s ADVANCED LINEAR ALGEBRA — WEEK 5

INNER PRODUCTS AND ORTHOGONALITY

This week we will learn about:

Inner products (and the dot product again),

The norm induced by the inner product,

The Cauchy—Schwarz and triangle inequalities, and

Orthogonality.

Extra reading and watching:

e Sections 1.3.4 and 1.4.1 in the textbook

Lecture videos 17, 18, 19, 20, 21, and 22 on YouTube

Inner product space at Wikipedia

Cauchy—Schwarz inequality at Wikipedia

Gram—Schmidt process at Wikipedia

Extra textbook problems:
* 1.3.3, 1.3.4, 1.4.1
** 1.3.9, 1.3.10, 1.3.12, 1.3.13, 1.4.2, 1.4.5(a,d)
**% 1.3.11, 1.3.14, 1.3.15, 1.3.25, 1.4.16
B 1.3.18


https://www.youtube.com/watch?v=NpkFp-14M7M&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=18
https://www.youtube.com/watch?v=-tvsZ7Un8_g&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=19
https://www.youtube.com/watch?v=G2X7zfSyFqk&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=20
https://www.youtube.com/watch?v=0ogMWnPMyz8&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=21
https://www.youtube.com/watch?v=sjuRbORUvOE&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=22
https://www.youtube.com/watch?v=uFAtC5EYJVM&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=23
http://en.wikipedia.org/wiki/Inner_product_space
http://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequality
http://en.wikipedia.org/wiki/Gram%E2%80%93Schmidt_process
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There are many times when we would like to be able to talk about the angle between
vectors in a vector space )V, and in particular orthogonality of vectors, just like we did in
R™ in the previous course. This requires us to have a generalization of the dot product to
arbitrary vector spaces.

Definition 5.1 — Inner Product

Suppose that F =R or F = C, and V is a vector space over F. Then an inner product
on V is a function (-,-) : V x V — F such that the following three properties hold for
all ce F and all v,w,x € V:

a) (v,w) = (w,v) (conjugate symmetry)
b) (v,w + cx) = (v,w) + ¢(v,x) (linearity in 2nd entry)
c) (v,v) > 0, with equality if and only if v = 0. (positive definiteness)

o Why those three properties?

Decause ﬁ)ey mimic the  dat  product
(Stmr’ar/y) V&C‘br sloe/ca mimic K €+c>

o Inner products are not linear in their first argument...

<v+cx)w> TETED v+c$(’> <w,v>+c<w>2>
ConJUSQAZL (mear <V\"7>‘\“C<5(9 >

« OK, so why does property (a) have that weird complex conjugation in it?

Ojrherwis% £ V40 we  would have...
0Lty =iko iy =-<#v) <0 X
o For this reason, they are sometimes called “sesquilinear”, which means...

¢
(‘Oﬂ@-cmo{~q~L1qH\ ,incqr.
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Example. Show that the following function is an inner product on C™:

(v,w)=v'w=> tuw; forall v,weC"
n i=1
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a) <GPy = 2wV = 2wy, = 2w¥ = <V ).

E> <Y>/)W%C7<>>= iZ:Vi(Wﬁcx') = éV;W; + cév;xi = <7)\/7> +C<V; 52>

I(

C» <\77)7>='Z:, éM z0 (WlHl ea)/Uqu‘l')/@ V.= =0 f c«“ >

Example. Let a < b be real numbers and let C[a, b] be the vector space of continuous functions
on the interval [a,b]. Show that the following function is an inner product on Cla, b]:

9) = [ f@)gte) de forall fg€ Cloy
b b
o) <a,F 5= [oF6de = [FRs) b = <o

A b L

) <)c) 9t c('1> LC(X <9(>< +cL.(x))J>( f&\qc(x)g(xwx 4—0}5(%)%()

b ) < 3>+c<7c h>
C) <F7¥>=S(7c(")) dx 2 O (wiHl %qu')/ = )t(x>=0 ‘For d” X>

The previous examples are the “standard” inner products on those vector spaces. How-
ever, inner products can also be much uglier. The following example illustrates how the
same vector space can have multiple different inner products, and at first glance they might

look nothing like the standard inner products.
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Example. Show that the following function is an inner product on R?:

(v, W) = vjw; + 2v1wy + 200wy + Svewy  for all v, w € R2.

o) <H, V)= wy, + AWV + 2wy, + vy, = LI,
b) <V) ey = v, (W rex)£2v, (warexe) + 2, (wirex) +5v, (W rex,)
VW, + 2V Wy + 2V, + SV, + c(v, X, + 2V, X0 # 2V, X, +5va2>
=8 + 49,2
e) I,7= v+ Hyv, +S¢° = (v, +2v1)2+v; 20,
with ecl/uovmy S +2%=0 and \,=0 & V=0

There is also a “standard” inner product on M,,, but before being able to explain it, we
need to introduce the following helper function:

Definition 5.2 — Trace
Let A € M,, be a square matrix. Then the trace of A, denoted by tr(A), is the sum of
its diagonal entries:

tI'(A) d:ef aii + a2 9 + -4 Ap -

Example. Compute the following matriz traces:

1 2 6

[y a])-1e4-5 w([o g))= ezt

>3 L 2

The reason why the trace is such a wonderful function is that it makes matrix multipli-
cation “kind of” commutative:

Theorem 5.1 — Commutativity of the Trace
Let A € M,,,, and B € M,, ,, be matrices. Then

tr(AB) = tr(BA).
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Proof. Just directly compute the diagonal entries of AB and BA:

[AB:(i Zd ano! [BA]N: %A\i)idu\j

J:I )U Jl

ﬁ(AE) ZZd)U X and 1 (BA)= Zi %%

which o(rp: %Uq{ (sWocP The arJe.r o the suw»s) u

The trace also has some other nice properties that are easier to see:

(A +b> =+ (A) ++(B)
* bk (cA) = et (A)
" (Af) = (A

With the trace in hand, we can now introduce the standard inner product on the vector
space of matrices:

H\& frace is 4 Iinee(r +mns'Forw:el+ion

Example. Show that the following function is an inner product on My, ,:
(A,B) =tr(A*B) for all A,B € My,
A" s He con\‘)UDd+ e Trwmspese f A A = A"
\’J& could prove Hhat this is an  inner Pt’oel vt
ch"e,cHy) bt lePs  instead rewrite b as

ChEy= 2 Zaphy =[Al [, where

E = 3E‘)” El,?.)" y Em)hg ) SiV)C& +L\b c’o_)— FT’O(JUCJ- Is dan

mn

Innex fzfoc'Ud' oNn , so s His  on /Vkm,w

The above inner product is typically called the Frobenius inner product or Hilbert—
Schmidt inner product. Also, a vector space together with a particular inner product is
called an inner product space.
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Norm Induced by the Inner Product

Now that we have inner products, we can define the length of a vector in a manner completely
analogous to how we did it with the dot product in R™. However, in this more general
setting, we are a bit beyond the point of being able to draw a geometric picture of what
length means (for example, what is the “length” of a continuous function?), so we change
terminology slightly and instead call this function a “norm.”

Definition 5.3 — Norm Induced by the Inner Product

Suppose that V is an inner product space. Then the norm induced by the inner
product is the function || - || : V — R defined by

v %€ \/(v,v) forall veV.
Example. What is the norm induced by the standard inner product on C"?
Ne—— N/
“\’/’ \——- ,<-\77'\7> :Jél\'/‘\\/' :Ji /Vi‘Z. the dot r:xfoolt)c"'
(= (=
Example. What is the norm induced by the standard inner product on Cla,b|?
“F{,:\‘Kﬂf> - f(f(x)i dx .
o

Example. What is the norm induced by the standard (Frobenius) inner product on M., ,,?

HA/ = [apy =Ry =2 2k

( J—'

e

c< » (€9
F” for “Frobenivs”
Perhaps not surprisingly, the norm induced by an inner product satisfies the same basic

properties as the length of a vector in R™. These properties are summarized in the following
theorem.

Theorem 5.2 — Properties of the Norm Induced by the I.P.

Suppose that V is an inner product space, v € V is a vector, and ¢ € F is a scalar. Then
the following properties of the norm induced by the inner product hold:

a) [ev] = [efllv]l; and

b) ||v|]| > 0, with equality if and only if v = 0.
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The two other main theorems that we proved for the length in R™ were the Cauchy-

Schwarz inequality and the triangle inequality. We now show that these same properties
hold for the norm induced by any inner product.

Theorem 5.3 — Cauchy—Schwarz Inequality

Suppose that ) is an inner product space and v,w € V. Then
[(v, W) < [[villlwll

Furthermore, equality holds if and only if {v,w} is a linearly dependent set.

Proof. Let ¢,d € F be arbitrary scalars, and expand ||cv+dw/||? in terms of the inner product:

0 £ |evrdal” = {cordi,cv+d@)
= 2cidy +ed (0,9 44 (7)) +dd 4w,
~lel o1+ QRefecd<a,@) + " [l
Since z+2=2Re(2)" (a+ib)+(a-i) =2
Cheose. <=7l and d=-<3,2)/101
Thea 0 ¢ [l 7l - 2Re(,7)<03) + | <2, 0)[°
= Wl -2] @) x| @D
~ Wl - [
Reclrrqnge, To 96" the c-5 in&c)/UaIiJ'y. m

For example, if we apply the Cauchy—Schwarz inequality to the Frobenius inner product
on M,, ,,, it tells us that
2

AR 2 +AA)H(BR),

and if we apply it to the standard inner product on C[a, b] then it says that

(fﬂ@g@ af><>z < i(ﬂx)?ck) l’g(g(x»zolx).

a a o

Neither of the above inequalities are particularly pleasant to prove directly.
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Just as was the case in R", the triangle inequality now follows very quickly from the
Cauchy—Schwarz inequality.

Theorem 5.4 — The Triangle Inequality

Suppose that V is an inner product space and v,w € V. Then
v +wl < Ivll + lIwll.

Furthermore, equality holds if and only if v and w point in the same direction (i.e.,
v =0 or w = ¢v for some 0 < ¢ € R).

Proof. Start by expanding ||v + w/||? in terms of the inner product:
IVHTJ’“ ‘= AL
=)+ LT+ LTI + <vo @)
= 7] + 2Re(<a,i) + [0l
= ”V/ +2~I <7 W>, + ”W (,F z—cH'llD Re(z)=a QW”ZD
((/d / + 2] \S ol + /l 7l (éy (/cby - 5al'>worrz>

Orthogonality

The most useful thing that we can do with an inner product is re-introduce orthogonality in
this more general setting:

Definition 5.4 — Orthogonality

Suppose V is an inner product space. Then two vectors v, w € V are called orthogonal
if (v,w) =0.

In R™, we could think of “orthogonal” as a synonym for “perpendicular”, since two vectors
were orthogonal if and only if the angle between them was 7/2. In general inner product
spaces this geometric picture makes much less sense (for example, what does it mean for the
angle between two polynomials to be m/27), so it is perhaps better to think of orthogonal
vectors as ones that are “as linearly independent as possible.”’
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Y Y 7

Lingarl Lineard Orocenal
o[e,f:enyc[&n+ ( WCJ@PZ” JM T

With this intuition in mind, it is useful to extend orthogonality to sets of vectors, rather

than just pairs of vectors:

Definition 5.5 — Orthonormal Bases
A basis B of an inner product space V is called an orthonormal basis of V if

(mutual orthogonality)

a) (v,w) =0 forall v#w e B, and

b) ||v| =1 forall ve B. (normalization)

Example. Ezamples of orthonormal bases in our “standard” vector spaces include...

TI’B S’tﬂanalcﬁ'o{ éqsis In Rn or ((;n. \/
The standord  Lasis  in M J

The sjfanobrc( é«ss In ?F["‘ l’]/{ x
<i X> chx‘—'éO

Orthogonal and orthonormal bases often greatly simplify calculations. For example, the
following theorem shows us that linear independence comes for free when we know that a

set of vectors are mutually orthogonal.

Theorem 5.5 — Orthogonality Implies Linear Independence

Let V be an inner product space and suppose that the set B = {vy,vo,...,v,} CV
consists of non-zero mutually orthogonal vectors (i.e., (v;,v;) = 0 whenever i # j).

Then B is linearly independent.
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Proof. Suppose ¢1vy + cove + -+ + ¢, v,, = 0. Then... for ol 2.\') Z 4 ,

0 (.07 =<8, et vt s ety

"k, T )+ BTy 4 SR T,

(mos’l' terms o’ie) Since 7\39_\71>\>:O i i—?ﬁ\D
S e
Ve c\,}:o ‘Far d” \')) <o B is llneorr‘l\// inc|€7o&70)en+. n

A fairly quick consequence of the previous theorem is the fact that if a set of non-zero
vectors is mutually orthogonal, and their number matches the dimension of the vector space,
then...

'H!&y mus'\' ’Form dan orH)ogonoll [>qu5 o'F ‘}hd+ Space.

Example. Show that the set of Pauli matrices

B 1 0 (0 1] |0 —2] |1 O

S0 171 oftjs 070 -1
is an orthogonal basis of My(C). How could you turn it into an orthonormal basis?
= \ n) = nk-1
\‘\/& have +o check (7.> é (m 9&4&@' ) ( 2) ) >

s FWoJUC+$. A” clre eqsy:

QT o [o A])=0-01040-0, <[j’ o| [ o])-0-iwie0-0

8+o. To ma ke 0\’Jr4')<’mc>rw)o'I7 c(i\/.'o‘a e,ch’l moiTiix
Ey ite Fobeaius Narim (\E in al cas&s>.

We already learned that all finite-dimensional vector spaces are isomorphic (i.e., “essen-
tially the same”) to F™. It thus seems natural to ask the corresponding question about inner
products—do all inner products on F” look like the usual dot product on F” in some basis?
Orthonormal bases let us show that the answer is “yes.”
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Theorem 5.6 — All Inner Products Look Like the Dot Product

Suppose that B is an orthonormal basis of a finite-dimensional inner product space V.
Then
(viw) =[v]g-[w]g forall v,weV.

Proof. Write B = {uy,uy,...u,}. Since B is a basis of V, we can write v = ciu; +- - - +¢,u,
and w = dyuy + -+ + d,u,. Then...

gy i I id")’ sesqpilinestrity
< 7W> <;=|cu ? ) JU\)> K_/mu*”va/ oH'?ZD“""";}'
o - T,T =0
2224 0,0) T2z TE)  F )
orenlizedion (<D’., o) ’i)
v ;
ZZ}C“ - (CUC'L;"'QC‘”>‘(O('JOIZY")A”) = [7]5.[w18.

)

If we specialize even further to C™ rather than to an arbitrary finite-dimensional vector
space V, then we can say even more. Specifically, recall that if v, w € C", F is the standard
basis of C", and B is any basis of C", then

FeceV =[]y and P =[W],.

By plugging this fact into the above characterization of finite-dimensional inner product
spaces (and assuming that B is orthonormal), we see that every inner product on C" has
the form

<7’\7> i mﬁi [W]B: (Pges V>'(Pgea\'7> o Pse\: Psa—a> W.

We state this fact in a slightly cleaner form below:

Corollary 5.7 — Invertible Matrices Make Inner Products

A function (-, -) : F* x F" — F is an inner product if and only if there exists an invertible
matrix P € M,,(F) such that

(v,w) =v*(P*P)w forall v,weF"
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For example, the usual inner product (i.e., the dot product) on C" arises when P = I.
Similarly, the weird inner product on R? from a few pages ago, defined by

(v, W) = vjw; + 2v,wy + 200wy + Svew,  for all v, w € R?,

is what we get if we choose P = [(1) ﬂ . To see this, we verify that

(PP = [ s 8] = Iv o

- \/| WI "\" 2V' \l\/z ‘l“ Q-VzW, +‘ 5VZWL -

Orthogonalization

We already showed how to determine whether or not a particular set is an orthonormal
basis, so let’s turn to the question of how to construct an orthonormal basis. While this is
reasonably intuitive in familiar inner product spaces like R™ or M,, ,(C), it becomes a bit
more delicate when working in stranger inner products.

The process works one vector at a time to turn the vectors from some (not necessarily
orthonormal) basis B = {vy,va,...,V,} into an orthonormal basis C' = {u;,uy,...,uy,}.
We start by simply defining

—7

||v,H which  has  perm 1.

-—a

To construct the next member of our orthonormal basis, we define

B SRR .
u1="\_f2_< \7;>U.I 4:4'4& clwely the ,oleC& £ 7 in direction o 7

cescsle  to nerm L

In words, we are subtracting the portion of vy that points in the direction of uy, leaving
behind only the piece of it that is orthogonal to uy, as illustrated on the next page.
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In higher dimensions, we would then continue in this way, adjusting each vector in the
basis so that it is orthogonal to each of the previous vectors, and then normalizing it.

The following theorem makes this precise and tells us that the result is indeed always an
orthonormal basis.

Theorem 5.8 — Gram-Schmidt Process

Suppose B = {vy,Va,...,Vv,} is a basis of an inner product space V. Define
v L@, %%
vV Z L) <
a) =ﬁ aind “—/_',’_— ‘For‘ 2&kEn
| | Vi ”V Vk>u
Then C' = {uy,uy,...,u,} is an orthonormal basis of V.

Proof. We actually prove that, not only is C' an orthonormal basis of V, but also that

%u‘ ] u’7 - e Is an O\"H)onor'm q’ éqsis o‘F

cpan(?,2, )

forall 1 <k <n.
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We prove this result by induction on k. For the base case of £ =1, ...

T is o ynt veckr and qun(‘fq\):S/’cM(-\Z) /
Tnductive S"'BP
Fix k) assume.  thdl %u'y ) M“"g Is  an
O\""’honarmOII basis  of s,ocm< V.. ,VZ-).
’ V s,»qn( V. ,VK.S‘SP%(UDMQ 7(/‘;-') sice B s
lmeecrly ane,o@nJenWL Thus - |: CALE O
U ex ists and  hus ” “\ZU 1
* Fr al"H’;oﬁor\oy,i“'y) l(;‘l' \3< \( omol COVY?/°U""&

. A A -
50 fesomd ) {21
- /- o & #

‘Dol (ool st wibh bk vects)

Since finite-dimensional inner product spaces (by definition) have a basis consisting of
finitely many vectors, and the Gram—Schmidt process tells us how to convert that basis into
an orthonormal basis, we now know that every finite-dimensional inner product space has

an orthonormal basis:
Corollary 5.9 — Existence of Orthonormal Bases

Every finite-dimensional inner product space has an orthonormal basis.

Example. Find an orthonormal basis for P?[—1,1] with respect to the inner product

(f,9) = /11 f(x)g(x) dx.
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Stact  with cm>/ basis  of ?1[‘” : %l xyxlg

. - \\_f;‘i‘?;?}m” \/\/e” <u V> <&z>><> Sxolx

omcl V) & ’< X fic[x J; _’\lf (’ (

- |k-474 - (B =38, <

%&’srx zr(:;”( 1>§ s ay
or" ’H\onormcl( édS(s +\ ? [1- 1]



