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1 Lecture 13 — The Ergodic Theorem

The strong law of large numbers proved in Lecture 12 says that, for i.i.d. summands, time
averages n~ 'S, converge almost surely to the expected value. Ergodic theory generalises
this picture to any measure-preserving dynamical system: replace “i.i.d.” by “measure-
preserving” and “EX,” by a conditional expectation on the o-field of invariant sets. The
two foundational results are Birkhoff’s pointwise theorem (almost-sure convergence)
and von Neumann’s mean ergodic theorem (L” convergence). Specialising to the shift
on a product space recovers the SLLN.

1.1 Measure-preserving maps, invariance, ergodicity

Throughout this section (9, F, 1) is @ measure space and 7: 2 — 2 a measurable map.
We are interested in time averages along the orbit w, Tw, T?w, ...

Definition 1.1: Measure-preserving map

The map 7: Q — Q is measure preserving if
w(T7HA)) = p(A), forall A € F.

Equivalently, the pushforward measure 1 o T7-! coincides with x: the dynamics
does not distort the size of any measurable set.

Definition 1.2: Invariant set, invariant function

A set A € Fis T-invariant if T~*(A) = A. The collection
Fr = {AcF:T7Y(A) = 4)

of all T-invariant sets is a o-field. A measurable function f: Q — R is invariant if
f = foT, equivalently, fis invariant if and only if it is J;-measurable.

Definition 1.3: Ergodic map

A measure-preserving map 7' is ergodic if every invariant set is trivial: for all
A€ Fop,
p(A) = 0 or p(A°) = 0.

Equivalently, every T-invariant measurable function is constant p-almost every-
where.

M Example 1.1 (Shift mod 1 on the circle). On ((0,1], 8, \) and a fixed a € (0, 1], define the
rotation
r+a r+a<l,

T(z) = z4+a mod1 =
r+a—1 x+a>1.

T preserves Lebesgue measure: every half-open arc and its preimage have the same
length. It is ergodic precisely when « is irrational.
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M Example 1.2 (Baker's map). On (0,1] define T'(z) = 2z — |2z]. T'is the doubling map;
preimages of intervals split into two intervals of half the length, so Lebesgue measure
is preserved. T'is ergodic.

0=1

Figure 1. Orbit of a point under the rotation 7'(z) = z + « mod 1: for irrational « the orbit is dense,
the dynamics is ergodic, and Birkhoff’s theorem says time averages equal space averages.

The next two facts are the everyday tools used below; both follow directly from Re-
sults 1.1 and 1.3.

Proposition 1.4: Two basic facts

Let T'be measure preserving on (Q, F, u).
1. If fe LY (Q, F p) then foT € L' and

/fdu - /fonﬂ.

2. If, in addition, 7T is ergodic and f is invariant, then f = ¢ p-a.e. for some
constant c.

1.2 Ergodic theorems

For the rest of the lecture, fix (Q, 7, ) and a measure-preserving 7. For f: Q@ — R
measurable set the Birkhoff sums

Sp = S(f) = fHfeT+foT?+d foT ', 5,=0.

Birkhoff’s theorem controls the time averages n 'S, (f) almost everywhere; von Neu-
mann’s controls them in L?. Both rest on a single combinatorial estimate, the maximal
ergodic lemma.

Lemma 1.5: Maximal ergodic lemma

Let f € L'(Q, F, pu) and set S* = sup,,~, S, (f). Then

/ fdp > 0.
{S*>0}
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Theorem 1.6: Birkhoff’s pointwise ergodic theorem

Let (Q, F, ) be a-fin_ite, T measure preserving, and f € L'(Q, F, u). There exists an
invariant function f € L'(Q, F, ) with

[1fian < [Ifldun and

— f p-a.e.asn — oo.

If Tis ergodic and 4 is a probability, then f = [ fdu almost everywhere.

Remark 1.1. The strategy is to show that liminf, n='S, (f) and limsup,, n~'S,(f) are both
T-invariant and equal a.e. Invariance follows from

TL+1 . Sn+1(f)
n n—+1

WIS, () 0T = w S, (f) — f) = L

and one isolates the bad set

D,, = {w € Q:liminfn'S,(f) < a < b < limsup n_lSn(f)}
for rationals « < b. Each D, , is T-invariant; an application of Result 1.5to g = f —b1p
on a finite-measure subset B C D, , yields

bu(D,p) < /D fdp < ap(Dgy),
a,b

and a < b forces u(D,, ;) = 0. Taking the countable union over rationals gives convergence
in [—oco, 0] on a full-measure set; the integrability bound [ |f|du < [|f] dp falls out of
Fatou’s lemma applied to n~!|S,,(f)|.

Theorem 1.7: von Neumann'’s mean ergodic theorem

Suppose x(9) < oo and p € [1,00). For every f € LP(Q, F, ) there exists f € L? such

that .
Sulf) — f in LP.
n

Remark 1.2. The argument is a three-epsilon truncation. Because 7'is measure-preserving,
If oT™, = |f], so by Minkowski [n'S,(f)|, < [f],- Given e > 0, choose C > 0 and
set g = min{max{—C, f},C}; then |f —g|, < ¢/3 and g is bounded by C, so dominated
convergence upgrades the a.e. convergence n'S, (g) — g of ?? to L” convergence. Fatou
applied to [n"'S, (f — g)|” gives | f —g|, < | f — gl,,» and the triangle inequality

e, <
P

n

Sn(fig)
o

Snlg) = ~ 7
2 g gl <

finishes the proof.

1.3 Application: the strong law of large numbers, again

The two ergodic theorems give an almost free derivation of the SLLN by running the
canonical i.i.d. construction through the shift map.
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Figure 2. Truncation step in von Neumann’s proof: the unbounded f (red) is clipped to a
bounded g = min{max{—C, f},C} (blue); the tails are absorbed in | f — g|, < ¢/3, and dominated
convergence handles g.

Let (Q, J+, P) be a probability space carrying i.i.d. real-valued random variables {X}°,
with common distribution F. Set (5, 5) = (RN, 5) where & is generated by the n-system
of cylinder sets

A = {HneN A, A, eBR)Vn, A, =R eventually}.
The map X: Q — RV, X(w) = (X, (w), X,(w), ...), induces the product measure
wA) = Pox1(4) = [[dF(A,), A=TIA,.

neN

Definition 1.8: Shift map on RN

The shift map T: RN — RN drops the first coordinate:

T($1’1'2,$3, ) = ($2a1"37"1:47 )

Proposition 1.9: The shift is measure-preserving and ergodic

Under the i.i.d. product measure ;. above, the shift map 7'is measure preserving and
ergodic. Ergodicity follows from Kolmogorov’s zero-one law: every shift-invariant
cylinder event lies in the tail o-field (), o(X,,, X,, .1, ...) and so has probability 0 or
1.

Theorem 1.10: Strong law of large numbers, again

Let {X;}°, be ii.d. real-valued random variables with E|X;| < co. Then

S, X, +-+X, as

Pno_ AT 7w Py

n n ¢

Remark 1.3. Take f: RN — R to be the first-coordinate projection f(z,,z,,...) = ;. With T
the shift, f o T*(z) = 2,4, so the Birkhoff sums recover the partial sums:
Su(f) = fhfoT et folTmh = X4t X,

?? gives an invariant f € L! with n~1S  — fa.s. Since the shift is ergodic (??), Result 1.3
forces f to be constant a.e.; identifying that constant via ?? at p = 1,

F= [Fau=lim [nis,du = Ex,

n—oo
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which is the SLLN.
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