s ADVANCED LINEAR ALGEBRA — WEEK 7

SCHUR TRIANGULARIZATION AND
THE SPECTRAL DECOMPOSITION(S)

This week we will learn about:

Schur triangularization,

The Cayley—Hamilton theorem,

Normal matrices, and

The real and complex spectral decompositions.

Extra reading and watching:

e Section 2.1 in the textbook

Lecture videos 25, 26, 27, 28, and 29 on YouTube

Schur decomposition at Wikipedia

Normal matrix at Wikipedia

Spectral theorem at Wikipedia

Extra textbook problems:
*2.1.1,2.1.2,2.1.5
** 2.1.3,2.1.4, 2.1.6, 2.1.7, 2.1.9, 2.1.17, 2.1.19
**x 2.1.8,2.1.11, 2.1.12, 2.1.18, 2.1.21
2 21222126


https://www.youtube.com/watch?v=cTCLCKaFzqw&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=26
https://www.youtube.com/watch?v=yK08yrPk_ns&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=27
https://www.youtube.com/watch?v=DcTASCmQnIc&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=28
https://www.youtube.com/watch?v=6RnRn9QUw50&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=29
https://www.youtube.com/watch?v=WU6LCIdLB-M&list=PLOAf1ViVP13jdhvy-wVS7aR02xnDxueuL&index=30
https://en.wikipedia.org/wiki/Schur_decomposition
https://en.wikipedia.org/wiki/Normal_matrix
https://en.wikipedia.org/wiki/Spectral_theorem
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We’re now going to start looking at matrix decompositions, which are ways of writing
down a matrix as a product of (hopefully simpler!) matrices. For example, we learned about
diagonalization at the end of introductory linear algebra, which said that...
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While diagonalization let us do great things with certain matrices, it also raises some new
questions:

(C 2)
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Over the next few weeks, we will thoroughly investigate these types of questions, starting
with this one:
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Schur Triangularization
We know that we cannot hope in general to get a diagonal matrix via unitary similarity (since

not every matrix is diagonalizable via any similarity). However, the following theorem says
that we can get partway there and always get an upper triangular matrix.

Theorem 7.1 — Schur Triangularization

Suppose A € M,,(C). Then there exists a unitary matrix U € M, (C) and an upper
triangular matrix 7' € M,,(C) such that

A=UTU*

Proof. We prove the result by induction on n (the size of A). For the base case, we simply
notice that the result is trivial if n = 1: every 1 x 1 matrix is upper triangular.
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Let’s make some notes about Schur triangularizations before proceeding...
o The diagonal entries of T" are the eigenvalues of A. To see why, recall that the eigen-

values of a triangular matrix are its diagonal entries (theorem from previous course),
and...

A and T’Uq‘AU hae ‘H’la Same. eingq{l/esl
o ()= det(T-NT) = deh (VAU -NI) = det (U*(A->D) V)
= JeHb) det (A-ND)deH(UT = dr (AT =p,().
(der(U*) = der (U= 2/ (0)

o The other pieces of Schur triangularization are

Ve\’y Qgg:uniq}/&‘. Tl’)f’, of'F’O( ;qgomd, 6w+rias O‘F
T cmo{ ol” an"'ries o U can ch’y wilcll\/.
/V\om)' Schur +rfdn9()[0lt”i Z4+ions exis‘i'.

o To compute a Schur decomposition, follow the method given in the proof of the theo-
rem:

Com(oufo, AN eigequlw/ omcl aigamvac+or of
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an(l S0 on down To A% Ugh‘
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The beauty of Schur triangularization is that it applies to every square matrix (unlike
diagonalization), which makes it very useful when trying to prove theorems. For example...

Theorem 7.2 — Trace and Determinant in Terms of Eigenvalues

Suppose A € M,,(C) has eigenvalues A\j, Ag, ..., \,. Then

°|e:\ﬁ(A);>\|>\z‘”>\n cmc‘ ‘I'V(P\): >\, “’>\z+"'+>\n-

Proof. Use Schur triangularization to write A = UTU* with U unitary and T upper trian-
gular. Then...

Since 'Hq.o/ cl'noasowocf em’h’i&s o‘F T are.

>\|, >\z)...7 >\,,7 We }'WV«D/:
* det(R) = def(UTU*) = deH(U) det(T)det(TF) = det(T)

g >\'>\2W>\" - theorem feom (as* c,'ol%:
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SRR R (UTUR) = B (BOT) = he(T) = ) ehrehe

As another application of Schur triangularization, we prove an important result called
the Cayley—Hamilton theorem, which says that every matrix satisfies its own characteristic
polynomial.

Theorem 7.3 — Cayley—Hamilton
Suppose A € M,,(C) has characteristic polynomial p(A\) = det(A—AI). Then p(A4) = O.

For example... I'F A = [é :.2(.] ’H’)e/)
o7 det (-0 = der ([0 7,]) = (-0(t0) -4 =X-5)-2

Thon o=A-5A-22= | 2)-5]; i]-2[ 1= 7]
The C-H therem Says This o/lwfxys I’)Gr)b/o&ns!



ADVANCED LINEAR ALGEBRA — Week 7 6

Proof of Theorem 7.3. Because we are working over C, the Fundamental Theorem of Algebra
says that we can factor the characteristic polynomial as a product of linear terms:

M=\ NON= ), =0
p(R)= VI-AYOLI-A) - (WI-A).

Well, let’s Schur triangularize A:
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T i3z upper triangular.  Then
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One useful feature of the Cayley—Hamilton theorem is that if A € M,,(C) then it lets us
write every power of A as a linear combination of I, A, A%, ..., A"~1 In particular,

H{\e pewercs o A ol lwe within an h‘ol"m&ns'iem’
SUbsprAce & He o~ dimensiondl Sperce M, (C).

Example. Use the Cayley—Hamilton theorem to come up with a formula for A* as a linear

combination of A and I, where
A= [‘ Z].

-2 |

F=X

f(ﬁ\\ce(ej(f\’)l) - OI&JF([-:L ;%,\D =(1-N +4 =N -21+5.

The Lcly,&)l’quiHon theorer,  Tels  vs  That

N-2A+51=0, so A =2A-5L < cll ths &
®

Motkiely @ by A: A*=2A"-SA =2(24-5T)-54

“-A-101 @

Moltisly éy A ngin: AT=-AT- 10A "W"OA

~~|2A +ST.

This  equals ”'21—]2 ﬂ +5E> T]:LZ} -2::(/

Example. Use the Cayley—Hamilton theorem to find the inverse of the same matrix.

By ® aboe, we hae A=2A-5I Sole for I:
5I=2A-K, 5o L= S(2A-A) = A (22N
mu.s'r ecl(jq( A/|



ADVANCED LINEAR ALGEBRA — Week 7 8

Normal Matrices and the Spectral Decomposition

We now start looking at when Schur triangularization actually results in a diagonal matrix,
rather than just an upper triangular one. We first need to introduce another new family of
matrices:

Definition 7.1 — Normal Matrix
A matrix A € M,,(C) is called normal if A*A = AA*.

Many of the important families of matrices that we are already familiar with are normal.
For example...

Uni"‘qr'y: £ AAT then M=T too

Hermibion® if A=A then AA=A and  AK-A"

5kaW*Heﬂni+iqn: it W”A then :’\"7\5‘/\1 omo] AN*N.

Dicgersl: i A5 8.0 | then KA=[SN0p- 3 |ZAR
6064 o 6 df

However, there are also other matrices that are normal:

Example. Show that the matriz A =

110
0 1 1| 4s normal.
1 01

\J\/P, \SM Comf(){'& AV\ dnc‘ AA’K o‘irec‘Hy:

Jesii el
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Our primary interest in normal matrices comes from the following theorem, which says
that normal matrices are exactly those that can be diagonalized by a unitary matrix:

Theorem 7.4 — Complex Spectral Decomposition

Suppose A € M,,(C).

matrix D € M,,(C) such that

A-1DU*

if and only if A is normal (i.e., A*A = AA").

Then there exists a unitary matrix U € M,,(C) and diagonal

In other words, normal matrices are the ones with a diagonal Schur triangularization.

Proof. To see the “only if” direction, we just compute
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While we proved the spectral decomposition via Schur triangularization, that is not how
it is computed in practice. Instead, we notice that the spectral decomposition is a special case
of diagonalization where the invertible matrix that does the diagonalization is unitary, so we
compute it via eigenvalues and eigenvectors (like we did for diagonalization last semester).
Just be careful to choose the eigenvectors to have length 1 and be mutually orthogonal.

-1 |

Example. Find a spectral decomposition of the matriz... A—- [‘ l] _

@ Find ciaen\/d[U&S: %:lii.

@ Find eigenspaces Jrr7, on yeur own
o WLty Vo))

R ML 7Ee(t)

@ Cons+ruc+ an or‘H’)onormql basis oF
each  ¢gigenspdce’
 for leﬂf 7-2(11)

e NEL-L 7EE()

@ quc& ﬂw &iaan\/dh/&s a/on9 7%& o,iqgonq)
o’F D7 ancl H’ve O\"Hﬁonofrml [345&5 o‘F
‘Hfle coy eéfono’ t’n9 ei genspaces 45
columns o U} n  the seme order

yi O ! 1]
D’[O “] and U’EgL g
@ Thats i+! YoU Cdn dophle— check
ot A=UDUT  gud Ju=1T, f
you like.
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Example. Find a spectral decomposition of the matriz
1 2 2

2 1 2/.
2 21

(D Find aiaen\/d(()&S: %:‘17‘1,5

@ Finc‘ eiaems,sqce,s: +r>, on your awn
e W75, T=c(lbh)
‘e AL = (1710 +d(10,7D

)

@ Cons+r Uc+ an OV/H’Wonorqu basis o]E
each aiﬁensloqce:
* For X=5> 7’({1"([ L)
) ‘F or >\$"1 ‘Firs’l' Find 2 O\/H')qgoncl/ Vcc%rs i
‘H\& P/l9ens[>qce (( “ly- '> and (O;’)“’>> omol ‘H’Ien
normd |ize (Z ) and ;;;:é(o,l)—l)
Cons’t'(UC%. ’H’)& SFec’h’cl’ o’ecomFosi‘Hoﬁ’) :
5 0 o = % o©
D;L—o, SJ and )= e & &

A:

@ Do()[;,&'@”\ﬂok) if yov fike.
A=UDU" Y
=T

Sometimes, we can just “eyeball” an orthonormal set of eigenvectors, but if we can’t, we
can instead apply the Gram—Schmidt process to any basis of the eigenspace.
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The Real Spectral Decomposition

In the previous example, the spectral decomposition ended up making use only of real ma-
trices. We now note that this happened because the original matrix was symmetric:

Theorem 7.5 — Real Spectral Decomposition

Suppose A € M,,(R). Then there exists a unitary matrix U € M, (R) and diagonal
matrix D € M,,(R) such that

A=UDUT

if and only if A is symmetric (i.e., AT = A).

To give you a rough idea of why this is true, we note that every Hermitian (and thus
every symmetric) matrix has real eigenvalues:

If )\ IS an e,benvqlue, o A=A’“ wiH)’_&@envec’)}- V)
T2 = 7-00) =7+ () = (&) -7 = ()7 =) (7).
Diide  bdh sides by 792171 & e N2} ey ) el

It follows that if A is Hermitian then we can choose the “D” piece of the spectral de-
composition to be real. Also, it should not be too surprising, that if A is real and Hermitian
(i.e., symmetric) that we can choose the “U” piece to be real as well.

We thus get the following 3 types of spectral decompositions for different types of matri-
ces:

J/\lllop 01‘: Moty Txe_eé of Deaomlp /J\’ UDU*
Now el D éM,,(C>

A™A= AN Ue M (€)

Hermmiticn D éMn(HZ>

A=A Ve A C)

Redl symm&‘h’ic D éM,,O@

AT=A Ve AL (R)
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Geometrically, the real spectral decomposition says that real symmetric matrices are
exactly those that act as follows:

g Ro‘]‘qup, (Rn ,

05‘]?&%0[4 Ol’ong Hhe c_ooro(inar-l'&
"Rotate  back.

axes, O'f)°l
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