| LINEAR ALGEBRA — WEEK 4 |

LINEAR TRANSFORMATIONS

This week we will learn about:

« Understanding linear transformations geometrically,
« The standard matrix of a linear transformation, and

« Composition of linear transformations.

Extra reading and watching:
e Section 1.4 in the textbook

+ Lecture videos 13, 14, 15, and 16 on YouTube

« Lincar map at Wikipedia

Extra textbook problems:
*x 1.4.1,1.4.4, 1.4.5(abef)
** 1.4.2,14.3,1.4.6, 1.4.7(a,b), 1.4.8, 1.4.14-1.4.16
**x 1.4.18,1.4.22, 1.4.23
B 1419, 1.4.20


https://www.youtube.com/watch?v=HZCFVf5YH7g&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=13
https://www.youtube.com/watch?v=V8Ph36zHsLM&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=14
https://www.youtube.com/watch?v=hI5k4h8d0HI&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=15
https://www.youtube.com/watch?v=7Dw0jhDoF18&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=16
https://en.wikipedia.org/wiki/Linear_map
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Linear Transformations

The final main ingredient of linear algebra, after vectors and matrices, are linear
transformations: functions that act on vectors and that do not “mess up” vector
addition and scalar multiplication:

Definition 4.1 — Linear Transformations

A linear transformation is a function 7' : R" — R™ that satisfies the follow-
ing two properties:

a) T(v+w)=T(v) 4+ T(w) for all vectors v,w € R", and

b) T(cv) = cI'(v) for all vectors v € R" and all scalars ¢ € R.

Before looking at specific examples of linear transformations, let’s think geo-
metrically about what they do to R":

Wel, g R o least.
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Another way of thinking about this: linear transformations are exactly the
functions that preserve linear combinations:

Tew ez +e) = ¢ TR) » &T@) + 1 e T@)

n
for al| CiyCayy 0. (R and V,Ve, o € K :
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Example. Which of the following functions are linear transformations?

O Gien A*Mpp, te Foncton T R'=R”
0’&{:;0&‘" 177 T(v) ;AT/;/—QS 4 C,olumn \/&C’hﬂ’)

Yheaem Aeom  Jast  week /
@ T(+rw)= A(mw)} AT+ A% = T(7) + T(@)

B Te)- AR - A7 = T /
T s a linear +rans1rormcr+im-

@ T:R-R, defined by Tloy)=(xy,xry).
(q) T(\'?*W) T(\/ (v, v,) +(w w» T(v W, Vs rW,,)
_ ((v ) = (v 4—w..3 (v.rw,) -l-(v +w)> |
T@) +T@) = (v,-v, V«v) + (W, - va W““"/z)\‘rh& Fame:
Qﬂ)(;%%@@ommw»
b eV )= Tlev . cv cv c\/7_7C\/|4~c:v2
;o(v -V, v*v}— CT(\/ v) ‘/

T s =] (in@ar' '{ﬁ"qnsfo\’maﬂl‘lon

@ T:R - /R: defined E}/ T(x,y>’<3>@+>/72x@>.
et 7200 and  F=(2,3).  Then
Tle+a) = T(34) = (3@) +4, 2(3)-4) =(31,2), « bot
T@)+T@) = T, +T(23) = (%7—2) +(1,0) = (Iﬂ;zx
not the same!
P NOT o linear  transformation.
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Recall that every vector v = (v, vs,...,v,) € R" can be written in the form

2_ = - —
\7— V,&T + V,E, +.-+ V.,,ey, . (@ 7 )O) I)O) )O>>
't.\)_ﬂq en (‘)l

By using the fact that linear transformations preserve linear combinations, we see
that

T@) = T +we +-rwd) = vTE) ruTE) + -+ wTE).

But this is exactly what we said before: if v € R? extends a distance of v; in the
direction of e; and a distance of vy in the direction of ey, then T'(v) extends the
same amounts in the directions of T'(e;) and T'(es), respectively.

This also tells us one of the most important facts to know about linear trans-
formations:

E\/e\fy linear "’l’qns”:ar’ yatien T Is mpl Z)”e))/
detecmined é}’ Hhe vectors T(éT ) T@z)
(Th s s very diffecent  from Qemaror’ Func’f /ons
ik you know f@-4 and T (4) =7, ond  an y
other  aumber o points,  we still dont  know -F.>

Example. Suppose T : R? — R? is a linear transformation for which T'(e;)

=(1,1)
and T'(e2) = (—1,1). Compute T'(2,3) and then find a general formula for 7'(vy,

v2)
(2.3)-22 + 32 ) =°
T = T(22 +38) - 2T@) +3T(@) - 26) +3(1) = (1),

In 9enera/|
N } T(v,& +v.C ) v, TE) +\,T(E)
V, (l,l)+ v, (-L1) = (v,—v, Vi +\/,,>.
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One of the earlier examples showed that if A € M,,, is a matrix, then the
function 7' : R™ — R" defined by T'(v) = Av is a linear transformation. Amazingly,
the converse is also true: ewery linear transformation can be written as matrix
multiplication.

Theorem 4.1 — Standard Matrix of a Linear Transformation

A function T : R” — R is a linear transformation if and only if there exists a
matrix [T € M,,, such that

T(v)=[T]v forall veR"

Furthermore, the unique matrix [T] with this property is called the standard
matrix of 7', and it is

[1=[1e) ! T@)! - 1&)]

Proof. We already proved the “if” direction, so we just need to prove the “only
if” direction. That is, we want to prove that if 7" is a linear transformation, then
T(v) = [T]v, where the matrix [T] is as defined in the theorem.

el [T]v = [T@) ! T@)! | @) “

V,T(Ef> +\LLT(E_: 4t V,.T(é'n) <é|ocl< eriificin mVH.)
:T(\/.é?‘t—\/,,z: 4’"'4*\/,,,6—:> (T i< 4 ’in. ’f‘mns.)
“T@) /

We also need  to  show  fhet ZT] 5 unigue.

To ‘Hﬁs end, Sippese Ae//tm)n is  such ‘H’)Jf
T@)=Av for ol VR Lt 14)¢n  and  notice
that Aéj is fhe \)“‘}h column o A) which

must eq/Ual T(éj‘) That is, A=LT]. n
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Example. Find the standard matrix of the following linear transformations:

TRK,  defined by T 2-g )

&) =T =)  ad  TE)2To0=(-,1,
)=yt - | 3
lebs check: [M7- |} 1)< [

TR =R defined b, Tley)=(er2y, 3550, 70)

T@)=T00=(b3m)  and  TE)=(2,7,0)

[1]=[7@) 1@)] |3 % e samel

1 j— y XrZy
LePs  check® [T[7=]3 4M=[3>,;,;’WJ.

A Catalog of Linear Transformations

To get more comfortable with the relationship between linear transformations and
matrices, let’s find the standard matrices of a few linear transformations that come
up fairly frequently.
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Example. The zero and identity transformations.

Zeso +rqn5‘ﬁfma+/'on . O(V) = 6 'Fo(‘ or“ V e"R"’
[OJ = O (zero mu’frix)

Lootity Aransficmation: IOV £ of 7R
II]ZI‘F?'??] (identih

i 1)
oo | matt]

Example. Diagonal transformations/matrices.

D:,Rﬂ.__;[Rﬂ) Ae;(:iﬂﬂo( 67 D(V Va, - 7\/> (CV,7 C\. )

‘For Some ‘Fixeo( C, C, - y Coy e
C,O g
_|9G " ,
ﬂwn [D:(’ S } whiclf) IS ollotﬁondl.
00 C,|’ |
AN
) A
D >
D <.
Example. Projection onto the z-axis.
We worl 4o find o metrix / v=(v,v%)

P s et PLi=[].

0 N
P= Ll) o] Works.\, FV=(V§°§
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Example. Projection onto a line, P, : R” — R".

U s a @iv&n) onit vector SF&CI"F)H@ ‘H'x?,
line. Hhat B Pro\') ects  onto.

Pa(\?) (oofn’('S v the same \

: : =
direction as ®, so.. / oxs Fz (@)
X

[Pe@] = [l cos(®)  (om s Hriungle)

(R ,
ol Gar) < -2, =
P.()= [P = (@-2) % = 2(@) = (@a")v.

Lo [P]E AT (ot dimes Lo = nen mateic)

Example. Find the standard matrix of the linear transformation that projects R?
onto the line in the direction of the vector... 7= (2.) | - z_)_

Fir‘s‘l') normq({za - “‘7‘7(( = (214' I"+ (—2)7' - ﬁ = 3) So
'lz = V\//"ﬁ" = (Z)|7’2)/3 :
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Example. Rotation counter-clockwise around the origin by 90° (7/2 radians).

We koow  that R% (V‘ ;VD 1S orJr’onml, 1
(), so s o mltite  F ().

)
Sivce ” R/ (7 ” " Vl we see ’f)%
0!+ R (\/‘7\/> ( _i‘\\ 3/@‘)\@
2\
T = x
\/\[& an’l' +o ‘Fnol [R1 so

thaf [R ][V] [l] [R%] 2 [(n) ;] works!

Example. Rotation R : R? — R? counter-clockwise around the origin by an angle
of 6.

We skip the proof o lwarity and jusT
ComFu‘('ﬂ/ [RJ [Ra(e R(,’)]

)
siﬂ(e>Aé-:
R (&)= (-sin(d),5(0)\, *
1 - 005(93 Re(@:) = (Cos(e)>sin(e>>
r‘: sin(9>
os® 7 )

N | 56/ cos(0) *Sf”(a)
LR RE) - [ )
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Example. What vector is obtained if we rotate v = (1, 3) by 7/4 radians counter-

clockwise?

R%(,3) = [R*]]3]
fcos(%) -sin (%W']

sin(%)  ces(%) J|3

)
KM(V) =z 77 | \7"(\,3)

)

L

:’(Z j{ﬁ] ] , I : : — X
v %J1°

- |- -

1B =7 - (D)= &
Y 212 C°5<”t)” z

Composing Linear Transformations

If7T:R" — R"™and S :R"™ — RP are linear transformations, then we can consider

the function defined by first applying 7" to a vector, and then applying S. This
function is called the composition of 7" and S, and is denoted by SoT.

Rf’

n

R
v T T@) s S(T@) = (s°T)(?)
° m ° /_\ °®
ST 7

Formally, the composition S o T is defined by (S o T')(v) = S(T'(v)) for all
vectors v € R™. Tt turns out that S o T is a linear transformation whenever S and

T are linear transformations themselves, as shown by the next theorem.
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Theorem 4.2 — Composition of Linear Transformations

Suppose T : R” — R™ and S : R™ — RP? are linear transformations with
standard matrices [T] € M,,, and [S] € M, respectively. Then SoT :
R™ — RP? is a linear transformation, and its standard matrix is [SoT| = [S][T].

Proof. Let v € R" and compute (S o T)(v):

(5:7)(@) = (@) - S[W) - [=1L7)7 - (@[ﬂ}v .

S"T )S d (l")&q\‘ *"qﬂS’For’mc(‘{'im W]‘H’]
s’i'an c(on’o( matrix [5"7—] = [s])7]. n

The previous theorem shows us that matrix multiplication tells us how the
composition of linear transformations behaves. In fact, this is exactly why matrix
multiplication is defined the way it is.

Example. What vector is obtained if we rotate v = (4,2) 45° counter-clockwise
around the origin and then project it onto the line y = 227

Need [R%] and  |Fgl, whece T is o unif

vector  on the  line ¥ 7 Ax.
g(, Cos (y -sin(%) _ L] -
] Lm (%) cos(m} IRE [ ! ']
T ’Fm /lX P:" W %(
WI s r2 = S/ So U= (‘) 2) , So

S/l’s_
[P] = T = é[D(ssD D Jigi!
Then [%’R&] [r][R) = 55 E :-I

(Prr"R%) (4,2) = S/IéZ

o~ N
N
)
N ¢
L—
Y
0"\ _
2
IN —
co —+
—
il
~
AR
/
S
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Example. Find the standard matrix of the linear transformation 7" that projects
R? onto the line y = (4/3)z and then stretches it in the x-direction by a factor of
2 and in the y-direction by a factor of 3.

Need [P a] where T s a unt  veclor on
he  he  y=%5% Set @-(H4)  and
norma(nz@ //"7”5 \[§+Lf = ﬁ %5) so LT; 5(3)4)_

[1] - [6-Pa] =[03]Ps] - %[5 3] 2 i&]- 25[

Example. Derive the angle-sum formulas for sin and cos.

R°+q+5 no by an ano I e ‘F 6 ano{ ‘H’ém (/

IS 1ll1& sameée. as \’o"'a‘)‘m Ly an ans / o
& B+ so R'T=RCK
[Rew] g [Re ° qu - [Re][R‘rJ Compare evilvies (

oy [ooslot) - SM(M}
vel, [€1]| oy o) cnd
_ [cos(®) ~sin(6) [ J<os (9) -sin (‘()]
[Ke] IRq " | sin(®)  cos( 9)] L""( ) cos(p)
[cos (@)cos(¢) - sin(e)sin (((> —Ces (9)5 |'n(t() - Sin (93 cas(@ }
El ) cos(q)) t co5(0) sin( ¢) -sin(©) sin({ﬂ) rcos(e) cos(lp) :

I\




