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SUBSPACES, SPANS, AND
LINEAR INDEPENDENCE

This week we will learn about:

« Subspaces,
« The span of a set of vectors, and

« Linear (in)dependence.

Extra reading and watching:
 Section 2.3 in the textbook
« Lecture videos 26, 27, 28, and 29 on YouTube
 Linear subspace at Wikipedia

« Linear independence at Wikipedia

Extra textbook problems:
* 2.3.1,2.3.2, 234
**x 2.3.3,2.3.5, 2.3.6, 2.3.9-2.3.11, 2.3.18, 2.3.19
**x 2.3.12,2.3.14, 2.3.16, 2.3.22
B 2327


https://www.youtube.com/watch?v=qPjh6SF_zPA&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=26
https://www.youtube.com/watch?v=vbJ3BmA_X3I&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=27
https://www.youtube.com/watch?v=Jke7UVzR8zQ&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=28
https://www.youtube.com/watch?v=ru3HKhdLcT4&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=29
https://en.wikipedia.org/wiki/Linear_subspace
https://en.wikipedia.org/wiki/Linear_independence
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Subspaces

Recall that linear systems can be interpreted geometrically as asking for the point(s)
of intersection of a collection of lines or planes (depending on the number of vari-
ables involved). The following definition introduces “subspaces”, which can be
thought of as any-dimensional analogues of lines and planes.

Definition 7.1 — Subspaces

A subspace of R” is a non-empty set S of vectors in R" such that:
a) If vand w are in S then v+ wisin S.

b) If visin S and ¢ is a scalar, then c¢v is in S.

Properties (a) and (b) above together are equivalent to requiring that S is closed
under linear combinations:

i+ 7,71)...)\7,265 andl a(,cz,.._7cké,R then

- =2 &
CVi + C W+ + OV

Example. Is the set of vectors (z,y) satisfying y = 2? a subspace of R??

Need  both Ioro[oe\/,‘ 165 (d) and (13} o hold:
@ (@Nes (2=4)
BaesS (Z=9)
Bot (@) :(3,0)=(519t5  (57+12)
S s NOT 4 sués’oqae/,
Example. Is the set of vectors (x,y, z) satisfying = 3y and z = —2y a subspace
of R3?

Eﬁ,()i vd len'H P §6+ S of Vu+,r5 of ‘H”l’/ 'ﬁrm
o= (Byyy,29) = y(351,72)
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(o) IF 72)/(5 2) and = V2(3,1,-2)  then
V4V = 7(3:71) -2) 4—72(3 L l> (y +>/>( l>'7->,
which is in S.

& If 7= (3 -2) omc( L . /

N = c:y(3 > which is  in
. Ves! s  q sués,aaca.

Example. Is the set of vectors (z,vy, z) satisfying x = 3y + 1 and z = —2y a sub-
space of R3?

Equivaledtly,  set S of  vectors of the  form
(y,2)= g37+1,\/ “2y) = y(3,1,-2) + (1,0,

B (99°S, bt 0600)-(09¢S

S0 S e NoT g suASfacg.

In R3, lines and planes through the origin are subspaces (this is hopefully not
difficult to see for lines, and it can be seen for planes by using the parallelogram

law):
T
<l 0 S
S

In R
. Also Flom&: ‘H’)t’oté’)
SULS’D"C@»S: %6§7 [Imes ‘H\fou?h or"laiw) HZ 'HV, ov"|9'll’)
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Even though we can’t visualize subspaces in higher dimensions, you should keep
the line/plane intuition in mind: a subspace of R" looks like a copy of R (for some
m < n) going through the origin.

Subspaces Associated with Matrices

Let’s now look at some other natural examples of subspaces that appear frequently
when working with matrices.

Definition 7.2 — Matrix Subspaces
Let A € M,,,, be an m x n matrix.

a) The range of A is the subspace of R™, denoted by range(A), that consists
of all vectors of the form Ax.

b) The null space of A is the subspace of R", denoted by null(A), that
consists of all solutions x of the linear system Ax = 0.

Some remarks about these matrix subspaces are in order:

o null(A) is a subspace. Why?

@: If vucnl(®d) then Av=0 ond AW=5>
o  AWD=Av +Aw=0+0-0 +o
That is, V4w e null(A).

(b}: TF Venu“(f\y ond ceﬂz ’H')M AV‘Q
% A?)=cAv=c0=0. Tht is, c7enml(h)

mu“(l\) is 4 subs‘octc& & R

o range(A) is a subspace. Why?

(@ TF 7>\776rom9e(/\> then  thee  exisT
Ry  such fhat VEAX ad  T-AT.
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Then V+W :A?UA? = A(?Z’r%; Se VW e \/01096(10.\/
(6)‘ I+ v e\’ange(/\> and GEF then ’H)&’g

exists X such  that  V=A2  Then

cV = C(A?> = A(c?), so cvé© romgc(/\)

e The term “range” is being used here in the exact same sense as in previous
courses.

range(F) = 5500 x eRE~—set o possible  autouts
\’clnge(Aﬁ %A)Z ”enzg/f ‘Hv& ‘FUnC"'lon

Example. Describe the range and null space of the 2 x 3 matrix A = [3 I —’-f]

. . 6 2 =81/
&9@,’ Finc‘ q” geR SUC"" ‘H)Ol‘)’
Az ‘g has 9 SOI U'hon.

[3 ! —4)&,} 2orR |3 1 4|4
b2 -8|bJ]——= |00 o0 L;Qb,]
nodt expal O

- fan a(/\) %ﬁeﬁz.b 26%
(b,26) % b, eRG =54 (1,2) ¢ eeﬂii

Nyl 5!oofcjé Finc‘ al '{Zéﬂzb SUXCi’)X j‘hof" Az =0
31 410 g.2R GO
[52~8OJ;\'>[00 O’O}

X letdling, 7<1 omo( x, ree
. m)“ A> %x . ><=}5><Z r g% i

%(3&*&*& ><2,><> Xz, X éﬂ%
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The Span of a Set of Vectors

One way to turn a set that is mot a subspace into a subspace is to add linear
combinations to it. For example, the set containing only the vector (2,1) is not a
subspace of R? because

202,07 (1,2) s nt in the sef

To fix this problem, we could

ot (D) e the  set,  gefting (20, (4,2%

Bt s stl nef o sibsemce  since
30,0)=(63)  is wt it

OK, lers puf gu scalqr Q) H‘i/a/&s & & )
T H*b 5&’}> 9&#’[(1_9 EC@)'): c é(Rg) which
1s aq s Ués,oqc& o‘F /Rz .I

In general, if our starting set contains more than just one vector, we might
also have to add general linear combinations of those vectors (not just their scalar
multiples) in order to create a subspace. This idea of enlarging a set so as to create
a subspace is an important one that we now give a name and explore.

Definition 7.3 — Span

If B = {vy,vy,...,Vvi} is a set of vectors in R", then the set of all linear
combinations of those vectors is called their span, and is denoted by span(B)
or span(vy, Vo, ..., V).

For example, span((Q, 1)) is the line through the origin and the point (2,1), as
we discussed earlier.
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Example. Show that span(ey, es, e3) = R3.

> - _ -3 —
IF ?ZQ,R then X~ x,e’. *Kzez+><38’;> sa
X € SFqn(é-7|7Z9_> E;) /

The natural generalization of this fact holds in all dimensions:
n
- =2 =\ —
Sfaqn(e”ez) .-.,e,) {R .
Example. What is span((l, 0,3),(—1,1, —3)) — a line, a plane, or something else?

Ecl/ui\rqbn"' : which  vectors (><,y)Z> Cain be  wriffen
in the  form (x7y>z> = C,G,O,@ t cz(”, |,‘3>?

XZ 676G =) x -1 x
v © C, X710 1|y |R2R [0 1|y
2 =3¢ 3, 3 -2z 0 O|z—3x
must equa] O

quy)((l)OJ3))(”l>|)'3>> s the _E’q/ng z~2x=0.

We motivated the span of a set of vectors as a way of turning that set into a
subspace. We now state (but for the sake of time, do not prove) a theorem that
says the span of a set of vectors is indeed always a subspace, as we would hope.

Theorem 7.1 — Spans are Subspaces
Suppose Vi,Vs,...,vi € R". Then span(vy, vs,...,vy) is a subspace of R".

In fact, you can think of the span of a set of vectors as the smallest subspace
containing those vectors.
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The range of a matrix can be expressed very conveniently as the span of a set
of vectors in a way that requires no calculation whatsoever:

Theorem 7.2 — Range Equals the Span of Columns

If A e M,,, has columns a;,ay,...,a, then range(A) = span(aj, as, ..., a,).

This theorem follows immediately from

Thaorem 36 A?( = X\af + ><151 4+ - +><,,ZT,, is d hneqr-
Com;/;in q‘,’ion o'f: ’H’I& ()o’Ut’m’lS OF A

For example, if we return to the 2 x 3 matrix from earlier, we see that its range is...

ran e,(/\>’s{oqn§(3)é> (172))<‘Lf)-8>§ A=]3 1 :'—f
’ :Sf:qn%(lﬂ){. L ? 8]

We close this section by introducing a connection between the range of a matrix
and invertible matrices.

Theorem 7.3 — Spanning Sets and Invertible Matrices

Let A € M,,. The following are equivalent:
a) A is invertible.
b) range(A) = R".
c) The columns of A span R".
d) The rows of A span R”.

Proof. The fact that properties (a) and (c) are equivalent follows from combining...

Theo(evw b2 A s nvertibe < Az = b has  a
So’()’Hon ’Foc- q” Z € (Rn? omJ
T)ﬁearam 360 AR e in. comb. £ As  colum ns.
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The equivalence of properties (c¢) and (d) follows from the fact that

A s invecTible i and onl}l o AT s
invertible (Theerem  6.2)

Finally, the equivalence of properties (b) and (c¢) follows immediately from

Thearem 7.2: the range o o matrix S
Jrha Span o‘F its columns. L

The geometric interpretation of the equivalence of properties (a) and (b) in the
above theorem is

d matrix IS vertible i f .
dnc‘ on|y EF i+ o[oes na'f \ N -AT

((sqyish” space (quf’ (csq/uishivg” " .
can no‘{’ be (mcl om&!) \

Linear Dependence and Independence

Recall from earlier that a row echelon form of a matrix can have entire rows of
zeros at the end of it. For example, the reduced row echelon form of

[1—12]is|_,z
-1 1|2 o o | ol

This happens when there is some linear combination of the rows of the matrix
that equals the zero row, and we interpret this roughly as saying that one row the
rows of the matrix (i.e., one of the equations in the associated linear system) does
not “contribute anything new.” In the example above,

-—

-x+ Y=

X=-y= 2 this %Ua‘,';on IS reoluwoluvﬂl' -
- / H' Fo”ows ‘F\’am ’H’)e ’ﬁYS'f'
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The following definition captures this idea that a redundancy among vectors
or linear equations can be identified by whether or not some linear combination of
them equals zero.

Definition 7.4 — Linear Dependence and Independence

A set of vectors B = {vy,vy,...,vi} is linearly dependent if there exist
scalars cq,co,...,ci € R, at least one of which is not zero, such that

c1vi +cavo + -+ v = 0.

If a set of vectors is not linearly dependent, it is called linearly independent.

For example, the set of vectors {(2,3),(1,0), (0,1)} is linearly...

c[efenden"'? because (2,5> -2(1,0) -3/, D = (0;0>.

On the other hand, the set of vectors {(1,0,0), (0,1,0),(0,0,1)} is linearly...

independedt, smce, c,(1,0,0) « c.(0,1,0) + ¢,(0,0,1) = (0,0,0)
( ,Ca)C ) (O 0 O>
= ¢, =c,=c,= 0.

In general, to check whether or not a set of vectors {vy,vo,...,vi} is linearly
independent, you should set

cV, + CV, + o= +CK_\7’K=5 Unique. solvbien == lin. imclgf;
o0 thany SolU]Lions = lin. defa

and then try to solve for the scalars ci, ¢, ..., c;. If they must all equal 0, then the
set is linearly independent, and otherwise it is linearly dependent.

Example. Are these vectors linearly independent?

%(U)'); (')27337(%2)(%
60{\/6: C((l)l)D rC, (|) Z,3> + C3(5)2) 0 = (o, O)O>,
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c,+ C +3¢, = O
C +A ¥Ae, = O
C + 3¢, + 0320

I I 2|0 R,-R, I 1 2|0 I 1 2|0

I 2 2 |0 R.-R, o | -l|lo| K2R | | -l | o

'3 1ol 2 "vloz-2lol |00 0o
Tbe«e are in’FinH’P/, Mdny So{llhons) so

%(U,I);(7)2,3),<3>Z)l>§ 2 [meor(ly clafenclfm‘i'

We saw in the previous example that we can check linear (in)dependence of a
set of vectors by placing those vectors as columns in a matrix and augmenting with

a 0 right-hand side. This is true in general:

Theorem 7.4 — Checking Linear Dependence

Let vi,vg,...,v, € R™ be vectors and let A be the m X n matrix with these
vectors as its columns. The following are equivalent:

a) {vi,va,...,v,} is a linearly dependent set.

b) The linear system Ax = 0 has a non-zero solution.

Some notes about linear (in)dependence are in order:

o A set of vectors is linearly dependent if and only if at least one of the vectors
can be written as a linear combination of the others.

C, \/ +C27 X 4~CLK d with Some- C\j hon—2zera
- G 7

&> = 5 [ .
\fj CJ_J‘ z V. Wno v, term

o Every set of vectors containing the zero vector is linearly...
clef@nc(w’)'l Fa/ axqu‘e,) 2 7|7 q iS })'n.
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o Geometrically, linear dependence means that...

VT, v, - vy, a" live N qQ Common SUAS/oace,
with dimension qu“er ‘H’\om k.
Fo(' exq mp (6) :2 V€C+ofs o o IIV) e)

Vec"'ors oh o p/om&, e)‘c.

o For a set of just 2 vectors, linear dependence means that...

‘H)e,y are SOq( ay %24) UH’iP ’es o-F edcl’) o‘H"Q’ .

Example. Is this set linearly independent?

2(1,2,37‘/07(—3)'67-9,4233: linearly dependent

j (l>273>‘+>) (_57 1,2, 7%: ,ineqr’y mole)oenclen"‘

We close this section by introducing a connection between linear independence
and invertible matrices, which we unfortunately have to state without proof due to
time constraints.

Theorem 7.5 — Independence and Invertible Matrices
Let A € M,,. The following are equivalent:

a) A is invertible.
b) The columns of A form a linearly independent set.

c) The rows of A form a linearly independent set.



