
Linear Algebra – Week 4

Linear Transformations

This week we will learn about:

• Understanding linear transformations geometrically,

• The standard matrix of a linear transformation, and

• Composition of linear transformations.

Extra reading and watching:

• Section 1.4 in the textbook

• Lecture videos 13, 14, 15, and 16 on YouTube

• Linear map at Wikipedia

Extra textbook problems:

? 1.4.1, 1.4.4, 1.4.5(a,b,e,f)

? ? 1.4.2, 1.4.3, 1.4.6, 1.4.7(a,b), 1.4.8, 1.4.14–1.4.16

? ? ? 1.4.18, 1.4.22, 1.4.23

A 1.4.19, 1.4.20
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https://www.youtube.com/watch?v=HZCFVf5YH7g&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=13
https://www.youtube.com/watch?v=V8Ph36zHsLM&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=14
https://www.youtube.com/watch?v=hI5k4h8d0HI&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=15
https://www.youtube.com/watch?v=7Dw0jhDoF18&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=16
https://en.wikipedia.org/wiki/Linear_map
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Linear Transformations
The final main ingredient of linear algebra, after vectors and matrices, are linear
transformations: functions that act on vectors and that do not “mess up” vector
addition and scalar multiplication:

Definition 4.1 — Linear Transformations
A linear transformation is a function T : Rn → Rm that satisfies the follow-
ing two properties:

a) T (v + w) = T (v) + T (w) for all vectors v,w ∈ Rn, and

b) T (cv) = cT (v) for all vectors v ∈ Rn and all scalars c ∈ R.

Before looking at specific examples of linear transformations, let’s think geo-
metrically about what they do to Rn:

Another way of thinking about this: linear transformations are exactly the
functions that preserve linear combinations:
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Example. Which of the following functions are linear transformations?
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Recall that every vector v = (v1, v2, . . . , vn) ∈ Rn can be written in the form

By using the fact that linear transformations preserve linear combinations, we see
that

But this is exactly what we said before: if v ∈ R2 extends a distance of v1 in the
direction of e1 and a distance of v2 in the direction of e2, then T (v) extends the
same amounts in the directions of T (e1) and T (e2), respectively.

This also tells us one of the most important facts to know about linear trans-
formations:

Example. Suppose T : R2 → R2 is a linear transformation for which T (e1) = (1, 1)
and T (e2) = (−1, 1). Compute T (2, 3) and then find a general formula for T (v1, v2)
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One of the earlier examples showed that if A ∈ Mm,n is a matrix, then the
function T : Rm → Rn defined by T (v) = Av is a linear transformation. Amazingly,
the converse is also true: every linear transformation can be written as matrix
multiplication.

Theorem 4.1 — Standard Matrix of a Linear Transformation
A function T : Rn → Rm is a linear transformation if and only if there exists a
matrix [T ] ∈Mm,n such that

T (v) = [T ]v for all v ∈ Rn.

Furthermore, the unique matrix [T ] with this property is called the standard
matrix of T , and it is

Proof. We already proved the “if” direction, so we just need to prove the “only
if” direction. That is, we want to prove that if T is a linear transformation, then
T (v) = [T ]v, where the matrix [T ] is as defined in the theorem.

�
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Example. Find the standard matrix of the following linear transformations:

A Catalog of Linear Transformations
To get more comfortable with the relationship between linear transformations and
matrices, let’s find the standard matrices of a few linear transformations that come
up fairly frequently.
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Example. The zero and identity transformations.

Example. Diagonal transformations/matrices.

Example. Projection onto the x-axis.
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Example. Projection onto a line, Pu : Rn → Rn.

Example. Find the standard matrix of the linear transformation that projects R3

onto the line in the direction of the vector...
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Example. Rotation counter-clockwise around the origin by 90◦ (π/2 radians).

Example. Rotation Rθ : R2 → R2 counter-clockwise around the origin by an angle
of θ.
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Example. What vector is obtained if we rotate v = (1, 3) by π/4 radians counter-
clockwise?

Composing Linear Transformations
If T : Rn → Rm and S : Rm → Rp are linear transformations, then we can consider
the function defined by first applying T to a vector, and then applying S. This
function is called the composition of T and S, and is denoted by S ◦ T .

Formally, the composition S ◦ T is defined by (S ◦ T )(v) = S(T (v)) for all
vectors v ∈ Rn. It turns out that S ◦ T is a linear transformation whenever S and
T are linear transformations themselves, as shown by the next theorem.
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Theorem 4.2 — Composition of Linear Transformations
Suppose T : Rn → Rm and S : Rm → Rp are linear transformations with
standard matrices [T ] ∈ Mm,n and [S] ∈ Mp,m, respectively. Then S ◦ T :
Rn → Rp is a linear transformation, and its standard matrix is [S ◦T ] = [S][T ].

Proof. Let v ∈ Rn and compute (S ◦ T )(v):

�

The previous theorem shows us that matrix multiplication tells us how the
composition of linear transformations behaves. In fact, this is exactly why matrix
multiplication is defined the way it is.

Example. What vector is obtained if we rotate v = (4, 2) 45◦ counter-clockwise
around the origin and then project it onto the line y = 2x?
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Example. Find the standard matrix of the linear transformation T that projects
R2 onto the line y = (4/3)x and then stretches it in the x-direction by a factor of
2 and in the y-direction by a factor of 3.

Example. Derive the angle-sum formulas for sin and cos.


