messsssss ||INEAR ALGEBRA — WEEK 9 s

DETERMINANTS

This week we will learn about:

« Determinants of matrices, and

« That’s it. Determinants, determinants, determinants.

Extra reading and watching:
« Section 3.2 in the textbook
+ Lecture videos 34, 35, and 36 on YouTube

« Determinant at Wikipedia

Extra textbook problems:
* 3.2.1,3.2.3,3.24, 3.29
*x 3.2.5-3.2.8, 3.2.10, 3.2.12, 3.2.17
* %% 3.2.14, 3.2.16, 3.2.18
B 32193221


https://www.youtube.com/watch?v=1Jkzf54lyXQ&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=34
https://www.youtube.com/watch?v=MU7vS4ixDLA&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=35
https://www.youtube.com/watch?v=wbu3deAxuEA&list=PLOAf1ViVP13jmawPabxnAa00YFIetVqbd&index=36
http://en.wikipedia.org/wiki/Determinant
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We now introduce one of the most important properties of a matrix: its deter-
minant, which roughly is a measure of how “large” the matrix is. More specifically,
recall that...
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The determinant of A, which we denote by det(A), is the area (or volume) of
this image of the unit hypercube. In other words, it measures how much A expands
space when acting as a linear transformation.
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Let’s now start looking at some of the properties of determinants, so that we can
(eventually!) learn how to compute it.

def(A) =

Definition and Basic Properties

Before we even properly define the determinant, let’s think about some properties
that it should have. The first important property is that, since the identity matrix
does not stretch or shrink R" at all...

det(1)=1.
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Next, since every A € M,, expands space by a factor of det(A), and similarly
each B € M,, expands space by a factor of det(B)...

AB 5+1” &'h}l’leé 9F4 Ce. lay a ’F o c’f'or o‘F
JJ(A)M(B) 5o det(AB)= det(A)det(®).
/’\u | ﬂohcmL rery o‘F the JJ erminant.”

We will also need one more property of determinants, which is a bit more
difficult to see. What happens to det(A) if we multiply one of the columns of A by

a scalar ¢ € R?

) ,

A
i R=[7 z] il o
det(B) =% det () %
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Similarly, if we add a vector to one of the columns of a matrix, then...
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Thes  def([@[9]) +det ([@]]) = det ([ 9+)).
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In other words, the determinant is linear in the columns of a matrix (sometimes
called multilinearity). We now define the determinant to be the function that
satisfies this multilinearity property, as well as the other two properties that we
demonstrated earlier:

Definition 9.1 — Determinant

The determinant is the (unique!) function det : M,, — R that satisfies the
following three properties:

a) det(/) =1,
b) det(AB) = det(A) det(B) for all A, B € M, and

c) for all ¢ € R and all v,w,a;,as,...,a, € R", it is the case that
det ([a | -+ [v4+cew | -+ [ a,])
:det([al\ e v \an])-l—c-det([al\ e lw | e \an]).
: . 2 0
Example. Compute the determinant of the matrix A = 0 3] :

3 U S+ /se ‘H’)é ,or‘qo&\"/' es cléa\/& :

Aarqi §D ;‘T ;ou([i ;D

FroF exs "7 (03 (C)

Let’s start looking at some of the basic properties of the determinant. First, if
A € M, is invertible then properties (a) and (b) tell us that

det(A'A) = det(A")det(A) (preperty (&)
def (AV\) = o(6+(13 =1 (Proloef“y (o«))
Ae,*(/\'lﬂﬁ(/\} = 1> so def(W)F0 and olej'(/\'> = i/olej'(/\).
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This makes sense geometrically, since if A expands space by a factor of det(A)
then

ZA\_' mUSJr Shm’n'( space J;y qu,*/' Same. ’f’;(c”"a’.
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On the other hand, if A is not invertible, then

i< radnge  is le<s H’Iq'n n-dimensional;
ot leasT  one dimension 'S (<5<7/uusl’)f,o’ O!\A/ny»:
) )
a»gt ) /A\ A2, x
. 5

We summarize our observations about the determinant of invertible and non-
invertible matrices in the following theorem:

Theorem 9.1 — Determinants and Invertibility

Suppose A € M,,. Then A is invertible if and only if det(A) # 0, and if it is
invertible then det(A™1) = 1/det(A).
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There are also a few other basic properties of determinants that are useful to
know, so we state them here (but for time reasons we do not explicitly prove them):

Theorem 9.2 — Other Properties of the Determinant

Suppose A € M,, and ¢ € R. Then
e— . —— shefches e ou’hct/’f” by o
det(cA) = ¢ det(A), and 4
a) det(cA) = ¢ det(4), an kedkr of c  in each o
b) det(A") = det(A). n  dicections

Example. Suppose A, B € M3 are matrices with det(A) = 2 and det(B) = 5.
Compute...

det (K BA") = def (A)det(R) deh(®) det(A) ‘(memy ®)
T Ax)=5 x (naﬂf\» (qum. ﬂ.l)
= QO/Q =10

A&+(9~AT B> B 23 c[e+(AT E>> ?ﬂ')m Q‘Q(q»
= 8det(A) det(B) propecty | D)
=§~a<5 =80 (Then. 9.26)

Computation

In order to come up with a general method of computing the determinant, we start
by computing it on elementary matrices.

The elementary matrix corresponding to the row operation cR; has the form

(o4
AN

. E !
CR\') = 2 Fid TS Ed] E2
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This matrix has determinant equal to...

—

det

‘ .

= cdet

f
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pro pe:%l (C)
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The elementary matrix corresponding to the row operation R; + cR; has the

form

This matrix has determinant equal to...

def

©
J
= dof

“1syc0O =1
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l .

&Thm 9.1

']

+ Cdef
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The elementary matrix corresponding to the row operation R; <+ R; has the

form
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This matrix has determinant e(qslal to... I
| c | ] I,

def || i =4JJ 610, || + det

L

co His pust — || e ||+ dd L)
g%uq| -1. L ! - !

Wait, so the determinant of a matrix can be mnegative? But it measures
area/volume!

No) it meadsures ggﬂg,g{_ orre,q/\/olum&.

Arlogevs  + I

Nef|Cool s o

olefina'f, /'/;\\/ﬁx S\C(’MX: -
~/ b

imLaa(cl’S:

Since multiplication on the left by an elementary matrix corresponds to per-
forming a row operation, we can rephrase our above calculations as the following

theorem:

Theorem 9.3 — Computing Determinants via Row Operations

Suppose A, B € M,,. If B is obtained from A via a single row operation, then
their determinants are related as follows:

cR;: det(B) = ¢ - det(A),
R, + cR;: det(B) = det(A), and
R; < Rj: det(B) = —det(A).
The above theorem gives us everything we need to know to be able to compute
determinants in general — row reduce A to I, keeping track of the row operations

that we performed along the way, and use the fact that det(I) = 1. If we cannot
row reduce to I, then A is not invertible, so det(A) = 0.
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111
Example. Compute the determinant of A = |1 2 4].
139
7m0 {1117
2 4] R-R_ o ' | R 2R | 1 3
(13 9 O 2 8 00 2)
‘K I l | K|'R3 rl [ O K K [ O O—’
zh> @) G Rz'3R} @) ) 17 e @) I O |»
e
00 | oo !]J— “|loo !

The on’y row o/o&rqﬂLion above H’)u”"
c)'lcmgeJ Hw)/ ol&’l’erminanf was ’%Ra.

det@)=1, so  de(N=H = L

In the previous example, the determinant of the row echelon form ended up
being the product of its diagonal entries. We now state this observation as a
theorem:

Theorem 9.4 — Determinant of a Triangular Matrix

Let A € M,, be a triangular matrix. Then det(A) is the product of its diagonal
entries:
det(A) = 01,1022 " Apn-

Proof. The idea is that a triangular matrix can be row-reduced to I just by oper-
ations of the form R; + c¢R; (which do not affect the determinant) and (1/a11)R;,

oy (L ann)Ry:

ro"" RS | Rn/o'-,. I 1 I | L

O (J:z,z : e Rz(dz;g O '1 . . -ﬂ‘ QJ\A/;‘tI/_:n

@) O ‘- q"’"_ R,,/q,\,n O O ; operct Ion5> I .
| _ ‘ /
/Q‘Jd_‘d d,, d det= 1 det=1

(I—F a.=0 o any \) then A net in\/er‘)'il)/e) u
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By using this fact, we can compute determinants a bit more quickly, by just
row-reducing to row echelon form (instead of reduced row echelon form). This
method is best illustrated with another example.

1 2 30
. 1 1 23
Example. Compute the determinant of A = 0 -1 1 ol
0 -1 30
(1 2 3 0] (1 2 > 0]
£t 1 23| R,-R, |o -+ 13
c -1 1 O —>]o0 -1 )
0 4 3> O 0 -4 >0
(1 2 3> 0] (1 2 3 o]
RsRe | g -1 103 o -1 13
Ry-R Ry-2R .
N leo 0 z -3 7= o 0 z 3
[0 0 4 73 0 0 O 3

\/\/& onl7’ (As&cl Olclcl i‘Hon Fow qoe;roﬂti ons)
which do ot Cl’)qng& the

o‘e’l’ ermmqn"“ .

Since  the )as+ mq’l’\’ix Hxs determinant
10023776 we  kiw  def)="6 ko

Explicit Formulas and Cofactor Expansions

Remarkably, the determinant can be computed via an explicit formula just in terms
of multiplication and addition of the entries of the matrix. Before presenting the
general formula for n X n matrices, let’s start with what it looks like for 2 x 2
matrices.
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Theorem 9.5 — Determinant of 2 x 2 Matrices

The determinant of a 2 X 2 matrix is given by

s ([0 1) it

Proof. We prove this theorem by making use of multilinearity (i.e., defining prop-
erty (c) of the determinant):

der([2 31)-der([3 8]) + der([2 3]),

since  these moﬂLrlceS differ on)y in IeJc‘}‘ column.

Well,
o b , , . .
def ([O d]) = <>1c(7 since this matrix IS Uppec
‘I’(iqnﬁU ld r.
SEmi‘ocrly, /swqf rows
0] b _ c d _
def([2 a]) = —der([5 0]) = - be.
Adding these two quantities together gives the desired formula. |

The above theorem is perhaps best remembered in terms of diagonals of the
matrix — the determinant of a 2 x 2 matrix is the product of its forward diagonal
minus the product of its backward diagonal.

Example. Compute the determinant of A = [:1)) i] :

Method L [‘3 «.z;] ﬂ[cl) _22]  so c(pj*(A); 1-(-9)= -

Mebhod 2: det(A)=ad-be=1-4-2-2=4-(=-2
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The formula for the determinant of a 3 x3 matrix is somewhat more complicated:

Theorem 9.6 — Determinant of 3 x 3 Matrices

The determinant of a 3 X 3 matrix is given by

det (

Proof. Again, we make use of multilinearity (i.e., defining property (c) of the de-

terminant) to write
L ¢ 0b c 0 b c
e ‘F]B’]'CJJ([G( e FD +d§<k e {D,
hoi 0 h i hoi

a b c
e fl|=aei+bfg+ cdh —afh — bdi — ceg.

7

S
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since (%‘%9) - (q)O)C)) +(O;°[> O) T (09073>~

Let’s compute the first of the three determinants on the right by using a similar
trick on its second column:

a b e g b e g O ¢
O[JQO e D = o[d"qo e FD*CJ[JQO 0 FD7 since
o h i o O i o h i

((:)e, lq) = (é)e_)O) ¥ (O,O, 1’?).

Well, these two determinants are

9 £D C
o‘&’"({o e f—]) ;OIai) Since this matrix IS Ugeer
+riqngulorr.

0 O i
a 0 ¢ O ¢
Similquy) olp;\‘Qo o FD = ~AJ<I h .D = —ath.
0 h i o f

The computation of the remaining terms in the determinant is similar. |

o

00 Q
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We can also think of the formula for determinants of 3 x 3 matrices in terms
of diagonals of the matrix — it is the sum of the products of its forward diagonals
minus the sum of the products of its backward diagonals, with the understanding
that the diagonals “loop around” the matrix:

o[t"/’l—(/\\; del * éFg + cdh —afh = bdi ~ceo,

111
1 2 4).

139

Example. Compute the determinant of A =

det(A)= 1:2:9 + 141 + 1-1:3
- 143-119-121
"8 +H4 43 -12-9-2
2 (sam& as ée{: ot’@)

\\

The following theorem tells us how to come up with these formulas in general,
and it is just a direct generalization of the 2 x 2 and 3 x 3 formulas that we already

Saw.

Theorem 9.7 — Cofactor Expansion

Let A € M,,. For each 1 < i,j < n, define ¢;; = (—1)""7 det(4;;), where A, ;
is the matrix obtained by removing the i-th row and j-th column of A. Then
the determinant of A can be computed via

det(A) = aj1¢i1 + ajacio+ -+ ajnci, forall<i<mn, and
det(A) = a1 jc1j+agjca; + -+ apjcy; foralll <j<n.
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That theorem is a mouthful! Several remarks are in order:

o If we use this theorem to compute the determinant of a 2 x 2 or 3 X 3 matrix,

We. 9@1’ he same foemulas  as  Theorems 2.5, %

o The above method of computing the determinant is called a “cofactor expan-
sion,” since the number ¢; ; is called the “(i, j)-cofactor of A.”

o The theorem gives multiple formulas for det(A):

We can “&x,aqnof” q,org oy yow or  ColUmn,

and we will 9a’l' the  same  answer
o' 17 —1 0]
0 -3 13
Example. Compute the determinant of A = o o 1+ ME
-1 3 0 2
Choose  « row/co,umn with lofs o  zeres

+o rake /h"‘@ easier.

N —

OO WM

WO
NQWO

|
|
o

1

31’0[ \’ow: Cl?j- [
I

=0det() ~Odet(-) + Ldet ([ﬁ’.é 31) ~Odet ()
=-8-3+0-18-0-0=-29

2 1 3 -
Ist <.t def(R) ’24&1’({5 5 20])—04—0‘(")0‘61’(['01 k‘ %:D
=) (4+0:0-0-0-9) 4 1(0+0+0-3-0-0)=-24 -3 =-29,
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ot -1 27 1 3]
00" 0 20
Example. Compute the determinant of A = |2 1" 1" -1 0.
-~ + - S ]
I 00 =3 170
2" 17 —1" 0 0]
c - 2z | 8
anj vYOoOW * cleJF -2 1 1 -l O
I o 3 | O
r4 { -l o O
o -1 2 3
_ -2 | | 0 _
=-0+0-0+2det|| ] 0 = 0 0
z + I 0

AO qnc#)&r @Fad"o( @(Pqnsion (LH'% collAWM)
|

= ’34&1'([_5 ; '_'%D*O‘O*O
— ) (3)-(0-4 ¥l - 6 +1-0) =2 (2)-(10) =

In general, computing determinants via cofactor expansions is extremely inef-
ficient. It’s not too bad for 2 x 2, 3 x 3, or maybe 4 x 4 matrices. But for an
n X n matrix A, a cofactor expansion contains n! terms being added up, and each
of those terms is the product of n entries of A. For example,

det =afkp —aflo—agjp+ agln + ahjo — ahkn
— bekp + belo + bgip — bglm — bhio + bhkm
+ cejp — celn — cfip + cflm + chin — chjm

— dejo + dekn + dfio — df km — dgin + dgjm.

S . o
QO T O

d
h
4
p

S < 9

Ugh! So for large matrices, use the Gaussian elminiation method instead. Nonethe-
less, cofactor expansions will be useful for us for theoretical reasons next week.



