoint open intervals such that
Y.(ti —si) < 6, then each finite sequence {(u;,v;)} of disjoint open subintervals of
Ui(si,t;) satisfies 3(v; —u;) < & and so satisfies 3; |F (v;) — F(u;)| < €. Since the
sequence {(u;,v;)} can be chosen so as to make ¥ ; |F(v;) — F (u;)| arbitrarily close
to X, Vr[si,ti], we have

1

D IVE(w) = Ve(si)| = ZVF[Sivti] <e.

The absolute continuity of Vr follows. a
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Proposition 4.4.5. Let |1 be a finite signed measure on (R, %(R)), and let F;: R —
R be defined by (1). Then Fy is absolutely continuous if and only if 1 is absolutely
continuous with respect to Lebesgue measure.

Proof. First suppose that u is absolutely continuous with respect to Lebesgue
measure. Let € be a positive number, and use Lemma 4.2.1 to choose a positive
number & such that [u|(A) < & holds whenever A is a Borel set that satisfies
A(A) < 8. If {(s;,1;)} is a finite sequence of disjoint open intervals such that
Y.i(ti — i) < 8, then A (U;(s;,4]) < 8, and so

S IFu() = Fulsi)l = X (Gsist)] <l (Ui < e
i i i
Hence F), is absolutely continuous.

Now suppose that F, is absolutely continuous. Then Vg, is absolutely continuous
(Lemma 4.4.4), and so the functions F; and F, defined by Fy = (Vp, + Fy)/2 and
F, = (Vg, — Fy)/2 are absolutely continuous. Let y; and i be the finite positive
measures on (R, Z(RR)) that correspond to F; and F>. Since Fy, = F; — F>, it follows
(Proposition 4.4.3) that g = p; — Up; thus we need only show that y; < A and
Uy < A. Let € be a positive number, and let § be a positive number such that

2|F1 (t;) — Fi(si)| < € holds whenever {(s;,#;)} is a finite

sequence of disjoint open intervals such that (1 — ;) < 8. ®)
Suppose that A is a Borel subset of R such that A (A) < &, and use the regularity of
Lebesgue measure to choose an open set U that includes A and satisfies A (U) <
6. Then U is the union of a sequence {(s;,#;)} of disjoint open intervals (see
Proposition C.4), and it follows from (5) that

n n

t (U(Si,ti)) =D (Fi)—Fi(si) <e

i=1 i=1

holds for each n. Hence y; (U) = py (U3 (si,1i)) < € (see Proposition 1.2.5), and so
U1 (A) < e. The absolute continuity of () now follows from Lemma 4.2.1. The case
of U, is similar, and so the proof is complete. a

Proposition 4.4.6. The functions F : R — R that can be written in the form

-/ 0L ©)

for some f in L1 (R, B(R), A,R) are exactly the absolutely continuous functions of
finite variation that vanish at —oo.

Proof. First suppose that f belongs to .2 (R, %(R),A,R) and that F arises from
f through (6). The signed measure p defined by u(A) = [, fdA is absolutely



4.5 The Duals of the I? Spaces 137

continuous with respect to A, and F = Fy; hence it follows from Propositions 4.4.3
and 4.4.5 that F is of finite variation, is absolutely continuous, and vanishes at —oo.

Now suppose that F: R — R is of finite variation, is absolutely continuous, and
vanishes at —eo. Proposition 4.4.3 implies that there is a finite signed measure U
such that F = F),, and Proposition 4.4.5 implies that u < A. If f = j—f{, then (6)
holds at each x in R. a

The study of absolute continuity for functions of a real variable, and in particular
of Eq. (6), will be continued in Sect. 6.3.

Exercises

1. Suppose that F': R — R is defined by

0 if x <0,

nm-{ L

xsiny ifx>0.
Find the closed bounded intervals [a,b] for which Vr[a, b] is finite.

2. Show that if F: R — R is of finite variation, then the limits lim,_, . F(x) and
lim,_, 4o F'(x) exist.

3. Let F be the Cantor function, extended so as to vanish on the interval (—eo,0)
and to have value 1 on the interval (1,+e0). Show directly (i.e., without using
Proposition 4.4.5) that F is uniformly continuous but not absolutely continuous.

4. Show that if F: R — R is continuous and of finite variation, then Vy: R — R is
continuous.

5. Show that if F: R — R is absolutely continuous, then F is of finite variation
on each closed bounded interval. (Hint: Let § be a positive number such that
> |F(t:) — F(si)] < 1 holds whenever {(s;,#;)} is a finite sequence of disjoint
open intervals such that ¥;(#; —s;) < 8, and let [a, b] be a closed bounded interval.
Show that if {u;}}_ is a finite sequence such that

a<uy<up <...<u, <b,

then Y7 | |F (ui) — F(ui—1)| < (b—a)/0+1.)
6. Let u be a finite signed measure on (R,%(R)). Show that Vg, (—oo,x] =
|| ((—eo,x]) holds at each x in R.

4.5 The Duals of the I” Spaces

We return to the study, which we began in Sect. 3.5, of the duals of the L” spaces.
Let (X, o/, 1) be a measure space, let p satisfy 1 < p < +oo, and let ¢ be defined
by 1/p+1/q = 1. Recall that if f belongs to £?(X, o/, 1) (or to L1(X, o, 1)),
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then (f) is the coset in LP(X,o/, ) (or in L9(X,«/, 1)) to which f belongs.
We have seen that each (g) in L7(X, <7, 1) induces a bounded linear functional
Tig on LP(X,o/,u) by means of the formula Tj,((f)) = [ fgdu and that the
operator T that takes (g) to T,y is an isometry of L9(X, o7, ) into (L (X, ./, u))*
(Proposition 3.5.5). We now use the Radon—-Nikodym theorem to show that in many
situations the operator 7 is surjective and hence is an isometric isomorphism.

Theorem 4.5.1. Let (X, ./, 11) be a measure space, let p satisfy 1 < p < 4o, and
let q be defined by 1/p+1/q=1.1f p=1and U is o-finite, or if | < p < 4o and
W is arbitrary, then the operator T defined above is an isometric isomorphism of
L1(X, e/, 1) onto (LP (X, o, 11))*.

Proof. Since we know that T is an isometry (Proposition 3.5.5), we need only show
that it is surjective.

Let F be an arbitrary element of (L” (X, %7, 1t))*. First suppose that 1(X) < +eo
and that p satisfies 1 < p < +e. We define a function v on the c-algebra &/
by means of the formula v(A) = F({)a)). If {A¢} is a sequence of disjoint sets
in &/ and if A = UiA;, then the dominated convergence theorem implies that
lim,, [|xa — Xf_; Xa.llp = 0; since F is continuous and linear, this implies that
F((xa)) = Xk F({xa,)) and hence that v(A) = ¥;v(Ax). Thus v is countably
additive and so is a finite signed or complex measure. It is clear that v is absolutely
continuous with respect to it. Hence the Radon—Nikodym theorem (Theorem 4.2.4)
provides a function g in ! (X, o7, ) that satisfies v(A) = [, gdu foreach A in 7.
We will show that g belongs to £7(X, .o/, 1) and that F({f)) = [ fgdu holds for
each fin L7 (X, o/, 11).

For each positive integer n let E, = {x € X : |g(x)| < n}. Then gyxz, is bounded
and so belongs to Z4(X, o/, ) (recall that u is finite). Define a functional F, on
LP (X, o, 1) by Fg,((f)) = F({fxg,)). Consider the relation

Fi () = [ fos, du. M)

If f is the characteristic function of an .7-measurable set A, then both sides of
(1) are equal to v(ANE,)); thus (1) holds if f is the characteristic function of
an ./-measurable set and hence if f is an .&/-measurable simple function. Since
the ./ -measurable simple functions determine a dense subspace of L”(X,.«7, )
(Proposition 3.4.2), Eq.(1) holds for all (f) in LP(X,%7,u). It follows from
Proposition 3.5.5 that

gz, llq = I1Fell < IFI-

If g < +oo, then the monotone convergence theorem implies that g € £9(X, .o, 1)
and ||g||g < ||F||. If ¢ = oo, then (since E = U,E,) we have

p{xeX g0l > |F[]}) =limu({x € En: [g(x)] > [|F[[}) =0,

and we can redefine g so that it will be bounded, in fact satisfying |g(x)| < ||F|| at
every x in X. Thus ||g||; < ||F||, whether ¢ is finite or infinite. Furthermore, in both
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cases we can take limits in (1) as n approaches infinity and conclude that F({f)) =
J fgdu. With this the theorem is proved in the case of finite measures.

We need some notation in order to deal with the case where p is not finite.
Suppose that B belongs to 7. Let 7z be the o-algebra on B consisting of those
subsets of B that belong to .27, and let pip be the restriction of u to .o7p. If f is a real-
or complex-valued function on B, then we will denote by f’ the function on X that
agrees with f on B and vanishes outside B. The formula Fz({f)) = F({f")) defines
a linear functional Fg on L? (B, o7, lip); this functional satisfies || Fp|| < ||F||.

Now suppose that p is o-finite and that p satisfies 1 < p < +oo. Let {B;} be a
sequence of disjoint sets that belong to .7, have finite measure under p, and satisfy
X = UBy. According to the first part of this proof there is for each k a function g
in Z9(By, o/, , Up, ) that represents Fp, on L”(By, </, g, ) and satisfies ||gx|ls <
||Fg,||. Define g on X so that it agrees on each By with g. It is not difficult to check
(do so) that g € £9(X, o/, 1) and that

F((£) = [ fedu

holds for each (f) in L (X, o/, ).

Finally we turn to the case where  is arbitrary. Now we assume that 1 < p < 4-oo
and hence that 1 < g < 4-oo. Let . be the collection of sets in .27 that are o-finite
under p. Note that if B € ., then (B, .o/, lp) is o-finite, and so by what we have
just proved, there is a function g in .£4(B, <, lug) such that

Fal(f)) = [ Fedus

holds for each (f) in L?(B, <7, ). Furthermore if B; and B, are disjoint sets in
.Z, then

(1FBy08, 1 = [ Fay |17 + 1| B, 1 @

to prove this, choose a function g in .Z9(By U Bo, %/B,uB, “BNBz) that represents
Fg,uB,, and note that

HFBlUanq = /B

B |g|qdl’LB]UBz
1 2

= [ Taldun, + [ I du, = |Fs, |10+ i, .
By By
Now choose a sequence {C,} of sets in . such that
lim||Fg, || = sup{|| 3| : B € 7}

LetC =U,C,. ThenC € .7,

[Fcl = sup{||Fzll : B}, 3)
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and we can choose a function g¢ in £9(C, o/, lic) such that

Fe((f) = '/fgcdﬂc 4)

holds for each (f) in LP(C, </, lc). Note that if f belongs to £7(X,</, 1) and
vanishes on C, then F({f)) = 0 (otherwise, if D = {x € X : f(x) # 0}, then D would
belong to . (Corollary 2.3.11) and would satisfy Fp # 0, and so in view of (2),
Fcup would satisfy

[Fcopl|” = [Fell” + [[Fp]|* > [ Fell?,

contradicting (3)). It follows from this and (4) that if g is the function on X that
agrees with gc on C and vanishes off C, then g € £7(X, o/, 1) and

F(() = [ fedu

holds for each (f) in LP(X,</,u) (decompose f into the sum of a function that
vanishes on C and a function that vanishes on C). Hence F = T, and the proof of
the surjectivity of T is complete. a

Example 4.5.2. Let us consider an example that shows that the hypothesis of
o-finiteness cannot simply be omitted in Theorem 4.5.1 (see, however, Theo-
rems 7.5.4 and 9.4.8). Let X = R, let o7 be the o-algebra consisting of those subsets
A of R such that A or A€ is countable, and let it be counting measure on (X, 7). Then
LY (X,4, ) consists of those functions f on R that vanish outside a countable
set and satisfy Y, | f(x)| < 4-eo, and for such functions we have || f||; = X |f(x)]-
Define a functional F on L' (X, o7, 1) by F({f)) = ¥~ f(x). Then F is continuous,
and if g is a function that satisfies F((f)) = [ fgdu for each f in (X, ,u),
then g must be the characteristic function of the interval (0,+oc). However this
function is not <7 -measurable, and so the functional F is induced by no function in

L2(X, 4, 10). O
Exercises
1. Let V be a normed linear space, and let v and vy, v,, ... belong to V. The

sequence {v,} is said to converge weakly to v if F(v) = lim, F(v,) holds for
each F in V*.

(a) Show that if {v,} converges to v in norm (that is, if lim,, ||v, — v|| = 0), then
{vn} converges weakly to v.
(b) Does the converse of part (a) hold if V = L?(R, Z(R),A)?
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2. Let (X,o/,u) be a measure space. Show that the formula Tio) ((f)) = [ fgdu
defines an isometry T of L' (X, o7, 1) into (L™ (X,.<7, 1))*. (Thus we could have
allowed p to be +-oo in Proposition 3.5.5. See, however, the following exercise.)

3. (This exercise depends on Exercise 3.5.8, and hence on the Hahn-Banach
theorem.) Let (X,.7, 1t) be a finite measure space. Show that the conditions

(i) the map T in Exercise 2 is surjective,
(i) L'(X,, ) is finite dimensional,
(iii) L=(X,«/,u) is finite dimensional, and
(iv) there is a finite o-algebra % on X such that % C & and such that each set
in 7 differs from a set in <% by a p-null set

are equivalent. (Hint: To show that (i) implies (iv), assume that (iv) fails and use
ideas from Exercise 3.5.8 to show that (i) fails.)

Notes

The basic facts about absolute continuity and singularity of measures are contained
in essentially all books on measure and integration, while the results given in the
last part of Sect.4.1 and in Sect. 4.4 are sometimes omitted. See Chap. 10, on
probability, for applications of most of these results.

The proof of the Radon—Nikodym theorem outlined in Exercise 4.2.11 is due to
von Neumann (see [120, pp. 124-131]).



