messsssss ||INEAR ALGEBRA — WEEK 3 s

MATRICES AND MATRIX OPERATIONS

This week we will learn about:

« Matrices,
« Matrix addition, scalar multiplication, and matrix multiplication,
« The transpose, and

« Matrix powers and adjacency matrices of graphs.

Extra reading and watching:
« Section 1.3 in the textbook
« Lecture videos 8, 9, 10, 11, and 12 on YouTube
« Matrix multiplication at Wikipedia

« Transpose at Wikipedia

Extra textbook problems:
* 1.3.1,1.3.2,1.34, 1.3.12
*x 1.3.3,1.3.5-1.3.7, 1.3.9, 1.3.11, 1.3.13-1.3.15
*x* 1.3.8

2 none this week


https://www.youtube.com/watch?v=ytOfBfUZKZM&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=8
https://www.youtube.com/watch?v=VoT5g5e3hy8&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=9
https://www.youtube.com/watch?v=ow7K6_3f33I&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=10
https://www.youtube.com/watch?v=IbCpt-Vm7J8&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=11
https://www.youtube.com/watch?v=KCUgWj5nhYc&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=12
http://en.wikipedia.org/wiki/Matrix_multiplication
http://en.wikipedia.org/wiki/Transpose
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Matrices

Previously, we introduced vectors, which can be thought of as 1D lists of numbers.
Now we start working with matrices, which are 2D arrays of numbers:

Definition 3.1 — Matrices

A matrix is a rectangular array of numbers. Those numbers are called the
entries or elements of the matrix.

Example. Examples of matrices.

//A:[—'q g]’ B:EJ -cf ;;J ’ c:[s n 1—1 7]
J J X

The size of a matrix is a description of the number of rows and columns that
it has. A matrix with m rows and n columns has size m x n.

A s 2"27 B s 23

RO\,\/S ﬁrs’{‘? then  columns.

Mn%omfcsz e R@ co{d”7 C‘RC cqr”

A 1 x n matrix is called a row matrix or row vector. An m x 1 matrix is
called a column matrix or column vector. An n X n matrix is called square.

A 5 Sc?/UOIr‘e7 D’:[B 0 L'L] IS o ro\W VéC‘/_or‘)

§

E;:}Bz s a celumn vector.
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We use double subscripts to specify individual entries of a matrix: the entry of
the matrix A in row ¢ and column j is denoted by a; ;. For example, if

A"l 8 "6 1%
Y LI

then a13 = "‘é and a2 = . .

Similarly, when we say “the (i, j)-entry of A”, we mean a; ;. Another notation
for this is [A]; ;, and we will see some examples shortly where this notation is ad-
vantageous.

With this notation in mind, a general m x n matrix A has the following form:

a1 Qio2 -+ Aip

a1 G222 - d2p
A= A .

am,1 Am2 - Amn

Two matrices are equal if they have the same size and all of their entries (in
the same positions) are equal to each other.

Example. Some (un)equal matrices.
-\ =z -1 3 =)\ 2z © =l z
A [3 q} ) 5 [2_ "J ! C I3 t 0]? D IJ "f]

A+B (2 wd 2 swapped) B#C, B#D,
A* C  (C hes etfras z&"05>) CTD.
Bot  A=DY

We use M, , to denote the set of m x n matrices, and the shorthand M,, for the
set of n X n matrices.
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Just like we could add vectors or multiply vectors by a scalar, we can also add
matrices and multiply matrices by scalars, and their definitions are exactly what
you would expect:

Definition 3.2 — Matrix Addition and Scalar Multiplication

Suppose A and B are m xn matrices, and ¢ € R is a scalar. Then their sum A+
B is the matrix whose (i, j)-entry is a; j + b; j, and the scalar multiplication
cA is the matrix whose (i, j)-entry is ca; ;.

In other words, these operations are just performed entry-wise, as you might
expect. The definition of matrix addition only makes sense when A and B have
the same size.

Example. Matrix addition and scalar multiplication.

LB cB e

_f(1+3  a-4| -4 —2]
+R= =
A B [3+2. 4*7} [5 Har |

_|16 0 2
26’[—2% 8]

A+C? X Does nt  exist!

Matrix subtraction is defined analogously:

A-B=A+(DR is Hhe mavix  whese (ﬁj)‘&hﬁf)/

1S oliﬂ - A‘zj . For &quF’&)

-3 2-(4%) ;[’Z é]
A-B=|z-2 4« 1 Hew].



LINEAR ALGEBRA — Week 3 5

Matrix addition, subtraction, and scalar multiplication satisfy all of the “natu-
ral” properties you might expect (e.g., A+ B = B+ A). We state these properties
as a theorem:

Theorem 3.1 — Properties of Matrix Operations
Let A, B,C € M,,,, and let ¢,d € R be scalars. Then

a) A+ B=B+A (commutativity)
b) (A+B)+C=A+(B+C) (associativity)
c) c(A+B)=cA+cB (distributivity)
d) (c+d)A=cA+dA (distributivity)

e) c(dA) = (cd)A

Proof. We will only prove part (c) of the theorem. The remaining parts of the
theorem can be proved similarly: just use the definition of matrix addition and use
the fact that all of these properties hold for addition of real numbers.

Le+ 11 €m cmo( iﬁ'ﬁn ﬂ)en
J
[O(A*[g):l;l) - C[A*B]iu - G(O'i)j *éi) - o +Cba2)' AISO)

Sqme,’
IcAaLcB [‘-A] [ B] T Cay cb A
c(A+5] [c/\ +ch {:or ol i,\j) so c( A+B> = cA+cB.

This completes the proof. |

Matrix Multiplication

What about matrix multiplication? Recall that multiplication was a bit tricky with
vectors: we only saw the dot product, which “multiplied” two vectors to give us a
number. Matrix multiplication is a bit different than this, and looks quite messy
and ugly at first glance. So hold onto your hats...
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Definition 3.3 — Matrix Multiplication

If Ais an m X n matrix and B is an n X p matrix, then their product AB is
the m x p matrix whose (i, j)-entry is:

[ABli; € @iabi + aigbaj + - + dGigbnj.

In other words, the product AB is the matrix whose entries are all of the possible
dot products of the rows of A with the columns of B.

B

b1 bia b1z big
by1 bya by3 bag

A _\ B l

a) a3 | =—t—> @
a1 a2
as] ds2 > .

@ =w1b1a+a3rbry

We emphasize that the matrix product AB only makes sense if A has the same
number of columns as B has rows. For example, it does not make sense to multiply
a 2 X 3 matrix by another 2 x 3 matrix, but it does make sense to multiply a 2 x 3
matrix by a 3 x 7 matrix.

Example. Compute the product of two matrices.

S I -2 1t 0o 2
A’lz t]> = [3 ~|], C [3 4.
1(-2)+2@ 1O+3() (_ |7 -2

AB =
(DD AW+ 1D 7 3

C- 1) +2(3)  10)+3(1) 1(2)+3(4)] ;[uo -3 4
20 @) 2050 22+ 1) 1 -1 O

CA?T  x Does nat P,Xis’H
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When performing matrix multiplication, double-check that the sizes of your
matrices actually make sense. In particular, the inner dimensions of the matrices
must be equal, and the outer dimensions of the matrices will be the dimensions of
the matrix product:

f\n B m
N et

As always, we have defined a new operation (matrix multiplication), so we want
to know what properties it satisfies.
Theorem 3.2 — Properties of Matrix Multiplication

Let A, B, and C' be matrices (with sizes such that all of the multiplications
below make sense) and let ¢ € R be a scalar. Then

a) (AB)C = A(BQO) (associativity)
b) A(B+C)= AB + AC (left distributivity)
c) (A+ B)C = AC + BC (right distributivity)

d) ¢(AB) = (cA)B = A(cB)

Proof. We will only prove part (b) of the theorem. The remaining parts of the
theorem can be proved similarly: just use the definition of matrix multiplication.

SUf)ooSa A eMm),, cinel Byc 5/VLMF and let
l&iem and 15\55,0 Then
):A(Bir&)]iﬂ (é +cw) + d. (bm Co) + S (L nj + Ca )

~d. A)J +d. cJ)rq.le”ﬁ—d(chJr fq.nbn,J Fn Cnjj
[AB *’AC} [AB} +[AC1 -'(Cl lél\) +d;2 Z)A *qi)ngnﬂ
—\'(q 07\)+°l C)J+ "'O' CU

T")&Sc dre Hwa Sclmé\. IL\(B*C> AB+/\C. u
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Notice that we did not say anything about commutativity (i.e., we did not claim
that AB = BA). Why not?

Example. Commutativity of matrix multiplication?

=] 2 =z -3 2z =113
L 1 B < e PR B 2> D [37 ?]
[@+2sy  1C)22( ] _ [7— 5|
_3(2)4—"['(°> 3(")4"'}(3) 6 q, ?ncﬂL H’)& Sqm&.l

B = |20 + () (2) 2(2)+<-f)(‘*)J =[—l 0]

00 +3(3) 0(d)+3(4) 9 lz

AB =

AC f/><is+s> bt CA  does  nst
CD is Q\’Q\? bt DC s =3

Example. FOILing matrices.

\/\/& L\QVP/ ’b be 1’80{(( >/ Cen’&’F Ul o{'\
non — Comm U"’w‘l’iViH o": mq?"rix mu ,”':f/;aq”';on .
Do&s (A+B)z = Az—r 2AB + Bz 7 No
[
(A+BYArBY = A + AB+BA B
mqyéa diffecedt

One particularly important square matrix is the one that consists entirely of 0
entries, except with 1s on its diagonal. This is called the identity matrix, and it
is denoted by I (or sometimes [, if we want to emphasize it is n x n).

Similarly, the zero matrix is the one with all entries equal to 0. We denote it
by O (or Oy, ,, if we care that it is m x n).
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Example. The identity matrix and zero matrix.

—’Lz:[c'J ?:( ) I}Z[:;E{]) eh:" 02,3:[22 g]

2)4+30)  z+3M] 2 3

It A= [ZI ﬂ then AI, = [(_,)(,)+q(o) (—l)(o)4—4(’)] B [’*l ¢ |7 A
@0l 18] l:z 3] = A
ood LA 0@+1C) o)) A ‘

The previous example suggests the following general result, which is indeed true:

Theorem 3.3 — Multiplication by Identity or Zero
If Ae M, then A, = A = I,A and AO,, = Oy, = O A.

We won’t prove the above theorem, but hopefully it seems believable enough.

Example. Diagonal matrices.

- | oo
A= ég] 5 B_Ej f;] > OMJ C:[gg Zj( ave oliqgona’.

_ 2(4) +00) 2(0)4»0(‘2)] _V¢ o:(
AB/&(Q) +30) 00 +3(-2) [O L.

A aluqls exfirywis®

poed et !

In general, the product of two diagonal matrices is just the entry-wise product
of the two matrices:

~

a, 0 - o b,), 0 -~ 0] ro'b'l)w O - 0

O uz,z - 0 O l)z)z - 0 _ @ di}Lzﬂ. T O

O o - qﬂ)ﬂ O o - bn n 0 0 T o'"JﬂLﬂ;n
L JL »J oL
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The Transpose of a Matrix

We now introduce an operation on matrices that changes the shape of a matrix,
but not its contents. Specifically, it swaps the role of the rows and columns of a
matrix:

Definition 3.4 — The Transpose

Suppose A € M, , is an m x n matrix. Then its transpose, which we denote
by AT, is the n x m matrix whose (i, j)-entry is a;;.

Intuitively, the transpose of a matrix is obtained by mirroring it across its main
diagonal.

Example. Let’s compute a transpose or two.

S S R ]

[ 2
T_|I -2 T_|¢4 -3
A-[S Ll} 5710 ¢
| 7 5

Let’s now think about some basic properties that the transpose satisfies:

Theorem 3.4 — Properties of the Transpose

Let A and B be matrices (with sizes such that the operations below make sense)
and let ¢ € R be a scalar. Then

(

(A+ BT = AT + BT
(AB ) = BTAT =
(

no’i— =] "’ }’f"‘ no"— &alud' ’}o ATBT.'



LINEAR ALGEBRA — Week 3 11

Proof. Parts (a), (b), and (d) of the theorem are intuitive enough, so we will only

prove part (c):

Suﬂaos& AeA,,, and BéMnW and et
112 m oind L=jcp Then

[<AB>T] 0 i [Abljf' - % O + dd'*éz); ! “'+QJ"”A"" M w">‘
dad
[IST AT:(ixj _ [BT:(i,,IAT]w *[Bfl)z Dﬂz&; 4ot [iji)n [ T:L)j

R éoi q);' t Azrid\')f‘ Tt E"JF aj)"’

%esa are Hle/ Sqme!
: T _ TpT
o (AB) =BA n
As a bit of a side note: would you have initially guessed that (AB)T = AT BT?
Situations like this are why we prove things rather than just guessing based on

what “looks believable”.

Example. Let’s compute some more transposes.

VB, e Bl et
pei2], 50 el

-1 4|, NE =, o, BA=[L 4
[ q&m,wsa J’\Z;c%]:#cr/ [2 H]
2 7

Z 2
Ac;[3 5 ql CA' =122, AC'? <D

2 44>
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Example. Transpose of the product of many matrices.

(ABC)" = (kB)C) = CT (k&) = CTBRTA”
Ol/ o(e\’ reverses, o mqﬁb’ how mqny ma?LriC4S
thee ae’ (ABCD)' =D'CTB'AT, el

The transpose has the useful property that it converts a column vector into the
corresponding row vector, and vice-versa. Furthermore, if v,w € R" are column
vectors, then we can use our usual matrix multiplication rule to see that

W

-

W, _ _ =2
VTW:[V, v, V,,] ..z - \/,\A/l t VW, Tt W, = VW

Wa

In other words, we can use matrix multiplication to recover the dot product.

Matrix Powers

Matrix multiplication also lets us define powers of square matrices. For an integer
k > 1, we define

A = AA-A (k  copies o A)

and we also define A = I (analogously to how we define a’ = 1 whenever a is
a non-zero real number). The next theorem follows almost immediately from this
definition:

Theorem 3.5 — Properties of Matrix Powers

If A is square and k and r are nonnegative integers, then /
kAT _ Ak+r ke - k k N € fR
e AFAT = AR and (xy) = x Y it %y
k.
o (Ak)r — Ak (AB}K = AkB "F A)BéMn X
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Example. Compute some matrix powers.

A T A P Y ]
wely 5] CRa-arew)

= | o))+ 48 C)) +(@E7) (7 54
e 0T [l o) e )
DD +@) ) W+ 2 7

Lqrge, /oowers Can 6& Com/omLee/ cLuicHy vig
exfonef)‘,'ia‘f"ion g Ly - sLLUq('inﬁ.

Later in the course, we will see how to define things like A-3 and AE

Block Matrices

Oftentimes, there are clear “patterns” in the entries of a large matrix, and it might
be useful to break that matrix down into smaller chunks based on some partition
of its rows and columns. For example:

1001 0 0] L 2700

2 110 0

010/0 1 0 Sl o

A:OOlLQ_O 1 and B=|——1—""7>—

S A S 0 ol 1 2
0002 1 —1

0000 -2 3 0 02 1

0 0/-1 1




LINEAR ALGEBRA — Week 3 14

Yz | -
A=[és 25:( , \,J")e\/p, C’[o -2 3:( omcl
2,3

p O !
B 7l whee D=z

0, D |’ !

When A and B are written in this way, as matrices whose elements are them-
selves matrices, they are called block matrices. Viewing matrices in this way
often simplifies calculations and reveals structure, especially when the matrix has
a lot of zeroes.

Remarkably, multiplication of block matrices works exactly as it does for regular
matrices:

AB=|* I ||0 ©|_|zprz6  IO+ID :[D D]
O c||lo D 0D +CO (0 +CD 0 c¢b

Wel

)
1\
)\
S—
O N
\
N_
W
L

p pPl_[l21) =z
AB’[O CD]’ZHZ ;7
o0 -l

00,5 4

00 -7 |

And indeed, this is the exact same answer we would have gotten if we computed
AB the “long way”.
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We have to be careful when performing block matrix multiplication: it is only
valid if we choose the sizes of the blocks so that each and every matrix multiplication
being performed makes sense.

Example. Suppose

A I:-l o] ond B I;l o Z]'
Which of the following block matrix multiplications make sense?

2

A B C)
{B A x qu‘l"""ms c(o Vlo+ [{n_o, U/ol
N é:-LO?_g Either  way,  we  can on/)/
o /
y 2 ZIH 0 '{'q,(a powers 5F Square maTrices.
A A
A B . .
{O 13] Z gl : inner  dimensions do
72x2 <L
A Bl [A A] _[A® A+ BA
[O 13] [O A} ﬁ[@ A ] X BA O’o&S moT mqlqo,
sease  (nr  dees TLA
at Moyn’ﬁjh%)
{AB [B O}:[AB+B 33
O I3 I3 I I, AB;}; -3
(0 6 21 | 3 -l
_ O ¢4 2
- l-2 3 =21-Il 0 2 =
o | o0 I O
| O O | ;0 O '
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Partitioning matrices in different ways can lead to new insights about how
matrix multiplication works.

Theorem 3.6 — Matrix—Vector Multiplication

Suppose A € M,,,, has columns a;, ag,...,a, and v € R" is a column vector.
Then
Av = via; + v9as + - - - + v,aQ,,.

Proof. We simply perform block matrix multiplication:

Weite ‘A cm’o{ V as block morlrices-
A= .>|a_"“||a:] aed V=5 Then

| r S

.

(£2) W) D)

= - = — — —
AV=3N, +8v,+ +QV, = VT +G,& +-+\, 7, . =

We of course can compute Av directly from the definition, but it’s nice to have
multiple ways to think about things.

Theorem 3.7 — Matrix Multiplication is Column-Wise

Suppose A € M,,,, and B € M,,, are matrices. If b; is the j-th column of B,
then
AB = [Abl  Aby | - -- \Abp}.

Proof. Again, we perform block matrix multiplication:

A= [A] (' T\ Llock mq’ILriA
B= U;, E t E o F] (l xp Llock mq+ri;<>

f

Tha AB=[AL AL -1 AL]
Thit’s 4 .



