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1.1 Exercises 1A

Problem 1A.1. Show that a + 8 = 8+ « for all o, 8 € C.

Solution. Commutativity of addition in C is commutativity in R, one coordinate at a time. Write
a=a+bi and = c+ di with a,b,c,d € R; then by the definition of complex addition in 1.1,

a+p=(a+c)+(b+d)i

=(c+a)+ (d+b)i
=B+,

the middle equality because addition in R is commutative, and the outer two because complex numbers
are equal exactly when their real and imaginary parts agree (1.1).

Problem 1A.2. Show that (a«+ ) + A=a+ (8+ A) for all o, 5,\ € C.

Solution. Associativity of addition in C is associativity in R, one coordinate at a time. Write a = a+bi,
B=c+di, \=e+ fi with a,b,c,d, e, f € R; two applications of the definition of complex addition in
1.1 give
(a+B)+A=((a+c)+e)+ ((b+d)+ f)i

—(a+(c+e)+ (b+(d+f))i

=a+(B+A),
the middle equality because addition in R is associative, and the outer two because complex numbers
are equal exactly when their real and imaginary parts agree (1.1).

Problem 1A.3. Show that (af8)\ = a(BA) for all a, 8, X € C.

Solution. Both products expand to the same four real summands in each coordinate. Write o« = a + bi,
B = c+di, A = e+ fiwith a,b,c,d, e, f € R. Two applications of the definition of complex multiplication
in 1.1, expanded by the real distributive and associative laws, give

(aB)X = ((ac — bd)e — (ad + be) f)

+ ((ac — bd) f + (ad + be)e)i
= (ace — bde — adf — bef) + (acf — bdf + ade + bee)i

and, in the other grouping,

a(BA) = (a(ce — df) — b(cf + de))
+ (a(cf + de) + b(ce — df))i
= (ace — adf — bef — bde) + (acf + ade + bee — bdf )i.

The two real parts are the same four summands in a different order, as are the two imaginary parts,
so they agree by commutativity and associativity of addition in R. Hence (af8)A = a(B\).

Problem 1A.4. Show that A(a + 5) = Aa+ AS for all A\,«, 3 € C.

Solution. Both sides expand to the same four real summands in each coordinate. Write A = e + fi,
a=a+bi, 5 =c+diwith a,b,c,d,e, f € R. By the definitions of complex addition and multiplication



in 1.1, expanded by the real distributive law,

Mo+ 5) = (ela+) - f(b-+)
+ (e(b+d) + fla+c))i
= (ea+ec— fb— fd) + (eb+ed + fa+ fe)i,

while Ao = (ea — fb) + (eb+ fa)i and \3 = (ec — fd) + (ed + fc)i, so
A+ A8 = ((ea — fb) + (ec — fd)) + ((eb + fa) + (ed + fc))i.

Each coordinate is the same sum of four real numbers in a different order, hence equal by commutativity
and associativity of addition in R. Thus A(a + ) = Aa + A\S.

Problem 1A.5. Show that for every a € C, there exists a unique 8 € C such that o + 5 = 0.

Solution. Take = (—a) + (—b)i, where a = a + bi with a,b € R; here 0 means 0 + 0i.
Existence: by the definition of complex addition in 1.1,

a+pB=(a+(—a)+ (b+(=b))i=0+0i=0.

Uniqueness: if § = ¢+ di with ¢,d € R satisfies a + 3 = 0, then (a+¢)+ (b+d)i =0+0i,s0 a+c=0
and b+ d = 0 since complex numbers are equal exactly when their real and imaginary parts agree (1.1).
Uniqueness of additive inverses in R then forces ¢ = —a and d = —b, the 3 exhibited above.

Problem 1A.6. Show that for every o € C with a # 0, there exists a unique 8 € C such that
af = 1.

Solution. Take
a —-b

P=ayptare®
where o = a + bi with a,b € R; here 1 means 1 + 0i. Since a # 0, at least one of a,b is nonzero, so
a® 4+ b? > 0 and the two coefficients are real numbers.
Existence: by the definition of complex multiplication in 1.1,

a —b
b = <a'a2+b2_b'a2+b2>

—b a ,
*(w“’m)
a>+bv>  —ab+ab

TE @i
=1+40i=1.

Uniqueness: if § = ¢+ di with ¢,d € R satisfies af = 1, then comparing real and imaginary parts in
(ac — bd) + (ad + be)i = 1 + 0 gives

ac—bd =1 and ad + be = 0.

Taking a - (first) 4 b- (second) yields (a® +b%)c = a, and —b- (first) + a - (second) yields (a? +b2)d = —b.
Since a? + b? # 0, this forces

=2 d= b
Ca? 4+ b2’ ©a? 4+ b2’

the 8 exhibited above.



Problem 1A.7. Show that
—1++3i
2

is a cube root of 1 (meaning that its cube equals 1).

Solution. Squaring and multiplying once more returns 1. Put w = —% + § i, which is the given number

in the standard form of 1.1. By the definition of complex multiplication in 1.1, using v/3 - v/3 = 3,

+<—‘f+\f>z‘=1+0i:1,

the grouping w® = (w?)w being legitimate by the associativity of Exercise 1A.3.

Problem 1A.8. Find two distinct square roots of 3.

Solution. Take z = i?(l +1). These are distinct, since their difference v/2(1 +1) is nonzero, and each
squares to i:

LI (i) 1424 2%
2 2 2

NG — =1.

Problem 1A.9. Find z € R* such that

(4,-3,1,7) + 2z = (5,9, —6, ).

Solution.

r= %((5’9’ _6’8) - (47 _37 177)) = (%7 67 _%> %) :

Indeed 2z = (1,12,-7,1), and coordinatewise addition (1.13) gives (4,—3,1,7) + (1,12,—-7,1) =
(5,9,—6,8). (Check!)

Problem 1A.10. Explain why there does not exist A € C such that

A2 —3i, 5+4i, —6+7i) = (12 — 5i, 7+ 22i, —32 — 9).

Solution. The first coordinate forces A = 3 4 24, and that value fails in the third. Since scalar multipli-
cation acts coordinatewise (1.18) and lists are equal exactly when they agree in each coordinate, such
a A would satisfy (2 —3i) = 12 — 5i; as 2 — 3i # 0 it is invertible (1.3, 1.5), so

1250 (12— 5i)(2+30) 39+ 26

A= - — 34 2i.
2_3i 149 13 3+2

But then the third coordinate gives
(3+2))(—647i) = —18+9i + 14i% = =324+ 9i # —32 — 9i,

a contradiction. Hence no such \ exists.



Problem 1A.11. Show that (z +y) + 2 =2 + (y + 2) for all z,y,z € F".

Solution. Associativity in F™ is associativity in F, one coordinate at a time; addition in F is associative
by 1.3, since F is R or C (1.6). Write x = (z1,...,2n), ¥ = (Y1,---,Yn), 2 = (21,...,2y,) with all
entries in F (1.11). Then

(z4+y)+z=((x14+y1)+21, ..., (@n+Yn)+2n)
=(x1+(y1+z1), SRR xn+(yn+zn))
=z +(y+2),

the outer equalities by the definition 1.13 of addition in F™ and the middle one by associativity in F
applied in each of the n coordinates.

Problem 1A.12. Show that (ab)x = a(bz) for all x € F™" and all a,b € F.

Solution. Associativity in F" is associativity of multiplication in F', one coordinate at a time; the latter
holds by 1.3, since F is R or C (1.6). Write z = (z1,...,x,) with each z € F (1.11). Then

(ab)z = ((ab)z1, ..., (ab)zy)

= (a(b:vl), e a(bxn))
= a(bxy,...,bx,) = a(bx),

the first, third, and fourth equalities by the definition 1.18 of scalar multiplication in F” (the third
read from right to left, with scalar a), and the second by associativity in F applied in each of the n
coordinates.

Problem 1A.13. Show that 1x = x for all z € F".

Solution. The identity 1lx = x is the identity 1A = X in F, one coordinate at a time; the latter holds
by the identities and commutativity statements in 1.3, since F is R or C (1.6). Write x = (21, ...,zy)
with each z; € F (1.11). Then by the definition 1.18 of scalar multiplication,

le = (1xy, ..., 1zy,) = (21,...,2p) = @,

the second equality because 1z = x in F for each k.

Problem 1A.14. Show that A(z + y) = Az + Ay for all A € F and all z,y € F™.

Solution. Distributivity in F” is distributivity in F, one coordinate at a time; the latter holds by 1.3,
since F is R or C (1.6). Write x = (x1,...,2y) and y = (y1,...,y,) with all entries in F (1.11). Then

Mz +y)= (A1 +31), - A@n +yn))
= (Az1 4+ Ay1, .., Azp + Ayp)
= (Azq,... )\azn) (AY1, -y AYn) = Az + Ay,

the first equality by the definitions 1.13 and 1.18 of addition and scalar multiplication in F", the second
by distributivity in F in each of the n coordinates, and the last two by 1.13 and 1.18 read from right
to left.

Problem 1A.15. Show that (a + b)x = ax + bz for all a,b € F and all z € F™.




Solution. Distributivity in F" is distributivity in F, one coordinate at a time. Write z = (z1,...,x,)
with each z; € F (1.11). Then

(a+b)x = ((a+b)z1,...,(a+ b))
= (ax1 + bx1,. .., azx, + bxy,)
= (ax1,...,axy) + (bx1,...,bxy) = ax + bz,
the first and last equalities by the definitions 1.18 and 1.13 of scalar multiplication and addition in F".
The second equality is the coordinatewise identity (a + b)x; = ax; + bx;: by 1.6 the field F is R or C,

and 1.3 states distributivity in the form A\« + ) = Aa + A3, so combining it with the commutativity
of multiplication in 1.3 gives

(a+b)x; =xj(a+0b) =xja+ xjb=ax;+ bx;.

1.2 Exercises 1B

Problem 1B.1. Prove that —(—v) = v for every v € V.

Solution. Both v and —(—v) are additive inverses of —v, and additive inverses are unique (1.27). Indeed
v+ (—v) = 0 by the definition 1.28 of —v, so (—v) + v = 0 by commutativity of addition, which says
exactly that v is an additive inverse of —v; and —(—v) is one by definition. Hence —(—v) = v.

Problem 1B.2. Suppose a € F, v € V, and av = 0. Prove that a =0 or v = 0.

Solution. If a # 0 then v = 0, which gives the disjunction. Indeed F is R or C (1.1), so a # 0 has an
inverse % € F, and
1 1 1
v=1lv= (a)vz(av)zOzO,
a a a
using in turn the multiplicative identity property of 1.20, %a = 1 in F, the associativity property
(be)v = b(cw) of 1.20, the hypothesis av = 0, and 1.31.

Problem 1B.3. Suppose v,w € V. Explain why there exists a unique = € V such that

v+ 3 = w.

Solution. The unique solution is # = +(w — v) = 1(w + (—v)), which lies in V because F is R or C, so

1 -3

5 €F.

Existence: by associativity of scalar multiplication and the multiplicative identity property of 1.20,
3x=(3- %)(w —v) =w + (—v), so by commutativity and associativity of addition,

v+3z=v+ (w+(—v)) =w+ (v+(-v) =w+0=w.

Uniqueness: if v+ 3z = w = v + 32/, then adding —v on the left and using associativity, (—v) +v = 0,
and the additive identity property gives 3x = 3z’; multiplying by % and using associativity of scalar
multiplication with the multiplicative identity property gives

x = (% 3) = %(33:) = %(31‘,) =2

Problem 1B.4. The empty set is not a vector space. The empty set fails to satisfy only one of the
requirements listed in the definition of a vector space (1.20). Which one?




Solution. The additive identity condition: there is no 0 € (), since () has no elements.

It is the only failure because it is the only requirement of 1.20 asserting the existence of an element
of V; the other five (commutativity, the two associativities, additive inverse, multiplicative identity,
and the two distributive properties) are all universally quantified over elements of V', hence vacuously
true when V = (). The operations themselves are legitimate: ) x ) = () and F x ) = (), and the empty
function serves as each in the sense of 1.19.

Problem 1B.5. Show that in the definition of a vector space (1.20), the additive inverse condition
can be replaced with the condition that

Ov=0 forallvelV.

Here the 0 on the left side is the number 0, and the 0 on the right side is the additive identity of V.
[The phrase a “condition can be replaced” in a definition means that the collection of objects satis-
fying the definition is unchanged if the original condition is replaced with the new condition.]

Solution. Granted the other five conditions of 1.20, the additive inverse condition and the condition
Ov = 0 each imply the other, so the two definitions have the same objects. (The phrase “the additive
identity of V” is unambiguous in both settings: the proof of 1.26 uses only the additive identity
condition and commutativity.)
(i) If V' also satisfies the additive inverse condition, it is a vector space, so Ov = 0 for every v € V' by
1.30.
(ii) If instead V satisfies Ov = O for all v € V, then for v € V the vector (—1)v € V is an additive
inverse of v:

v+ (—v=1v+ (-1)v = (1+ (-1))v = 0v =0,

using the multiplicative identity condition, the distributive property (a + b)v = av + bv, 1 + (=1) =0
in F, and the assumed condition.

Problem 1B.6. Let co and —oo denote two distinct objects, neither of which is in R. Define an
addition and scalar multiplication on RU{oo, —co} as you could guess from the notation. Specifically,
the sum and product of two real numbers is as usual, and for ¢t € R define

—oo ift <0, e%9) if t <0,
too =< 0 if t =0, t(—o00) =<0 ift =0,
o0 if t >0, —oo ift >0,

and
t+oo=00+t=00+00=00,

t+ (—00) = (—0) +t = (—00) + (—0) = —o0,
00 + (—00) = (—00) + 00 = 0.

With these operations of addition and scalar multiplication, is R U {co, —oo} a vector space over R?
Explain.

Solution. No: addition on W = R U {oo, —oo} is not associative. Take u = —o0, v = 00, and w = 1.
Then
(ut+v)+w=((-00)+00)+1=0+1=1,

while
u+ (v+w) =(—00)+ (00 +1) = (—00) + 00 =0,

using oo + 1 = oo from the definition. Since 1 # 0, the associativity requirement of 1.20 fails, so W is
not a vector space over R.



The distributive property (a + b)v = av + bv fails too: with a =2, b= —1, v = o0,

(a+bv=1-0c0=00 while av+bv =00+ (—00)=0.

Problem 1B.7. Suppose S is a nonempty set. Let V° denote the set of functions from S to V.
Define a natural addition and scalar multiplication on V¥, and show that V*° is a vector space with
these definitions.

Solution. Define the operations pointwise, imitating 1.24: for f,g € V¥ and A € F,

(f+9)(@) = f(z)+g(x), (Af)@)=A(f(z)) forallzes.

Both right sides lie in V, so these are an addition and a scalar multiplication on V*° in the sense of
1.19.
Fach requirement of 1.20 then holds because two functions S — V are equal exactly when they agree
at every x € S, and at each such x the requirement is the corresponding property of V. Commutativity
is typical:

(f+9)(x) = f(z) + g(x) = g(z) + f(z) = (9 + [)(=),

and associativity of addition, associativity and the multiplicative identity for scalar multiplication,
and both distributive properties go the same way. (Check!) For the two existence requirements,
take 0 € V5 with O(z) = 0 and —f € V¥ with (—f)(z) = —(f(z)) (well defined by 1.27); then
(f+0)(z) = f(z)+0 = f(z) and (f + (—f))(z) = 0 = 0(z) for every x € S, so f +0 = f and
F+(=f)=0.

Hence V¥ is a vector space over F.

Problem 1B.8. Suppose V is a real vector space.
e The complexification of V, denoted by Vg, equals V x V. An element of Vi is an ordered pair
(u,v), where u,v € V, but we write this as u + iv.
¢ Addition on V¢ is defined by
(u1 +iv1) + (ug + tv2) = (u1 + u2) + i(v1 + v2)

for all uy,v1,us,v9 € V.
o Complex scalar multiplication on V¢ is defined by
(a+ bi)(u+iv) = (au — bv) + i(av + bu)

for all a,b € R and all u,v € V.

Prove that with the definitions of addition and scalar multiplication as above, V¢ is a complex vector
space.

[Think of V' as a subset of Vi by identifying u € V' with u 4 ¢0. The construction of V¢ from V' can
then be thought of as generalizing the construction of C™ from R".]

Solution. Each requirement of 1.20 for Vi over C reduces to the real vector space properties of V' applied
to the two components of u + iv, which is by definition the ordered pair (u,v); so u1 + vy = ug + vy
exactly when u; = wo and vy = ve. Both formulas return elements of Vi, and the representation
a + bi with a,b € R of a complex number is unique, so the operations are an addition and a scalar
multiplication in the sense of 1.19. Throughout, au — Sv means au + (—f)v: by 1.28 it means
au+ (—(Bv)), and Bv + (—=B)v = (B + (—8))v = Ov = 0 by distributivity in V and 1.30, so —(Bv) =
(—pB)v by uniqueness of additive inverses (1.27).

Fix w,v,u1,v1,u2,v2 € Vand A =a+ bi, p = c+ di in C, with a,b,c,d € R.

Commutativity and associativity of addition hold componentwise from those properties in V. (Check!)
The vector 0 = 0 4 40 is an additive identity, since (u + iv) + (04 30) = (u + 0) +i(v + 0) = u + iv,
and (—u)+i(—v) is an additive inverse of u+ v by the same computation. The multiplicative identity

10



condition holds because 1 =1 + 0::
1(u+iv) = (lu — 0v) + i(1v 4+ Ou) = u + v,

using lu = w in V and Ou = Ov = 0 (1.30).
Associativity of scalar multiplication: Ay = (ac — bd) + (ad + be)i gives

(M) (u + iv) = ((ac — bd)u — (ad + be)v)
+ i((ac — bd)v + (ad + be)u),

while p(u 4+ iv) = (cu — dv) + i(cv + du) gives

Mp(u+ iv)) = (a(cu — dv) — b(cv + du))
+ i(a(cv + du) + b(cu — dv))
= ((ac)u — (ad)v — (be)v — (bd)u)
+ i((ac)v + (ad)u + (be)u — (bd)v),

by the distributive property a(z +y) = ax + ay and associativity a(fu) = (af)u in V; the two results
agree by (a + f)r = ax + Sz in V with commutativity and associativity of addition.
First distributive property: with x = u; + iv; and y = uo + v,

Mz +y) = (a(u1 + ug) — b(vy + Ug))
+i(a(vy + v2) + b(u1 + uz))
= ((au1 — bvy) + (aus — bvy))
+ i((av1 + bur) + (avs + bug)) = Az + Ay,

the second equality by a(x +y) = ax + ay in V' (with the real scalars a and —b) and regrouping by
commutativity and associativity of addition in V.
Second distributive property: since A + u = (a + ¢) 4+ (b + d)i, with x = u + iv,

A+ wz = ((a+c)u— (b+dv) +i((a+c)v+ (b+ d)u)
= ((au — bv) + (cu — dv))
+i((av + bu) + (cv + du)) = Az + p,
the second equality by (o + )z = ax + Sz in V (with the real scalars a,c and —b, —d, noting

—(b+d) = (=b) + (—d)) and the same regrouping.
Hence V¢ is a complex vector space.

1.3 Exercises 1C

Problem 1C.1. For each of the following subsets of F3, determine whether it is a subspace of F3.

(a) {(x1,22,23) € F3: 21 + 220 + 323 = 0}
(b) {(x1,22,73) € F3: 21 + 229 + 313 = 4}
(c) {(w1,x2,73) € F3 : 217973 = 0}

(d) {(acl,xg,xg) € F3: 1 = 5.%3}

Solution. Subspaces in (a) and (d), not in (b) and (c¢). Throughout, U is a subspace exactly when
0 € U and U is closed under addition and under scalar multiplication (1.34).
(a) Since 04+2-0+ 3 -0 = 0, the vector (0,0,0) lies in U; and for z,y € U and X € F,

(r1 +y1) + 2(w2 + y2) + 3(xz3 + y3) = (1 + 222 + 323) + (y1 + 292 + 3y3)
—0+0=0,

while Azx; + 2 Axg + 3 \x3 = A\(x1 + 222 + 323) = 0. So z + y and Az lie in U.

11



(b) The additive identity is missing: 0+2-0+4+3-0=0 # 4.

(c) Closure under addition fails: (1,1,0) and (0,0, 1) lie in the set, but their sum (1,1,1) does not,
since1-1-1=1%#0.

(d) Since 0 = 5-0, the vector (0,0,0) lies in U; and if 1 = 5z3 and y; = 5ys, then z1 +y1 = 5(x3+y3)
and Ax; = A\(5x3) = 5(Ax3), which say exactly that x +y € U and \x € U.

Problem 1C.2. Verify all assertions about subspaces in Example 1.35.

Solution. All five assertions hold; each is the criterion 1.34 applied to the defining condition, which in
every case is preserved by sums and scalar multiples and satisfied by the zero vector.

(a) U = {z € F* : 23 = x4 + b} is a subspace if and only if b = 0. For b # 0 the zero vector fails
the condition, since 0 = 5 -0 + b forces b = 0. For b = 0 it satisfies it, and x3 = bxy4, ys = Syy give
x3 + y3 = 5(x4 + ya) and Azg = 5(Az4).

(b) C0,1] is a subspace of RI%!: the zero function is constant, hence continuous, and sums and scalar
multiples of continuous functions are continuous.

(c) The set D of differentiable functions on R is a subspace of R®: the zero function is differentiable,
and f + g and \f are differentiable with (f +¢g)' = f' 4+ ¢ and (\f) = Af’.

(d) U = {f € RO3) : fis differentiable and f'(2) = b} is a subspace if and only if b = 0. The zero
function has derivative 0 at 2, so it lies in U exactly when b = 0; and when b = 0, the derivative rules
of (c) give (f +9¢)'(2) =0+0=0and (A\f)'(2) =X-0=0.

(e) The sequences in C* with limit 0 form a subspace: (0,0,...) has limit 0, and the limit laws give
limy, 00 (Tn, + yn) = 0 and limy,—,o0 Az, = 0 whenever lim, o0 2, = limy, 00 Y, = 0.

Problem 1C.3. Show that the set of differentiable real-valued functions f on the interval (—4,4)
such that f/(—1) = 3f(2) is a subspace of R(=%%).

Solution. The set U in question satisfies the three conditions of 1.34. The zero function is differentiable
with 0/(—=1) = 0 = 3-0(2), so 0 € U; and for f,g € U and A € R, sums and scalar multiples of
differentiable functions are differentiable, with (f + g)' = f' + ¢ and (A\f) = Af/, so

(f+9)(=1)=3f(2) +39(2) =3(f +9)(2), (M) (=1) = A-3f(2) = 3(Af)(2).

Hence f+ g € U and Af € U, and by 1.34 U is a subspace of R(—%%).

Problem 1C.4. Suppose b € R. Show that the set of continuous real-valued functions f on the
interval [0, 1] such that fol f = b is a subspace of R*U if and only if b = 0.

Solution. The set U in question is a subspace exactly when b = 0.
(i) b # 0: then fol 0 =0 # b, so U omits the additive identity and by 1.34 is not a subspace.
(ii) b= 0: then 0 € U, and for f,g € U and X\ € R the functions f + g and Af are continuous, with

/01(f+g)=/01f+/olg=0, /01(/\]”):)\/01]“:0

by linearity of the integral. So f + g, A\f € U and 1.34 makes U a subspace of RI%!.

Problem 1C.5. Is R? a subspace of the complex vector space C2?

Solution. No: the scalars of C? are all of C, and (1,0) € R? with i € C gives
i(1,0) = (i,0) ¢ R,
Closure under scalar multiplication fails, so by 1.34 R? is not a subspace of the complex vector space

Cc2.
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Problem 1C.6. (a) Is {(a,b,c) € R?: a® = b3} a subspace of R3?
(b) Is {(a,b,c) € C?: a3 = b3} a subspace of C3?

Solution. (a) Yes, because cubing is injective on R, so the set is {(a, a,¢) : a,c € R}. Indeed, if a,b € R
with a3 = 0% then

2
0=2a®—-b® = (a—0b)(a®+ ab + b?), a? +ab+b* = <a+%> + 3v7,

and the second factor vanishes only when a = b = 0; otherwise a — b = 0. Either way a = b. The set
{(a,a,c)} contains 0 and is closed under addition and scalar multiplication, since both operations act
coordinatewise and preserve equality of the first two coordinates (Check!), so 1.34 makes it a subspace
of R3.

(b) No: cubing is not injective on C. With w = e ,s0 w3 =1 and w+ w? = —1, the vectors
u=(1,1,0) and v = (1,w, 0) lie in the set, while their sum (2,1 4 w, 0) does not, because

2mi/3

I+wP=14+3w+uw)+w*=2-3=-1#£8=2%

Closure under addition fails, so by 1.34 the set is not a subspace of C3.

Problem 1C.7. Prove or give a counterexample: If U is a nonempty subset of R? such that U is
closed under addition and under taking additive inverses (meaning —u € U whenever u € U), then
U is a subspace of R2.

Solution. False. Take U = Z% = {(m,n) € R? : m,n € Z}, which is nonempty and closed under
addition and negation because Z is (Check!). But

2(1,0) = (3,0) £ U,

so closure under scalar multiplication fails and by 1.34 U is not a subspace of R2.

Problem 1C.8. Give an example of a nonempty subset U of R? such that U is closed under scalar
multiplication, but U is not a subspace of R2.

Solution. Take the union of the two coordinate axes,
U= {(xl,x2) S Rz T X1xTy = O},

which is nonempty and closed under scalar multiplication because (Az1)(Az2) = A}(z122) = 0. It is
not closed under addition, since (1,0),(0,1) € U but (1,0) + (0,1) = (1,1) ¢ U. By 1.34, U is not a
subspace of R2.

Problem 1C.9. A function f: R — R is called periodic if there exists a positive number p such
that f(z) = f(z + p) for all 2 € R. Is the set of periodic functions from R to R a subspace of RR?
Explain.

Solution. No: the set P of periodic functions is not closed under addition. Take
f(x) =cosz,  g(z) =cos(V2z), h=f+y,

with periods 27 and 27, so f,g € P.

Since cos < 1 we have h < 2, and h(0) = 2; moreover h(z) = 2 forces both cosx = 1 and cos(v2 ) = 1,
that is = 27mm and V2 = 27n with m,n € Z. Substituting gives v/2m = n, which forces m = 0
(else v/2 = n/m would be rational) and hence 2 = 0. So

{z €R: h(z) =2} = {0}

13



If h had period p > 0 then h(p) = h(0) = 2, forcing p = 0, a contradiction. Thus f,g € P but
f+g¢ P, and by 1.34 P is not a subspace of RE,

Problem 1C.10. Suppose V7 and V5 are subspaces of V. Prove that the intersection V4 N Vs is a
subspace of V.

Solution. Each of the three conditions of 1.34 passes to the intersection because it holds in V; and in
V5 separately.

Indeed 0 € Vi and 0 € V5,800 € Vi1 NVy; and if u,w € Vi NV, and a € F, then v 4+ w and au lie in
V1 (which is closed under both operations) and likewise in Vo, hence in Vi NVa. By 1.34, V1N Vs is a
subspace of V.

Problem 1C.11. Prove that the intersection of every collection of subspaces of V' is a subspace of
V.

Solution. The argument of Exercise 10 runs verbatim with an arbitrary index set, since each condition
of 1.34 need only be checked one member at a time. Let {V;};,c; be subspaces of V with I # @& and
put W=\, Vi.

Every V; contains 0, so 0 € W. If u,w € W and a € F, then for each ¢ € I we have u,w € V;, whence
u+w € V; and au € V; by closure in V;; as ¢ was arbitrary, u + w,au € W. By 1.34, W is a subspace
of V.

Problem 1C.12. Prove that the union of two subspaces of V is a subspace of V if and only if one
of the subspaces is contained in the other.

Solution. Let U, W be subspaces of V.

If W C U (or symmetrically U C W), then U UW = U, a subspace.

Conversely suppose U U W is a subspace and neither inclusion holds, so there are v € U \ W and
w € W\ U. Closure under addition gives u +w € U U W, and both alternatives fail:

(i) u+w € U forces w = (u+w) —u € U, contradicting w ¢ U;

(ii) u +w € W forces u = (u + w) —w € W, contradicting u ¢ W;

each using that U, respectively W, is closed under subtraction. Hence one of U, W contains the other.

Problem 1C.13. Prove that the union of three subspaces of V' is a subspace of V' if and only if one
of the subspaces contains the other two.

This exercise is surprisingly harder than Exercise 12, possibly because this exercise is not true if we
replace F with a field containing only two elements.

Solution. Let V1, Vs, V3 be subspaces of V and W =V, U Vo U V3. If, say, VoU V3 C Vp, then W = V] is
a subspace.

Conversely suppose W is a subspace but no Vj; contains the other two.

First, no Vj lies in the union of the other two: if say V3 C Vi U Va, then W = V; U V5 is a subspace,
so by Exercise 12 one contains the other, say Vo C Vi, whence W = V; and V; contains Vo and V3,
contrary to assumption. So we may choose

uEVl\(VQUV;g), U)EVQ\(VlU‘/?,).

Next, u + Aw € V3 for every nonzero A € F. Indeed u 4+ Aw € W, and

(i) u+ Aw € V; would give Aw = (u+ Aw) —u € V4, hence w = A~ (A\w) € V4, contradicting the choice
of w;

(ii) uw + Aw € V would give u = (u + Aw) — Aw € V5 since Aw € Va, contradicting the choice of w.
Finally, F is R or C, so 1 and 2 are distinct nonzero scalars; applying the previous paragraph to each
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and subtracting inside the subspace V3,
w=(u+2w)— (ut+w) € Vs,

contradicting w ¢ V3. Hence one of Vi, V5, V3 contains the other two.

Problem 1C.14. Suppose
U={(z,—z,2z) e F3: 2z cF} and W = {(z,z,2x) €F3:z € F}.

Describe U + W using symbols, and also give a description of U + W that uses no symbols.

Solution. We have
U+W = {(z,y,22) € F>: 2,y € F},

that is, U + W is the set of vectors in F? whose third coordinate is twice the first.
By 1.36 the general element of U + W is
(a,—a,2a) + (b, b,2b) = (a +b, b—a, 2(a+ b)),

which has the stated form with x = a + b, y = b — a; this gives the inclusion C. Conversely, given
x,y € F, the scalar 2 is invertible in F, so a = (z —y)/2 and b = (z + y)/2 satisfy a + b = x and
b — a =y, and the display exhibits (x,y,2x) in U + W.

Problem 1C.15. Suppose U is a subspace of V. What is U + U?

Solution. U + U = U. By 1.40 the sum U + U is the smallest subspace of V containing U and U, and
that is U itself, since U is already a subspace.
Method (2): by 1.36, U + U = {u1 + uz : uj,ug € U} C U since U is closed under addition, while
u=u+0€U+U for each u € U since 0 € U.

Problem 1C.16. Is the operation of addition on the subspaces of V' commutative? In other words,
if U and W are subspaces of V,isU +W =W + U?

Solution. Yes: U+ W =W + U, because addition in V' is commutative (an axiom in 1.20). Indeed, by
1.36 each v € U + W has the form

v=utw=w+u (ueU, weW),

sov e W 4+U; hence U+ W CW + U, and interchanging U and W gives the reverse inclusion.

Problem 1C.17. Is the operation of addition on the subspaces of V' associative? In other words, if
Vi, Va, V3 are subspaces of V, is

Vi+WVa)+ V3=V + (Vo + V3)?

Solution. Yes: both sides equal
S={vi+va+uv3:v €Vy, va € Vo, v3€ V3},

the set Vi + Vo + V3 of 1.36, unambiguous because addition in V' is associative (1.20).

Since V1+V5 is a subspace (1.40), applying 1.36 twice writes each v € (Vi4+V2)+Vz as v = (vi4v2)4v3 =
v1 +vg +v3 € S with v, € Vi; conversely each such v1 + v + v3 equals (v] +vg) +v3 € (V1 + Vo) + V3.
So (V14 Va2)+ V3 = S, and moving the parentheses gives V1 + (Vo + V3) = S by the identical argument.
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Problem 1C.18. Does the operation of addition on the subspaces of V' have an additive identity?
Which subspaces have additive inverses?

Solution. Yes: {0} is the unique additive identity, and {0} is the only subspace with an additive inverse.
For any subspace U, every element of U+ {0} is u+0=wu € U, and every u € U is u+0 € U + {0}, so

U+{0}={0}+U=U

using 1C.16 for the second equality; thus {0} is a two-sided identity. If E is another identity, then
{0} + E = {0} by taking U = {0} in its defining property, while the display with U = E gives
{0} + E = E; hence E = {0}.

For inverses, suppose U + W = {0}. Each u € U equals u+0 € U+ W, so U C {0} and U = {0};
likewise W = {0}. Conversely {0} + {0} = {0}, so {0} is its own inverse.

Problem 1C.19. Prove or give a counterexample: If Vi, V5, U are subspaces of V such that
Vl +U = ‘/2 F U7

then V7 = V5.

Solution. False. In V = F?2 take
Vi={(z,0):2€F}, Va={(0,y):yeF}, U=F?

each a subspace by 1.34 (Check!). Since Vi, C U, by 1.40 the smallest subspace containing Vj, and U is
U itself, so
Vi+U=F*=1,+U.

But (1,0) € V4 \ Va, so V} # Va.

Problem 1C.20. Suppose
U={(x,z,y,y) € F*: 2,y € F}.

Find a subspace W of F4 such that F* =U @ W.

Solution. Take
W ={(z,0,y,0) € F:2,ye F},

a subspace of F* by 1.34, since it contains 0 and both operations act coordinatewise, preserving
vanishing of the second and fourth coordinates (Check!).
The sum is all of F*: for (a,b,c,d) € F*,

(a,b,c,d) = (b,b,d,d) + (a — b,0,¢ — d,0) € U + W.

It is direct by 1.46, because v € UNW has the form v = (x, z,y, y) with second and fourth coordinates
0, forcing x =y =0 and v = 0. Hence F* =U @ W.

Problem 1C.21. Suppose
U={(z,y,x+y,x—y2zx) cF:z,ycF}

Find a subspace W of F® such that F> = U @ W.

Solution. Take
W ={(0,0,21, 20, 23) € F* : 21, 29, 23 € F}.
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Here W is a subspace of F°® by 1.34: it contains 0, and both operations act coordinatewise, preserving
vanishing of the first two coordinates (Check!).
The sum is all of F°: given a = (ay,...,as), put u = (a1, as, a1 + as,a; — az,2a1) € U (take z = ay,
Yy = ag); then

a—u= (0, 0, ag — a1 — ag, ag — a1 + as, a5—2a1) ew,

soa=u+ (a—u) € U+ W. It is direct by 1.46: if v € UNW then v = (z,y,z + y,x — y, 2z) with
first two coordinates 0, so x =y =0 and v = 0. Hence F> =U @ W.

Problem 1C.22. Suppose
U={(z,y,x+y,x—y2x) cF:zycF}

Find three subspaces W1, Wa, W3 of F?, none of which equals {0}, such that F> = U ® W1 & Wo @ W3,

Solution. Take
Wy ={(0,0,2,0,0) : z € F}, Wy ={(0,0,0,2,0) : z € F}, W3 ={(0,0,0,0,2) : z € F}.

Each Wy, is a subspace by 1.34, since both operations act only on the single free coordinate (Check!),
and none is {0}, each containing the vector with 1 in that slot. Writing u(x,y) = (z,y,x + v,z —vy, 2x),
the set U is a subspace too, since

u(z,y) +ulx’,y) =ulx+ 2, y+9), Au(z,y) = u(Az, \y),

and 0 = u(0,0).
The sum is all of F°: given a = (ay,...,as), put u = u(ay,az) € U; then

a—u=(0,0,a3 —a; — a9,0,0)
+ (070,0,04 —ay +CL2,0) + (0,0,0,0,&5 *2(11)

lies in W + Wo 4+ W3, 50 a € U + Wy + Wy + Wi,
The sum is direct by 1.45: if

0 = u(z,y) + (0,0,¢,0,0) + (0,0,0,d,0) + (0,0,0,0,¢),

the first two coordinates give z = y = 0, hence u(z,y) = 0, and then the third, fourth, and fifth give
c=d=e=0. Therefore F° = U & W, & Wy & W;.

Problem 1C.23. Prove or give a counterexample: If Vi, Vs, U are subspaces of V' such that
V=V1®&U and V=V,®U,

then V7 = V5.
[Hint: When trying to discover whether a conjecture in linear algebra is true or false, it is often
useful to start by experimenting in F2]

Solution. False. In V = F?2 take

U={(z,0): z € F}, Vi={0,9):yeF}, Va={(y,y):yecF},

each a subspace of F? by 1.34, its defining condition being linear in the coordinates (Check!). Both
sums exhaust F2, since for (a,b) € F?

(a,b) =(0,b) + (a,0) = (b,b) + (a — b,0),

and both are direct by 1.46: a vector of V; NU has first coordinate 0 (from V}) and second coordinate 0
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(from U), while a vector (a,b) of VaNU has b= 0 from U and a = b from V3. So F?2 = ViU = V2@ U,
yet (1,1) € Vo \ V1, so Vi # Va.

Problem 1C.24. A function f: R — R is called even if

f(=z) = f(z)
for all z € R. A function f: R — R is called odd if
f(=z) = —f(z)

for all x € R. Let V, denote the set of real-valued even functions on R and let V,, denote the set of
real-valued odd functions on R. Show that RR =V, @ V5.

Solution. Each f € RR splits as f = g + h with

ote) = LD e e -

f@) = f=a)
since g(—x) = g(z), h(—x) = —h(z), and g(z) + h(z) = f(z) for all z. Hence RX =V, + V.
Both V; and V,, are subspaces by 1.34: the zero function is both even and odd, and since the operations
are pointwise,
(f+9)(—z) = f(-2) +9(—=2),  (Af)(=z) = Af(-=),
so each defining sign condition is inherited by sums and scalar multiples (Check!).
The sum is direct by 1.46: if f € VoNV, then f(x) = f(—z) = —f(x) for all z, so 2f(z) =0 and f = 0.
Therefore RR =V, ¢ V.

18
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2.1 Exercises 2A

Problem 2A.1. Find a list of four distinct vectors in F3 whose span equals

{(z,y,2) €F3 .z +y+ 2= 0}.

Solution. Take the list
(1,0,—-1), (0,1,-1), (1,-1,0), (1,1,-2),

whose entries are pairwise distinct (Check!), and write U = {(z,y,2) € F3: x +y + z = 0}.
Each listed vector lies in U, its coordinates summing to 0, and U is a subspace of F? by 1.34, its
defining condition = + y + z = 0 being linear in the coordinates (Check!); so by 2.6, which makes the
span the smallest subspace containing the list, the span lies in U. Conversely, if (z,y,z) € U then
zZ=—x—1Y, S0

(z,y,2) = x(1,0,—1) + y(0,1,-1) + 0(1,—1,0) + 0 (1,1, —2)

lies in the span. Hence the span equals U.

Problem 2A.2. Prove or give a counterexample: If v1,v9,vs3,v4 spans V, then the list
V1 — V2, U2 —U3, U3 U4, U4

also spans V.

Solution. True. Put W = span(v; — va, va — v3, U3 — vy, v4), & subspace of V' by 2.6. Telescoping from
the last vector backwards,

Vg = Vg,

(v3 — v4) + V4,

= (vy — v3) + (v3 — v4) + vy,

= (v1 —v2) + (v2 —v3) + (v3 — vg) + vy,

S0 v1,v9,v3,v4 € W. By 2.6, span(vi,ve,vs,v4) is the smallest subspace containing them, whence

V = span(vy,va,v3,04) CW CVand W =V.

Problem 2A.3. Suppose vy, ..., v, is a list of vectors in V. For k € {1,...,m}, let

W = V1 + -+ V.

Show that span(vi,...,vn) = span(wi, . .., Wpy,).

Solution. Each list lies in the span of the other, so by the minimality in 2.6 the two spans contain each
other. Writing A = span(vy,...,v,) and B = span(wy, . .., Wy, ), both subspaces of V' by 2.6:

wp=1lv+---+1vg +0vg1+---+0v, € A4,
so B C A; and v1 = w1 € B while for k& > 2
v = (v1+ -+ o) = (V1 + - Fvp-1) = wp — w1 € B,

so A C B. Hence span(vy, ..., Uy) = span(wi, ..., Wn).
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Problem 2A.4. (a) Show that a list of length one in a vector space is linearly independent if and
only if the vector in the list is not 0.

(b) Show that a list of length two in a vector space is linearly independent if and only if neither of
the two vectors in the list is a scalar multiple of the other.

Solution. (a) The list v of length one is linearly independent exactly when v # 0.
If v # 0 and av = 0 with a # 0, then a is invertible and

v = (a_la)v =a Yav)=a"10=0

by 1.31, a contradiction; so a = 0 and the list is linearly independent. If instead v =0, then 1-v =0
with 1 # 0, so the list is linearly dependent (2.17).

(b) The list v, w is linearly dependent exactly when one of v, w is a scalar multiple of the other; the
assertion is the contrapositive.

Suppose v, w is linearly dependent, so av + bw = 0 with a, b not both 0 (2.17).

(i) a # 0: multiplying by a~! gives v = —(ailb)w.

(ii) @ = 0: then b # 0, so w = b~ (bw) = 0 = 0 v by 1.30.

Conversely, if v = Aw then 1-v+ (=A)w = 0, and if w = pv then (—p)v + 1 - w = 0; the coefficient
1 # 0 makes each combination nontrivial, so the list is linearly dependent (2.17).

Problem 2A.5. Find a number ¢ such that
(3,1,4), (2,-3,5), (5,9,¢t)

is not linearly independent in R3.

Solution. Take t = 2, for which
(—=3)(3,1,4) +2(2,-3,5) + (5,9,2) = (-94+4+5, -3—-6+9, —12+ 10+ 2) = (0,0,0).

The scalars —3,2, 1 are not all 0, so the list is linearly dependent (2.17), i.e. not linearly independent.
Method (2): solving a(3,1,4)+b(2,—3,5)4(5,9,t) = 0 for the first two coordinates gives a = 3b—9 and
3(30—9)+2b+5 =11b—22 =0, so b = 2 and a = —3; the third coordinate then reads —12+10+¢ = 0,
i.e. t=2.

Problem 2A.6. Show that the list (2,3,1), (1, —1,2), (7,3, ¢) is linearly dependent in F? if and only
if c=8.

Solution. If ¢ = 8 the list is linearly dependent, because
2(2,3,1) +3(1,-1,2) + (—-1)(7,3,8) =(44+3—-7,6 —-3—-3, 2+ 6 —8) = (0,0,0)

with scalars not all 0 (2.17).

Conversely, suppose a(2,3,1) + b(1,—1,2) 4+ d(7,3,¢) = (0,0,0) with a,b,d not all 0 (2.17). Here
(2,3,1),(1,—1,2) is linearly independent by Exercise 2A.4(b): in (1,—1,2) = A(2,3,1) the third co-
ordinates force A = 2 while the first force 2A = 1, and symmetrically for the other multiple. Hence
d # 0, since d = 0 would force a = b = 0 as well. Dividing by d and putting o« = —a/d, 5 = —b/d gives
(7,3,¢) = «(2,3,1) + B(1,—1,2), that is,

2+ B =1, 3a— =23, a+28=c

Adding the first two gives & = 2, then =3, and so ¢c =2+ 6 = 8.
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Problem 2A.7. (a) Show that if we think of C as a vector space over R, then the list 1 +4, 1 —1¢
is linearly independent.
(b) Show that if we think of C as a vector space over C, then the list 1+, 1—4 is linearly dependent.

Solution. (a) Only real scalars are allowed, so suppose a,b € R satisfy
a(l+i)+b(1—i)=(a+0b)+ (a—b)i=0.

A complex number vanishes exactly when its real and imaginary parts do, and a4b are real, so a+b =0
and a — b = 0; adding and subtracting gives a = b = 0. The list is linearly independent (2.15).
(b) Now —i is an allowed scalar, and

(—)(1+d)+(~)(1—d)=1—i)—(1—i)=0

is a nontrivial vanishing combination, so the list is linearly dependent (2.17).

Problem 2A.8. Suppose v1, v2,v3, vy is linearly independent in V. Prove that the list

U1 —V2, U2 —U3, U3— U4, U4

is also linearly independent.

Solution. Suppose a1, as, a3, aq € F satisfy

0 = a1(v1 —va) + ag(va —v3) + az(vz — v4) + aqvy

= a1v1 + (ag — a1)vy + (ag — az)vs + (ag — az)vy.
Linear independence of vy, va, v3, v4 forces every coefficient to vanish (2.15):
CL1=0, ag—ale, a3—a2:0, a4—a3:0,

and reading these in order gives a; = as = a3 = a4 = 0. Hence the list is linearly independent.

Problem 2A.9. Prove or give a counterexample: If vy, vs,...,v,, is a linearly independent list of
vectors in V, then
51)1 —41)2, v2, U3, ey Um

is linearly independent.

Solution. True. Suppose ay,...,an € F satisfy

0 = a1(bvy — 4v9) + agva + asvs + -+ - + AU,
= (bay)vy + (ag — 4ay)va + agvs + -+ + AU,

Linear independence of vy, ..., v, makes every coefficient 0 (2.15):
oa; =0, as —4a; =0, az =--+=a, = 0.

Since F is R or C, we have 5 #£ 0, so a; = 0 and then as = 4a; = 0. Hence all the scalars are 0 and the
list is linearly independent.

Problem 2A.10. Prove or give a counterexample: If vi,vs,..., v, is a linearly independent list of
vectors in V and A € F with A #£ 0, then Avy, Ava, ..., Av,, is linearly independent.
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Solution. True. Suppose aq,...,a, € F satisfy
0=ai(Av1)+ -+ am(Avy) = (@1 A)v1 + -+ + (am) U,

the second equality by commutativity and associativity of scalar multiplication. Linear independence
of v1,..., v, gives ap\ = 0 for every k (2.15), and X # 0 is invertible in F, so a; = A (ax\) = 0 for

every k. Hence Avy, ..., A\v,, is linearly independent.
Problem 2A.11. Prove or give a counterexample: If vq,..., v, and wy,...,w,, are linearly inde-
pendent lists of vectors in V/, then the list vy + wy, ..., vy + Wy, is linearly independent.

Solution. False. In V = R? with m = 2, take
v = (1,0), w2 =1(0,1), wy = (—1,0), we = (0,-1).

Each of v1,v9 and wy,ws is linearly independent, since ai(1,0) + a2(0,1) = (aj1,a2) and by (—1,0) +
b2(0, —1) = (—b1, —b2) vanish only for zero scalars. But v; +w; = va+wq = (0,0), and a list containing
0 is linearly dependent (2.18).

Problem 2A.12. Suppose vy, ..., Uy, is linearly independent in V and w € V. Prove that if v; +
W, ..., Uy, + w is linearly dependent, then w € span(vi,...,vn).

Solution. By 2.17 there are a1,...,a, € F, not all 0, with

m
Ozzak(vk+w):a1v1+--~+amvm+sw, s=ai+--+ an.
k=1

Here s # 0: otherwise ajv1 + - - - + amvy, = 0 with the ag not all 0, contradicting linear independence
of vi,...,vy (2.15). Dividing by s,

w=—(a1/s)vy — -+ — (am/8)m € span(vy, ..., Un).

Problem 2A.13. Suppose v1, ..., vy, is linearly independent in V and w € V. Show that

U1y ...,Um,w is linearly independent <= w ¢ span(vy,...,vp).

Solution. If w € span(vy,...,vy), say w = c1v1 + - -+ + €Uy, then

civr + -+ e + () w =0

has last scalar —1 # 0, so vy, ..., Uy, w is linearly dependent (2.17). That is the contrapositive of one
implication.
Conversely, suppose w ¢ span(vi,...,Uy) and ajv; + -+ + apvy, + bw = 0. Were b # 0, inverting b
would give

w=—(a1/b)vy — -+ — (am/b)vm € span(vi, ..., vnm),
contrary to hypothesis. So b = 0, leaving ajv1 + -+ - + amvm = 0, whence a; = - -+ = a,, = 0 by linear
independence of v, ..., v, (2.15). All the scalars vanish, so vy, ..., vy, w is linearly independent.

Problem 2A.14. Suppose v1,..., Uy, is a list of vectors in V. For k € {1,...,m}, let
wk:U1++Uk

Show that the list vy,..., vy, is linearly independent if and only if the list wq,...,w,, is linearly
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independent.

Solution. Each list is recovered from the other: v; = w; and vy = wgp — wi_1 for 2 < k < m, by
cancellation in the partial sums.

(i) Suppose vi,..., vy, is linearly independent and ajwi + --- + apmwy, = 0. Since v occurs in wy,
exactly when k > j,

m

0= Zakwk = Z(Zak>vj,

Jj=1 k=j

SO ZZL:J» ap = 0 for each j (2.15); subtracting the equation for j + 1 from that for j gives a; = 0 for
7 <m, and j = m gives a,, = 0. Hence wy, ..., w,, is linearly independent.

(ii) Suppose w1, ..., Wy, is linearly independent and bjvy + - -+ + by v, = 0. Substituting v; = w; and
Vg = W — Wg—1,

m—
0= Z brwy — Z bpp1wy = Z (b — brg1) Wi + bWy,
k=1 =1

s0 by = by =--- = by, and by, = 0 (2.15); hence all by =0 and vy, ..., v, is linearly independent.

Problem 2A.15. Explain why there does not exist a list of six polynomials that is linearly inde-
pendent in Py (F).

Solution. Every linearly independent list in P4(F') has length at most 5, so no list of six can be linearly
independent.

Indeed 1, z, 22, 23, 2% spans P4(F), since each p € P4(F) has degp < 4 and so is written as p(z) =
ag + a1z + asz?® + a3z’ + agz* by 2.11 (padding with zero coefficients; p = 0 takes all a; = 0). Thus
P4(F) is finite-dimensional (2.9) with a spanning list of length 5, and 2.22 bounds every linearly
independent list by that length.

Problem 2A.16. Explain why no list of four polynomials spans Py (F).

Solution. The list 1, z, 22, 23, 2% is linearly independent in P4 (F) and has length 5, so by 2.22 no spanning
list of length 4 can exist.

Linear independence is 2.16(b): if ag + a1z + a22% + azz® + a4z* = 0 for every z € F, then all a3 = 0.
(That condition involves only the listed vectors and F, so it reads the same in the subspace Py (F) as
in P(F).) A spanning list g1, ¢2, g3, ¢4 would make P4(F) finite-dimensional (2.9) with 5 < 4 by 2.22,
which is false.

Problem 2A.17. Prove that V is infinite-dimensional if and only if there is a sequence vy, v, ... of
vectors in V' such that vy, ..., vy, is linearly independent for every positive integer m.

Solution. (<) Given such a sequence, a spanning list wy,...,w, of V' (2.9) would force n +1 < n by
2.22 applied to the linearly independent list vy, ...,v,41. So V is not finite-dimensional, i.e. infinite-
dimensional (2.13).

(=) Suppose V is infinite-dimensional and choose v,, recursively.

(i) V # {0}, since otherwise the empty list spans V’; pick v; # 0, linearly independent by 2.16(c).

(ii) Given vy, . .., vy, linearly independent, no list spans V', so span (v, ..., v,) # V and we may choose

Um41 € V \ span(vy, ..., vp).

By Exercise 2A.13 the list v1,..., vy is linearly independent.
The recursion never halts, and every initial segment is linearly independent.
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Problem 2A.18. Prove that F°° is infinite-dimensional.

Solution. Take e, € F* to be the sequence with 1 in coordinate k£ and 0 elsewhere. For every m,
aier + -+ amem = (a1, ..., am,,0,0,...),

which is the zero sequence only if a1 = -+ = a,, = 0; s0 ey, ..., e, is linearly independent. By Exercise
2A.17, F*° is infinite-dimensional.

Problem 2A.19. Prove that the real vector space of all continuous real-valued functions on the
interval [0, 1] is infinite-dimensional.

Solution. Take fi € C[0,1] to be fix(z) = 2* for k =0,1,2,..., each continuous on [0, 1].

For every m the list fo,..., fi, is linearly independent: if agfy + -+ + amfm = 0 in C]0, 1], then the
polynomial p(z) = ag + a1z + -+ + a;, 2™ vanishes at every point of [0, 1], hence has infinitely many
zeros in R, so p = 0 by 4.8 (a nonzero p of degree d has at most d zeros for d > 1, and none for d = 0).
Uniqueness of polynomial coefficients then gives ag = --- = a,, = 0.

Applying Exercise 2A.17 to the sequence fy, f1, f2,... shows C[0, 1] is infinite-dimensional.

Problem 2A.20. Suppose pg,pi,--.,Pm are polynomials in P,,(F) such that pg(2) = 0 for each
k €{0,...,m}. Prove that po,pi,...,Dpm is not linearly independent in P,,(F).

Solution. The m + 1 polynomials all lie in
U ={p € Pm(F):p(2) =0},

which is spanned by a list of length m; so 2.22 forbids their linear independence.

U is a subspace of Pp,(F) by 1.34, since 0 € U and (p + Aq)(2) = p(2) + A\¢(2) = 0 for p,q € U.
For j € {1,...,m} put g;(z) = 27 — 2J; each has degree j < m and ¢;(2) = 0, so ¢; € U and
span(qi,-..,qm) C U. Conversely, writing p € U as p(z) = ap + a1z + -+ + an2™ (2.11, 2.12),

p(2) = p(2) —p(2) = a1q1(2) + a2q2(2) + - -+ + amgm(2),

so U = span(qi, ..., qn) and U is finite-dimensional (2.9). (For m = 0 both sides are {0}.)
Linear independence depends only on the vectors and F, so were py, ..., pn linearly independent in
P (F) it would be a linearly independent list of length m + 1 in U, giving m + 1 < m by 2.22.

2.2 Exercises 2B

Problem 2B.1. Find all vector spaces that have exactly one basis.

Solution. Only the zero vector space {0}, whose unique basis is the empty list.
The empty list is linearly independent (2.15) with span {0} (2.4), hence a basis of {0} by 2.26; every
nonempty list in {0} reads 0,...,0 and is linearly dependent (2.18). So {0} has exactly one basis.

Conversely, let vq,...,v, be the unique basis of V and suppose n > 1. Then v; # 0 by linear
independence, and 2v1, vs, . . ., vy, is again a basis: it spans, since vy = %(21}1) puts V' = span(vy,...,v,)
inside its span (% € FasFisRor C); and a1 (2v1)+agva+- - -+apv, = 0 gives 2a1 = ag =+ = a, =0,

so all a = 0. But 2v; # v since 2v1 — v1 = v1 # 0, so this is a second basis, a contradiction. Hence
n =0 and V = span() = {0}.

Problem 2B.2. Verify all assertions in Example 2.27.
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Solution. Throughout, a list is a basis exactly when it is linearly independent and spans (2.26).
(a) are; + -+ + apen, = (ai,...,ay), so every (xi1,...,x,) € F" equals zje; + -+ + z,e, and the
combination vanishes only for a; = --- = a, = 0. Hence e, ..., e, is a basis of F".
(b) a(1,2) + b(3,5) = (z,y) reads a + 3b = x, 2a + 5b = y, whose unique solution is b = 2z — y,
a = —bx + 3y; and

(=52 +3y)(1,2) + (2z — y)(3,5) = (z,y). (Check!)

So representations exist and are unique, making (1,2), (3,5) a basis of F2 by 2.28, of length two like
the standard basis in (a).

(c) a(1,2,—4) +b(7,—5,6) = (0,0,0) gives a + 7b = 0 and 2a — 5b = 0, hence —19b =0 and a = b = 0:
linearly independent. It does not span, since a(1,2,—4) + b(7,—5,6) = (0,0,1) forces a = b = 0 from
the first two coordinates and then 0 # 1 in the third. So it is not a basis of F3.

(d) Tt spans F?2, since the sublist (1,2), (3,5) already does by (b) and enlarging a list only enlarges its
span. It is linearly dependent: the formulas of (b) at (z,y) = (4,13) give

19(1,2) — 5(3,5) — 1 - (4,13) = (0,0),

a nontrivial vanishing combination (2.17). Hence not a basis.

(e) a(1,1,0) + b(0,0,1) = (a,a,b), which lies in U = {(z,z,y)}, and conversely (z,z,y) = x(1,1,0) +
y(0,0,1); so U = span ((1, 1,0), (0,0, 1)) is a subspace (2.6) that the list spans. It vanishes only for
a =b =0, so the list is a basis of U.

(f) a(1,-1,0) + b(1,0,—1) = (a + b, —a, —b), whose coordinates sum to 0, so the span lies in U =
{z +y+ z = 0}; conversely (z,y,z) € U has x = —y — z and

(—y)(l, _170) + (_Z)(lvov _1) = (_y - %Y, Z) = (x,y,z).

Hence U is that span, a subspace by 2.6; and (a + b, —a, —b) = 0 forces a = b = 0. So the list is a basis
of U.

(g) By definition every p € Py, (F) is p(z) = ap+ a1z + -+ + ap 2™, ie. 1,z,...,2" spans P, (F); it is
linearly independent by 2.16(b). Hence it is a basis.

Finally, (7,5), (—4,9) is a basis of F?: the system 7a — 4b = x, 5a + 9b = y has determinant 83 # 0 in
F, so it has the unique solution

9z + 4y b_?y—5x
83 83

and 2.28 applies. That (1,2), (3,5) is a basis was shown in (b).

(Check!),

Problem 2B.3. (a) Let U be the subspace of R® defined by
U = {(x1,z2,23,24,75) € R®: 21 = 329 and 23 = Txy}.

Find a basis of U.
(b) Extend the basis in (a) to a basis of R.
(c) Find a subspace W of R? such that R> =U & W.

Solution. (a) A basis of U is
(3,1,0,0,0), (0,0,7,1,0), (0,0,0,0,1),

each vector lying in U (Check!). It spans: the constraints z; = 39, x3 = Txy leave xo = t, x4 = s,
x5 = r free, and
(3t,t,7s,s,7) =1(3,1,0,0,0) + s(0,0,7,1,0) 4+ r(0,0,0,0,1).

It is linearly independent, since that combination equals (3a, a, 7b, b, ¢), whose second, fourth, and fifth
coordinates give a = b = ¢ = 0. So it is a basis by 2.26.
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(b) Adjoin (1,0,0,0,0) and (0,0,1,0,0), giving the list
(3,1,0,0,0), (0,0,7,1,0), (0,0,0,0,1), (1,0,0,0,0), (0,0,1,0,0).

The combination a(3,1,0,0,0) + 5(0,0,7,1,0) + ¢(0,0,0,0,1) 4+ d(1,0,0,0,0) 4+ ¢(0,0,1,0,0) equals
(3a+d, a, Tb+e, b, c). Tt spans R%: take a = x9, b = 24, ¢ = x5, d = 71 — 372, € = w3 — Twg. It
is linearly independent: if that vector is 0, coordinates two, four, five give a = b = ¢ = 0, and then
coordinates one and three give d = e = 0. So this length-five list is a basis of R® extending (a).

(c) Take

W = span ((1,0,0,0,0),(0,0,1,0,0))
= {(1‘1, 07.1'3,0,0) 1 T1,x3 € R},
a subspace by 2.6. By (b) every vector of R splits as a combination of the first three listed vectors,

which lies in U, plus one of the last two, which lies in W; so U + W = R5. And (z1,0,23,0,0) € U
forces 11 =3-0=0and 23 =7-0=0,s0 UNW = {0}. Hence R> = U & W by 1.46.

Problem 2B.4. (a) Let U be the subspace of C® defined by
U = {(z1, 22, 23, 24, 25) € C% : 621 = 29 and 23 + 224 + 325 = 0}.

Find a basis of U.
(b) Extend the basis in (a) to a basis of C®.
(c) Find a subspace W of C° such that C> =U & W.

Solution. (a) A basis of U is
(1,6,0,0,0), (0,0,—2,1,0), (0,0,-3,0,1),

each vector lying in U (Check!). It spans: the constraints zo = 6z1, 23 = —2z4 — 325 leave 21 = t,
z4 = 8, z5 = r free, and

(t,6t,—2s — 3r,s,r) =1(1,6,0,0,0) + s(0,0,—2,1,0) 4+ r(0,0,—3,0,1).

It is linearly independent, since that combination equals (a, 6a, —2b — 3¢, b, ¢), whose first, fourth, and
fifth coordinates give a = b = ¢ = 0. So it is a basis by 2.26.
(b) Adjoin (0,1,0,0,0) and (0,0,1,0,0), giving

(1767(]’0’0)7 (0707_271¢0)a (0707 _3a0a1)7 (071707()’0)7 (Oa0717070)'

The combination a(1,6,0,0,0) + b(0,0,—2,1,0) + ¢(0,0,—3,0,1) +d(0,1,0,0,0) +¢(0,0,1,0,0) equals
(a, 6a+d, —2b—3c+e, b, c). It spans C%: take a = 21, b= 24, ¢ = 25, d = 20 — 621, € = 23 +224+3z5.
It is linearly independent: if that vector is 0, coordinates one, four, five give a = b = ¢ = 0, and then
coordinates two and three give d = e = 0. So it is a basis of C® extending (a).

(c) Take

W = span ((0,1,0,0,0),(0,0,1,0,0))
={(0, 22, 23,0,0) : 22, 23 € C},
a subspace by 2.6. By (b) every vector of C? splits as a combination of the first three listed vectors,

which lies in U, plus one of the last two, which lies in W; so U + W = C°. And (0, 29, 23,0,0) € U
forces 20 =6-0 =0 and z3 =0, so U NW = {0}. Hence C° = U & W by 1.46.

Problem 2B.5. Suppose V is finite-dimensional and U, W are subspaces of V' such that V. =U+W.
Prove that there exists a basis of V' consisting of vectors in U U W.
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Solution. Reduce the concatenated bases of U and W to a basis of V' (2.30).
In detail: U and W are finite-dimensional (2.25), so they have bases u1, ..., uy, and wy,...,w, (2.31).
FachveVisv=u+wwithu e U, w e W since V =U + W, and expanding v and w in those bases
gives

v =aiu] + -+ Uy + 1wy + - - + bpwny,

SO ULy« Um, W1, ..., W, spans V. By 2.30 some sublist of it is a basis of V', and every vector of that
sublist lies in U U W.

Problem 2B.6. Prove or give a counterexample: If pg, p1, p2, p3 is a list in P3(F) such that none of
the polynomials pg, p1, p2, p3 has degree 2, then pg, p1, p2, p3 is not a basis of P3(F').

Solution. False: take

po(z) =1, p1(z) = z, pa(2) = 22 + 22, pa(z) = 27,
of degrees 0,1, 3, 3, none equal to 2.
This list spans, since
a+bz+cz?+dz3 =apy+bpy + cps + (d — ¢) ps,

and 1, z, 22, 2% spans P3(F) (Example 2.27(g)). It is linearly independent: apg +bp1 + cps +dpz =0
reads a + bz +cz? + (c+d)z® =0 forall 2,80 a=b=c=0and c+d = 0 by 2.16(b), whence d = 0.
So it is a basis by 2.26.

Problem 2B.7. Suppose v1,v2,v3,v4 is a basis of V. Prove that
U1 + V2, V2 + U3, U3+ V4, Vs

is also a basis of V.

Solution. By 2.26 it suffices that the list be linearly independent and span V.
Linear independence: regrouping a(vi + va) + b(ve + v3) + c(vs + v4) + dvg = 0 gives

avy + (a+ b)va + (b + ¢)vs + (¢ + d)vg =0,
soa=a+b=>b+c=c+d=0 by linear independence of the basis vy, vo, v3,v4; reading in order,
a=b=c=d=0.
Spanning: writing S for the span of the new list, which is a subspace (2.6),

v €S, wv3=(v3+vy)—vg4 €S, vo=(va+uv3)—v3€ES,

and then v; = (v1 + v2) — v € S. Hence V = span(vy,vg,v3,v4) €S, 80 S =V.

Problem 2B.8. Prove or give a counterexample: If vy, v2,v3,v4 is a basis of V' and U is a subspace
of V such that v1,vy € U and v3 ¢ U and vyq ¢ U, then vy, vy is a basis of U.

Solution. False: in V = F* take vy, vs, v3,v4 to be the standard basis ey, es, €3, e4 and

U = span(eq, ez, €3 + €4)

= {(w1, 22,23, 14) € F: T3 =4},

the two descriptions agreeing because ey, es, es + e4 all satisfy x3 = x4, a subspace condition, while
x3 = x4 gives (x1,x2,x3,x4) = x1€1 + T2€2 + T3(€3 + €4).

The hypotheses hold: e1,es € U (third and fourth coordinates both 0), while e3, e4 ¢ U (their third and
fourth coordinates differ). But es + e4 € U has third coordinate 1, whereas every vector in span(ey, e2)
has third coordinate 0; so v1,v2 does not span U and is not a basis of U (2.26).
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Problem 2B.9. Suppose vy, ..., v, is a list of vectors in V. For k € {1,...,m}, let

W = V1 + -+ V.

Show that v1,..., v, is a basis of V if and only if wy,...,w,, is a basis of V.

Solution. With wy = 0 one has vy = wg — wi_1 for every k, so each list lies in the span of the other
and
span(vy, ..., Uy) = span(wi, ..., Wy );

in particular one list spans V' exactly when the other does. Expanding each side in the other list (with
bm—‘,—l = 0)7

m

i ApWg = Z (i ak)vja

j=1 k=j

Z bkvk Z bk — bk+1)wk.
k=1

(i) If vi,..., vy is linearly independent and ), arwy = 0, the first identity forces ZZL:]‘ ap = 0 for
every j; subtracting the equation for j + 1 from that for j gives a; = 0.

(ii) If wq,...,wp, is linearly independent and ), byvy = 0, the second identity forces by = by for
every k, and by,+1 = 0 then gives by = --- =b,,, =

So the lists are linearly independent together, and by 2.26 one is a basis of V' exactly when the other
is.

Problem 2B.10. Suppose U and W are subspaces of V' such that V = U @& W. Suppose also that
UL, ..., Uy is a basis of U and wy, ..., w, is a basis of W. Prove that

ULy oy Um, W1y ...,Wn

is a basis of V.

Solution. By 2.26 it suffices to check spanning and linear independence of the concatenated list.
Spanning. Each v € Visv =u+w with u € U, w € W, since V = U + W; expanding v and w in
their bases gives

v=aiu + -+ Uy, + biwi + - - + bpws,.

Independence. If that sum is 0, then v + w = 0 with u = Zj ajuj € U and w = ), byw,, € W, so
w=w = 0 by 1.45 (the sum U + W is direct); independence of each of the two bases makes every a;
and every by zero.

Problem 2B.11. Suppose V is a real vector space. Show that if vy,..., v, is a basis of V (as a real
vector space), then vy, ..., v, is also a basis of the complexification Vi (as a complex vector space).
See Exercise 8 in Section 1B for the definition of the complexification V.

Solution. Everything follows from the identity (x): for ag, b € R, with each vy read as vg + 0,

i(ak + byi) (vg + 10) (Z akvk> + Z(Z bkvk)

k=1
since (a + bi)(v +i0) = (av) + i(bv) and addition in Vi is componentwise (Exercise 8 in Section 1B).
As every complex scalar is a + bi with a,b € R, (*) covers all complex linear combinations of the list.
Spanning. Given u + v € Vg, expand u = ), apvr and v = ), byvy, over R; then (x) gives Y, (ax +
bki)’l)k =u 4+ w.
Independence. If ), (ap + byi)vy, = 0+ 40, then (x) and componentwise equality in Vo =V x V give
>k @KV = > bpvr = 0 in V; independence over R makes every real ay, by, zero.
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Hence vy, ..., v, is a basis of Vi over C by 2.26.

2.3 Exercises 2C

Problem 2C.1. Show that the subspaces of R? are precisely {0}, all lines in R? containing the
origin, and R?.

Solution. A subspace of R? has dimension 0, 1, or 2, and those three cases are exactly the three listed
sets.

A line through the origin is precisely the span of one nonzero vector: if L = {w + Av : A € R} with
v#0and 0 € L, then w = —Agv for some Ay, so

L={(\=Xy)v:\eR}=span(v);

conversely span(v) = {0 + Av : A € R} is such a line when v # 0. Each listed set is therefore
a subspace, spans being subspaces (2.6). Conversely a subspace U is finite-dimensional (2.25) with
dimU < dimR? = 2 by 2.37 and 2.36, and:

(i) dim U = 0: the empty list is a basis, so U = {0} by 2.4.

(ii) dimU = 1: a basis of U is a single v # 0 (a list containing 0 is dependent), so U = span(v) is a
line through the origin.

(iii) dim U = 2 = dim R?: then U = R? by 2.39.

Problem 2C.2. Show that the subspaces of R are precisely {0}, all lines in R3 containing the
origin, all planes in R3 containing the origin, and R3.

Solution. A subspace of R? has dimension 0, 1, 2, or 3, and those four cases are exactly the four listed
sets.

Lines through the origin are the 1-dimensional subspaces. If L = {w + Av : A € R} with v # 0 and
0 € L, then w = —\gv for some A\, so L = span(v), of dimension 1 since v alone is linearly independent.
Conversely a 1-dimensional subspace is span(v) = {0+ Av : A € R} for a basis vector v # 0.

Planes through the origin are the 2-dimensional subspaces. If P = {w + A\jv; + Agvg : A\; € R} with
v1,v9 linearly independent and 0 € P, then w = —(ujv1 + pava) for some py, po, so

P = {()\1 — ,ul)vl + ()\2 — /JQ)UQ i\ € R}

= span(vy, v2),

a subspace (2.6) with basis v1, v, so dim P = 2. Conversely a 2-dimensional subspace is the span of
its (linearly independent) basis vy, v2, hence such a plane.

Each listed set is thus a subspace; conversely a subspace U of R? is finite-dimensional (2.25) with
dimU < dimR3 = 3 by 2.37 and 2.36, and:

(i) dim U = 0: the empty list is a basis, so U = {0}.

(ii) dimU = 1: U is a line through the origin.

(iii) dimU = 2: U is a plane through the origin.

(iv) dimU = 3 = dimR3: then U = R3 by 2.39.

Problem 2C.3. (a) Let U = {p € P4(F) : p(6) = 0}. Find a basis of U.
(b) Extend the basis in (a) to a basis of P4(F).
(c) Find a subspace W of Py4(F) such that P4(F) =U & W.

Solution. (a) A basis of U is (v —6), (v —6)2, (x—6)3, (z —6)%. Writing Py = P4(F), of dimension 5
by 2.36, the shifted powers

1, (x—6), (z—06)% (z—06)3 (z—6)*
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are linearly independent (in a vanishing combination the coefficient of z* gives ¢4 = 0, then 22 gives
c3 = 0, and so downward), so having length 5 = dim P, they are a basis of P4 by 2.38. Expanding p
in them,

p=cy+ cl(x — 6) + CQ(Z — 6)2 + Cg(.’L‘ — 6)3 + C4(w — 6)4,

gives p(6) = cp, so p € U if and only if ¢¢g = 0. The four listed polynomials thus span U and are
independent as a sublist; dim U = 4.

(b) Adjoin the constant polynomial 1, recovering the basis of P4 above.

(c) Take W = span(1). For p € Py, let ¢ be the constant polynomial p(6); then p = (p — ¢) + ¢ with
p—ceUand ce W, giving Py =U+W. If ¢ € UNW, then q is a constant with ¢(6) =0, so ¢ = 0;
by 1.46 the sum is direct, and Py(F) =U & W.

Problem 2C.4. (a) Let U = {p € P4(R) : p”(6) = 0}. Find a basis of U.
(b) Extend the basis in (a) to a basis of Py (R).
(c) Find a subspace W of P4(R) such that P4(R) =U & W.

Solution. (a) A basis of U is 1, (z —6), (z — 6)%, (z — 6)%. Writing Py = P4(R), of dimension 5 by
2.36, the shifted powers
1, (x—6), (x—6)% (x—6)3 (z—6)*

are a basis of P4 by 2C.3 and 2.38. Expanding p = >, cx(z — 6)* and differentiating twice,
P’ = 2¢y + 6c3(z — 6) + 12¢4(z — 6)2,

so p”(6) = 2co and p € U if and only if co = 0. The four listed polynomials thus span U and are
independent as a sublist; dimU = 4.

(b) Adjoin (x — 6)2, recovering the basis of P, above.

(c) Take W = span((z — 6)?). For p € Py set A = 1p"(6); since (A(z — 6)2)” =2\ =p"(6),

p= (p— Az — 6)2) + Mz — 6)2

has first summand in U and second in W, so Py = U +W. If ¢ € UNW, then q = c¢(z — 6)? with
q"(6) =2¢ =0, s0o ¢ = 0; by 1.46 the sum is direct, and P4(R) =U & W.

Problem 2C.5. (a) Let U = {p € P4(F) : p(2) = p(5)}. Find a basis of U.
(b) Extend the basis in (a) to a basis of Py(TF).
(c) Find a subspace W of P4(F) such that Py(F) =U @ W.

Solution. (a) A basis of U is 1, (x —2)(z —5), xz(x —2)(x —5), 2%(z — 2)(x — 5). Writing Py = Py(F),
of dimension 5 by 2.36, the list

1, -2 (z—2)(x—5), z(x—2)(x—-5), z*(x—2)(x—>5)

is monic of degrees 0, 1,2, 3,4, hence linearly independent (in a vanishing combination the coefficient
of z* gives ¢4 = 0, then 3 gives c3 = 0, and so downward), so having length 5 = dim P; it is a basis
of P4 by 2.38. Expand p € P4 in it with coefficients ¢y, . .., cq; every term after the second vanishes at
2 and at 5, so

p(2) = co, p(5) = co + 3c1,
so p € U if and only if 3¢; = 0, i.e. (as 3 is invertible in IF) if and only if ¢; = 0. Hence U is the span of
the four listed polynomials, each of which does lie in U, and they are linearly independent as a sublist;
dimU = 4.
(b) Adjoin x — 2, recovering the basis of P4 above.
(c) Take W = span(z —2). Given p € Py, set A = 1 (p(5) —p(2)) and ¢ = p— A(z —2); then ¢(2) = p(2)
and

q(5) = p(5) — 3A = p(2) = ¢(2),
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sop=q+ Az —2)liessin U+ W. If r € UNW, then r = ¢(z — 2) and r(2) = r(5) gives 0 = 3¢, so
r = 0; by 1.46 the sum is direct: Py(F)=U & W.

Problem 2C.6. (a) Let U = {p € P4(F) : p(2) = p(5) = p(6)}. Find a basis of U.
(b) Extend the basis in (a) to a basis of P4(F).
(c) Find a subspace W of P4 (F) such that P4(F) =U & W.

Solution. (a) A basis of U is 1, (x —2)(x — 5)(x —6), x(z —2)(z — 5)(xz — 6). Writing Py = Pu(F), of
dimension 5 by 2.36, the list

1, -2, (z—=2)(z-5), (z—2)(x—-5)(x—6), z(x—2)(x—>5)(x—06)

is monic of degrees 0,1,2,3,4, hence linearly independent (the coefficient of 2% gives ¢4, = 0, then 3
gives c3 = 0, and so downward), so having length 5 = dim P; it is a basis of P4 by 2.38. Expand p € Py
in it with coefficients ¢, ..., cq; the last two terms vanish at each of 2,5, 6, so

p(2) = co, p(5) = co + 3cy, p(6) = co + 41 + 4deo,

and p € U if and only if 3¢; = 0 and 4¢; + 4c2 = 0, i.e. (as 3 and 4 are invertible in F) if and only if
¢1 = ¢ = 0. Hence U is the span of the three listed polynomials, all of which lie in U (the constant
takes one value everywhere, the other two vanish at 2,5,6), and they are independent as a sublist;
dimU = 3.

(b) Adjoin x — 2 and (x — 2)(x — 5), recovering after reordering the basis of P4 above.

(c) Take W = span(z — 2, (z —2)(xz — 5)). The basis in (b) spans P4 and each of its vectors lies in U
orin W,soPy=U+W. If g€ UNW, then by (a) and the definition of W,

ap +az(x —2)(x —5)(z —6) + agz(x — 2)(x — 5)(x — 6) = by (z — 2) + ba(z — 2)(z — 5)

for some scalars; subtracting writes 0 in the basis from (b), so all coefficients vanish by 2.28 and ¢ = 0.
By 1.46 the sum is direct: P4(F) =U & W.

Problem 2C.7. (a) Let U = {p € P4(R) : f_llp = 0}. Find a basis of U.

(b) Extend the basis in (a) to a basis of Py (R).
(c) Find a subspace W of P4(R) such that P4(R) =U & W.

Solution. (a) A basis of U is x, x? — %, 23,z — é Writing Py = P4(R), of dimension 5 by 2.36, the
list

1 3 4
BERE x-, T —

(S

1, =z, z?

is monic of degrees 0,1,2,3,4, hence linearly independent (the coefficient of 2% forces ¢4 = 0, then
23 forces c3 = 0, and so downward), so having length 5 = dim Py it is a basis of P4 by 2.38. Since
f_ll 2% dx equals 2/(k + 1) for k even and 0 for k odd,

1 1 1
/ 1=2, / .CC:/ 3 =0,
-1 -1 -1

while fil(xQ —3)=2-2=0and fil( t—1)y=2_2=0. So expanding p in the basis with
coefficients cg, ..., cq gives f_llp = 2¢g, and p € U if and only if ¢g = 0. Hence U is the span of the
four listed polynomials, each of which lies in U, and they are independent as a sublist; dim U = 4.

(b) Adjoin the constant polynomial 1, recovering the basis of P4 above.

(c) Take W = span(1l). Given p € Py, set ¢ = %fil p; then p = (p — ¢) + ¢ with ¢ € W and

/_ll(p—c) N /—llp_ =0
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sop—ceUand Py,=U+W.IfqgeUNW, thenqisaconstantawith():f_llzL:2a, so q = 0; by
1.46 the sum is direct: P4(R) =U & W.

Problem 2C.8. Suppose v1, ..., v, is linearly independent in V' and w € V. Prove that

dimspan(vi + w, ..., v, +w) >m — 1.

Solution. The list v1 — vy, ..., Um—1 — Uy iS a linearly independent list of length m — 1 lying in
U = span(v; + w, ..., v, + w), which gives the bound. (For m = 1 the claim is only dimU > 0, so
assume m > 2.)

Each vy — vy, = (v + w) — (v, + w) lies in U, and if Z;n:_ll ax(vg — vm) = 0, regrouping gives

a1v1 + -+ Gp—1Vm-1 — (@1 + - + am—1)vy, = 0,

so linear independence of vq, ..., v, forces a1 = -+ = a1 = 0.
Since U is spanned by a finite list it is finite-dimensional, and a basis of U is a spanning list of U of
length dim U; by 2.22 the independent list above is no longer, i.e.

m —1<dimU = dimspan(v; + w, ..., vy + w).

Problem 2C.9. Suppose m is a positive integer and pg, p1, ..., pm € P(F) are such that each py has
degree k. Prove that po,pi,...,pm is a basis of Py, (F).

Solution. Each py has degree k < m, so po,...,pm is a list of m + 1 = dim P, (F) vectors in Py, (F)
(2.36); by 2.38 only linear independence needs checking.
Suppose agpg + - - + ampm = 0 with not every ay, zero, and let k be the largest index with ag # 0, so
that

aopo + aipr + - -+ agpr = 0.

Writing pj(z) = ¢jo + -+ + cj,jzj with ¢;; # 0, the terms with j < k have degree j < k and so
contribute nothing to the coefficient of z* on the left, which is therefore axck,r 7 0. But the coefficients
of a polynomial are uniquely determined (as noted after 4.8: a polynomial with a nonzero coefficient
has only finitely many zeros, while F is infinite), so the left side being the zero function forces that
coefficient to be 0, a contradiction.

Hence every a, = 0, and pg, p1, - . ., Pm is a basis of Py, (F).

Problem 2C.10. Suppose m is a positive integer. For 0 < k < m, let
pr(x) = 271 — 2)™ k.

Show that po,...,pm is a basis of P, (F).
[The basis in this exercise leads to what are called Bernstein polynomials. You can do a web search
to learn how Bernstein polynomials are used to approximate continuous functions on [0, 1].]

Solution. Each py has degree k4 (m — k) = m, so po,...,pm is a list of m + 1 = dim P, (IF) vectors in
P (F) (2.36); by 2.38 only linear independence needs checking.

Suppose aopo + - - - + ampm = 0 with not every ay, zero, and let j be the smallest index with a; # 0, so
that > ) arz¥(1 — 2)™ % = 0. By the binomial theorem,

- nyh= S ("7 ")t

]
=0

so every monomial of pp has degree at least k; hence the terms with £ > j contribute nothing to
the coefficient of 27 on the left, which is therefore a; # 0. Since the coefficients of a polynomial are
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uniquely determined (as noted after 4.8, and used in 2C.9), the left side being the zero function forces
a; = 0, a contradiction.
Hence every ax, = 0, and py, . . ., py, is a basis of Py, (F).

Problem 2C.11. Suppose U and W are both four-dimensional subspaces of C®. Prove that there
exist two vectors in U N W such that neither of these vectors is a scalar multiple of the other.

Solution. Take the first two vectors uy, us of a basis of U NW, a list of length at least 2. Indeed U "W
and U + W are subspaces of C% (Exercise 10 in Section 1C, and 1.40), hence finite-dimensional by 2.25
with dim(U + W) < dim C% = 6 by 2.37 and 2.36, so 2.43 gives

dim(U N W) = dim U + dim W — dim(U + W) >4 +4 — 6 = 2.

A sublist of a linearly independent list is linearly independent, so w1, us is linearly independent. Were
ug2 = Auq, then Au; + (—1)uz = 0 would be a vanishing combination with a nonzero coefficient, and
symmetrically for u; = Aus. Hence neither of the vectors ui,us € U N W is a scalar multiple of the
other.

Problem 2C.12. Suppose that U and W are subspaces of R® such that dim U = 3, dim W = 5, and
U+ W =R Prove that RS =U o W.

Solution. The intersection UNW is trivial, so 1.46 makes the sum direct. Indeed UNW is a subspace of
R® (Exercise 10 in Section 1C), hence finite-dimensional by 2.25, and since dim(U + W) = dimR® = 8
by hypothesis and 2.36, applying 2.43 to U and W gives

8=3+5—-dim(UNW), so dim(UNW)=0.

A space of dimension 0 has the empty list as a basis, whose span is {0}; thus U N W = {0} and
RE=U+W=UaW.

Problem 2C.13. Suppose U and W are both five-dimensional subspaces of R?. Prove that UNnW #

{0}.

Solution. The intersection has dimension at least 1. Both U +W and U NW are subspaces of RY (1.40
and Exercise 10 in Section 1C), hence finite-dimensional by 2.25 with dim(U + W) < dimR? = 9 by
2.37 and 2.36, so 2.43 gives

dim(UNW) = dimU + dim W — dim(U + W) > 5+5—9 = 1.

Since dim{0} = 0 (the empty list being a basis), U N W # {0}.

Problem 2C.14. Suppose V is a ten-dimensional vector space and Vi, Vs, V3 are subspaces of V'
with dim V} = dim Vo = dim V3 = 7. Prove that V3 N'Vo N V3 # {0}.

Solution. Two applications of 2.43 force dim(V; NVo N V3) > 1. All the subspaces below are subspaces
of V' (Exercise 10 in Section 1C for intersections, 1.40 for sums), hence finite-dimensional by 2.25 with
dimension at most dim V' = 10 by 2.37. So

dim(V; N Va) = dim Vi + dim Va — dim(V; + Va)
>74+7-10=4,
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and, since (Vi NWVo)NVz =V NVan Vs,

dim(V; N V2 N V3) = dim(V4 N Va) + dim V3 — dim (V4 N Va) + V3)
>447-10=1.

Since dim{0} = 0 (the empty list is a basis of {0}), V1 NVa N V3 # {0}.

Problem 2C.15. Suppose V is finite-dimensional and V7, V5, V3 are subspaces of V' with dim V; +
dim V5 + dim V3 > 2dim V. Prove that Vi N Vo N V3 # {0}.

Solution. For any subspaces A, B of V' (all finite-dimensional by 2.25),
dim(ANB) =dim A + dim B — dim(A + B) > dim A 4+ dim B — dim V,

by 2.43 together with dim(A + B) < dim V', which holds by 2.37 since A+ B is a subspace of V' (1.40).
Applying this with A =V}, B = V5, then with A =V, NV, B = Vs,

dim(V; N Vo NV3) > dim(V; NV,) + dim Vs — dim V'
> dimV; +dim V5 4+ dim V3 — 2dim V,

which is positive by hypothesis. Since dim{0} = 0 (the empty list is its basis), Vi N Vo N V3 # {0}.

Problem 2C.16. Suppose V is finite-dimensional and U is a subspace of V with U # V. Let
n =dimV and m = dimU. Prove that there exist n — m subspaces of V', each of dimension n — 1,
whose intersection equals U.

Solution. Extend a basis uy,...,uy, of U to a basis ui, ..., un,v1,...,0p—m of V (2.32; the extension
has length dim V' = n by 2.34) and take, for k € {1,...,n — m},

Wi = span(ui, ..., Um, U1y .., Uk—1,

Uk—|—17 s 7Un—m)7

the span of that basis with v deleted. There are indeed n —m > 1 of these, since m < n by 2.37 while
m = n would give U =V by 2.39.
Each such spanning list has length n — 1 and is linearly independent, being a sublist of a basis; so it
is a basis of W and dim W, =n — 1.
Since ug,...,un, occurs in every spanning list, U C Wi N --- N W, _,,. Conversely, let v lie in that
intersection and write v = Zj ajuj + > ;. bpvg in the basis of V. Fixing k, membership in W}, also
expresses v in that same basis with coefficient 0 on v, so by = 0 by the uniqueness in 2.28; as k was
arbitrary, v = 3, aju; € U. Hence

win---NWy_m =U.

Problem 2C.17. Suppose that Vi, ..., V,, are finite-dimensional subspaces of V. Prove that Vj +
---+V,, is finite-dimensional and

dim(Vp +---+ V) <dim Vi + -+ + dim V,,,.

[The inequality above is an equality if and only if V; + --- + V}, is a direct sum, as will be shown in
3.94.]

Solution. Concatenating bases does it. Put n, = dim V}, choose a basis vy 1, ..., v, of each V}, (2.31),
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and let L be the concatenated list

V1,1y---5V1ngs V21,---,02n9,

<oy Umily e Umongy

of length nq + - -+ + ngy.

L spans V) + - - - + Vj;,: every element of the sum is u; + - - - + u,, with ug € Vi (1.36), and expanding
each uyg in its basis exhibits it as a linear combination of vectors of L; conversely each vector of L lies
in some Vi, hence in the subspace V; + -+ + V;,, (1.40).

So Vi +---+V,, has a finite spanning list and is therefore finite-dimensional; any basis of it is a linearly
independent list in it, so by 2.22 that basis is no longer than L:

dim(Vi + -4+ Vi) <nyp+ -+ 0y = dim Vi 4 - -+ + dim V..

Problem 2C.18. Suppose V is finite-dimensional, with dimV = n > 1. Prove that there exist
one-dimensional subspaces V1,...,V, of V such that

V=Vig---aV,.

Solution. Take Vi, = span(vy), where vy, ..., v, is a basis of V' (2.31), of length dim V' = n.

FEach Vi, is one-dimensional. No v is 0, since a list containing 0 is dependent; and a one-vector list
vk # 0 is linearly independent, as avy = 0 with a # 0 gives vy = a_l(avk) = 0. So v} is a basis of V..
The sum is V. Each v € V is v = ajv1 + - -+ + apv, with agvg € Vi, so V C Vi 4+ -+ 4+ V,,, and the
reverse inclusion holds since each Vj, is a subspace of V.

The sum is direct. If wi + - -+ 4+ w, = 0 with w; = agvg € Vi, then

aiv1 + - +apvy, =0,

so every ag = 0 by linear independence, whence every wjy = 0; apply 1.45.
Hence V =V, & .- - @ V,, with each V}; one-dimensional.

Problem 2C.19. Explain why you might guess, motivated by analogy with the formula for the
number of elements in the union of three finite sets, that if Vj, V5, V3 are subspaces of a finite-
dimensional vector space, then

dim(Vy + Vo + V3) = dim Vj + dim V5 + dim V3
—dim(V; NVa) — dim(V; N V3) — dim(V, N Va)
+dim(Vy N Vo N Va).

Then either prove the formula above or give a counterexample.

Solution. The formula is false, the three lines

Vi= span((l,O)),
Vo = span((O, 1)),
V3 = span((l, 1))

in R? being a counterexample.

Why one might guess it. The table preceding these exercises matches a finite set S with a space V', #S
with dim V', union with sum (each the smallest object containing the two, by 1.40), and intersection with
intersection. Under that dictionary two-set inclusion-exclusion, #(51 U S2) = #S51 + #S2 — #(S1 N Sa2),
becomes the true theorem 2.43; translating the three-set counting formula term by term gives the
displayed guess.

The guess is false. Each V; above is the span of one nonzero vector, so dim V; = 1. Their sum contains
(1,0) and (0,1), hence equals R?, and the left side is 2. Every pairwise intersection is {0}: a vector of
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Vi1 N V3 is both (a,0) and (b,b), forcing b = 0, and comparing the vanishing coordinate likewise kills
ViNVay (where (a,0) = (0,b)) and Vo N V3 (where (0,a) = (b,0)). So ViNVanN Vs = {0} as well, all four
intersection terms have dimension 0, and the right side is

14141-0-0—-0+0=3#2.

Problem 2C.20. Prove that if Vi, V5, and V3 are subspaces of a finite-dimensional vector space,
then

dim(Vy + Vo + V3) = dim V; + dim V5 + dim V3
_ dim(VA N V2) + dim(V4 N V3) + dim(V2 N V)
3
dim ((V1 + V2) N V3) + dim((V1 + V3) N V2) 4 dim((Va + V3) N V1)
3 :

[The formula above may seem strange because the right side does not look like an integer.|

Solution. Average the three ways of grouping the sum. Every space below is a subspace of the ambient
finite-dimensional space (1.40 for sums, 1.34 for intersections) and so is finite-dimensional by 2.25,
letting 2.43 be applied freely. Applying it first to V3 + V5 and V3, then to V7 and Vs,

dim(Vi + Va + V3) = dim(V; + V) + dim Vs — dim((V4 + V) N V3)
= dim V] 4+ dim V5 4+ dim V3 — dim(V; N Va)
- dim((V1 + VQ) N Vé)

Call this identity (1). Since addition of subspaces is commutative and associative, the same computation
applied to the groupings (Vi + V3) + V5 and (Vi + V3) 4V} gives identities (2) and (3), namely (1) with
the index swaps 2 <> 3 and 1 <> 3; their subtracted terms are dim(V; N V3), dim((V; + V3) N V2) and
dim (Ve N V3), dim((Vz + V3) N V7).

All three identities have left side dim(V; + V2 4+ V3), so adding them and dividing by 3 leaves that
side unchanged while averaging the right sides: the three pairwise-intersection terms become the first
displayed fraction of the statement and the three sum-intersection terms the second. That is the
claimed formula.
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3.1 Exercises 3A

Problem 3A.1. Suppose b, c € R. Define T: R3 — R? by

T(x,y,z) = (2 — 4y + 3z + b, 62 + cxyz).

Show that T is linear if and only if b = ¢ = 0.

Solution. If b = ¢ = 0, then T'(x,y,z) = (2o — 4y + 3z, 6x) satisfies the two conditions in 3.1: for
u=(z1,y1,21), v = (x2,Y2, 22) and A € R, regrouping coordinatewise gives

T(u + U) = (2(:6'1 + 1‘2) — 4(y1 + yg) + 3(2’1 + 22), 6(:13'1 + 372))
= (221 — 4y1 + 321, 6x1) + (222 — 4y2 + 322, 6x2) = Tu+ T,
T(Av) = (2 Az — 4 y + 3\z, 6Az) = A(T).
Conversely, suppose T' is linear. Then 7(0,0,0) = (0,0) by 3.10, while the defining formula gives
T(0,0,0) = (b,0); comparing first coordinates, b = 0. For ¢, homogeneity with A = 2 and v = (1,1,1)
compares the second coordinates of

T(2,2,2) = (2+b, 12+8¢c),  2T(1,1,1) = (2 + 2b, 12+ 2¢),

since ¢-2-2-2 = 8¢; thus 12+ 8¢ =12 + 2c and ¢ = 0.

Problem 3A.2. Suppose b, c € R. Define T: P(R) — R? by

2

Tp = <3p<4> +59/(0) +bp(p(2). |

3p(x) dz + csinp(0)> .

Show that T is linear if and only if b = ¢ = 0.

Solution. If b = ¢ =0, then
2

-1

Tp = <3p(4) + 5p(6), / 3p(x) dx>

satisfies the two conditions in 3.1: evaluation at a point, differentiation and the integral are each
additive and homogeneous, so every coordinate of T'(p+ q) is the sum of the corresponding coordinates
of T'p and Tq, and every coordinate of T'(Ap) is A times that of T'p, addition and scalar multiplication
in R? being coordinatewise.

Conversely, suppose T is linear. Take p the constant polynomial 1 (so p’ = 0); the first coordinates of
Tp and of T'(2p) are 3+ band 3-2+b-2-2 =6+ 4b, so homogeneity with A = 2 gives

6+4b = 2(3+b) = 6+ 2,

whence b = 0. Now take ¢ the constant polynomial 7/2, and note f_21 2 dr = % -

sin(r/2) = 1 and sinm = 0, the second coordinates of Tq and of T'(2q) are 15% +

homogeneity with A = 2 gives
Wr _, (1or N 15w
1 \s T T T

1 _ 15
1—4.Slnce
c

15m
and 3%, so

whence ¢ = 0.

Problem 3A.3. Suppose that T € L(F",F™). Show that there exist scalars A, € Fforj=1,...,m
and k£ =1,...,n such that

T(l‘l, - ,:L'n) = (Al,lxl + -+ Al’nﬂj‘n, RN Am’lfbl 4+ -+ Am,nxn)
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for every (z1,...,x,) € F™.
[This exercise shows that the linear map 7" has the form promised in the second to last item of
Example 3.3.]

Solution. Take A; . to be the 4™ coordinate of Teg, where ey, ..., e, is the standard basis of F" (2.27);
that is,
T@k: (Al,lm AQ’]{;, ey AmJg) (k:zl,,n)

Since (x1,...,%n) = x1€1 + - -+ + Tpey, linearity of T and the coordinatewise vector space operations
on F give
T(x1,...,xn) =x1(Ter) + -+ xp(Tey)
= «Tl(Al,la . ,Am71) + -+ CCn(Al,n, coey Am,n)
= (A1711'1 —+ -+ Al,nwm ce Am71$1 —+ -+ Amml'n),

the last step because the jth coordinate of the middle expression is A; 121 + - -+ + A p2p.

Problem 3A.4. Suppose T € L(V, W) and vy, ..., vy, is a list of vectors in V' such that Tvq, ..., Tvp,
is a linearly independent list in W. Prove that v1,...,v,, is linearly independent.

Solution. Suppose a1, ..., an, € F satisfy ajv1 + -+ - + apmvy = 0. Applying T and using linearity, with
T0 =0 by 3.10,
a1(Tvr) + -+ am(Toy) = T(a1v1 + -+ - + amvy) = T0 = 0.

Linear independence of Twy,...,Tv, now forces a; = -+ = a,, = 0. Hence vy,...,v,, is linearly
independent.

Problem 3A.5. Prove that £(V, W) is a vector space, as was asserted in 3.6.

Solution. Every condition in 1.20 follows by evaluating both sides at an arbitrary v € V' and quoting
the corresponding property of W, the operations being (S + T')(v) = Sv + Twv and (AT)(v) = A\(Tv)
(3.5).
Closure, for u,v € V and u € F:
S+T)u+v)=(Su+Sv)+ (Tu+Tv)=(S+T)(u)+ (S+7T)(v),
(S +T)(uv) = u(Sv) + u(Tw) = p((S + T)(v)),
(AT)(u+v) = AMTu) + A(Tv) = (AT)(u) + (AT)(v),
(AT) () = (M) (Tw) = (uA)(Tw) = p((AT)v),
using additivity and homogeneity of S, T, distributivity and associativity of scalar multiplication in
W, and commutativity in F; so S+ T, \T € L(V,W). The remaining axioms, evaluated at v:

(S+T)v)=Sv+Tv=Tv+ Sv=(T+S)(v),
(R+S)+T)(w) =(Rv+ Sv) +Tv=Rv+ (Sv+Tv) = (R+ (S+T))(v),
(AT = A( (Tv)) = (A\(uT))v,

~— ~—

= ASv) + A(Tw) = (AS + AT)(v),
= A(Tw) + u(Tv) = (AT + pT)(v),

where the additive identity is the zero linear map of Example 3.3, the additive inverse —T = (—1)T
works by 1.32 applied in W, and each right-hand step is the matching axiom of W or of F. Hence
L(V,W) is a vector space over F.
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Problem 3A.6. Prove that multiplication of linear maps has the associative, identity, and distribu-
tive properties asserted in 3.8.

Solution. Fach identity follows by evaluating both sides at a point of the common domain, using
(ST)(u) = S(Tu) from 3.7.
Associativity: with T3 € L(V1,V3), Ty € L(Va,V3), Ty € L(V3,Vy), both sides are maps V; — Vj, and
for uw € V1,

((T1T2)T3)(U) = T1 (TQ(Tgu)) = (T1 (T2T3))(u)

Identity: for T'e L(V, W), with I the identity operator on V in 71 and on W in IT,
(TDH(v) =T{v) =Tv=I(Tv) = IT)v) (veV).
Distributivity: for T,71,T> € L(U,V), S,S1,52 € L(V,W), and v € U,

((Sl + SQ)T) (u) = Sl(Tu) + SQ(TU) = (S1T + SQT)(U),
(S(Tl + Tg))(u) = S(Tlu + Tgu) = S(Tlu) + S(TQU) = (STl + STQ)(U),

the second line using additivity of S.

Problem 3A.7. Show that every linear map from a one-dimensional vector space to itself is multi-
plication by some scalar. More precisely, prove that if dimV =1 and T' € L(V), then there exists
A € F such that Tv = Av for all v € V.

Solution. Take \ € F with Tu = Au, where u is a basis of the one-dimensional space V; such a \ exists
because Tu € V = span(u). Every v € V' has the form v = au with a € F, so homogeneity of T' gives

Tv =T(au) = a(Tu) = a(Au) = Aau) = Av.

Problem 3A.8. Give an example of a function ¢: R? — R such that

p(av) = ap(v)

for all @ € R and all v € R? but ¢ is not linear.
[This exercise and the next exercise show that neither homogeneity nor additivity alone is enough
to imply that a function is a linear map.]

Solution. Define p: R? — R by

73

o(my) = Zrgr @Y 70,0
0 if (z,y) = (0,0).

Homogeneity: if a = 0 or v = (0,0) then av = (0,0), so both ¢(av) and ap(v) equal 0; otherwise
av = (ax, ay) # (0,0) and

(I3$3 $3
go(Cw) = az(xg T yg) =a- 2 1 yg = ago(v).

Additivity fails at w = (1,0), v = (0,1):
plu+v) =p(1,1) =5 #1+0=p(u) +¢(v),

so  is not linear by 3.1.
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Problem 3A.9. Give an example of a function ¢: C — C such that

p(w+ z) = p(w) + ¢(2)

for all w, z € C but ¢ is not linear. (Here C is thought of as a complex vector space.)

[There also exists a function ¢: R — R such that ¢ satisfies the additivity condition above but ¢ is
not linear. However, showing the existence of such a function involves considerably more advanced
tools.]

Solution. Define ¢: C — C to be complex conjugation:

p(2) =7Z,

so that ¢(a + bi) = a — bi for all a,b € R.
Additivity: for w = a + bi and z = ¢+ di with a,b,¢,d € R,

ow+z)=(a+c)— (b+d)i=(a—bi)+ (c—di) = p(w) + ¢(2).
Homogeneity fails because the scalars here include i: taking A =17 and z =1,
o(A2) =i=—i#i=1il=\p(2),

so  is not linear by 3.1.

Problem 3A.10. Prove or give a counterexample: If ¢ € P(R) and T: P(R) — P(R) is defined by
Tp = qop, then T is a linear map.

[The function T defined here differs from the function 7" defined in the last bullet point of 3.3 by the
order of the functions in the compositions.]

Solution. False: take g(z) = x2, so that (Tp)(z) = (p(x))?, and let p be the constant polynomial 1.
Then T'(2p) is the constant polynomial 4 while 2(Tp) is the constant polynomial 2:

(T(2p)) (z) = ((2p)(2))* = 4,
(2(Tp))(z) = 2(p(x))” = 2.

So homogeneity fails, and 7T is not linear by 3.1.

Problem 3A.11. Suppose V is finite-dimensional and T' € £(V'). Prove that T is a scalar multiple
of the identity if and only if ST = T'S for every S € L(V).

Solution. (=) If T'= A1, then for all S € £(V) and v € V, homogeneity of S gives
(ST)v = S(Av) = A(Sv) = (T'S)v.

(<) Suppose ST = T'S for every S € L(V); we may assume V # {0}, since otherwise T'=0=0- 1.
Fix v # 0. If Tv ¢ span(v), then v,Tv is linearly independent (in a relation av + b(Tv) = 0, b # 0
would put Tw in span(v), and then av = 0 with v # 0 forces a = 0), so by 2.32 it extends to a
basis v, Tv,us, ..., u, of the finite-dimensional space V', and 3.4 supplies S € L(V) with Sv = v and
S(Tv) = Suz = --- = Suy, =0, whence

(ST)v=S(Tv) =0%# Tv=T(Sv) = (T95)v,

since Tv # 0 as a member of a linearly independent list. This contradiction gives Tv = a,v for a scalar
a, € F, unique because v # 0. For nonzero v, w the scalar a, agrees with a,,:
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(i) v, w linearly dependent, say w = cv with ¢ # 0:
apw =Tw = cTv = cayv = a,w, SO Gy = Qy.
(ii) v, w linearly independent, so v + w # 0:
Aytw¥ + Gy =T (v +w) =Tv+ Tw = a,v + ayw,

and independence of v, w forces a, = ayirw = Ay.
Writing A for this common value, Tv = Av for every nonzero v € V, while T0 = 0 = X\ - 0 by 3.10.
Hence T'= AI.

Problem 3A.12. Suppose U is a subspace of V with U # V. Suppose S € L(U, W) and S # 0
(which means that Su # 0 for some u € U). Define T: V. — W by

Sv ifvel,
Tv =
0 ifveVandvé¢U.

Prove that T' is not a linear map on V.

Solution. Additivity fails at the pair u,w, where u € U satisfies Su # 0 (available since S # 0) and
w € V satisfies w ¢ U (available since U # V). Indeed v+ w ¢ U, since u + w € U would give
w = (u+ w) —u € U by closure of the subspace U under addition and additive inverses. Hence
T(u+ w) =0, while Tu = Su and Tw = 0, so

T(u+w)=0%# Su=Tu+ Tw.

Therefore T is not a linear map by 3.1.

Problem 3A.13. Suppose V is finite-dimensional. Prove that every linear map on a subspace of
V' can be extended to a linear map on V. In other words, show that if U is a subspace of V' and
S € L(U,W), then there exists T' € L(V, W) such that Tu = Su for all u € U.

[The result in this exercise is used in the proof of 3.125.]

Solution. Take T' € L(V,W) to be the map furnished by the linear map lemma 3.4 on an extended
basis: U is finite-dimensional by 2.25 and so has a basis uq, ..., uy, (2.31, the empty list if U = {0}),
which is linearly independent in V' and hence extends by 2.32 to a basis u1,...,um,v1,...,0, of V;
define

Tup = Su, (k=1,...,m), Tv;=0 (j=1,...,n).

Every u € U is u = cjuy + - - - + ¢y, with ¢ € F, so linearity of 7" and then of S give
Tu = cl(Tul) + 4 cm(Tum) = Cl(Sul) + .4 Cm(Sum) — Su’

which for m = 0 reads 70 = 0 = S0 (3.10). Hence T extends S.

Problem 3A.14. Suppose V is finite-dimensional with dimV > 0, and suppose W is infinite-
dimensional. Prove that £(V, W) is infinite-dimensional.

Solution. We exhibit a linearly independent list of arbitrary length m in the vector space L(V, W) (3.6);
by 2.22 no finite list can then span it, so it is infinite-dimensional (2.13).

First, W contains a linearly independent list wy, ..., w,: starting from the empty list and given a lin-
early independent wy, . .., wg, we have span(wy, . .., wy) # W (else this finite list would span W, contra-
dicting infinite-dimensionality), and any wy.; chosen outside that span keeps the list independent, since
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in a relation ajw; + -+ + agr1wk+1 = 0 we must have ap1 = 0 (otherwise wyy1 € span(wy, ..., wy))
and then a; = --- =a, = 0.

Next, let v1,...,v, be a basis of V' (2.31), with p > 1 since dim V' > 0, and use the linear map lemma
3.4 to define T1,...,T,, € L(V,W) by

Tjv1 = wj and Tijvp, =0 fork=2,...,p.
If a14T1 + - - - + a5, = 0, then evaluating at vy using the operations 3.5 gives
ajwi + -+ + apwy =0,

soay =---=a,; =0andTy,...,T,, is linearly independent, as required.

Problem 3A.15. Suppose vy, ..., vy, is a linearly dependent list of vectors in V. Suppose also that
W # {0}. Prove that there exist wi,...,w, € W such that no T' € L(V, W) satisfies Tv = wy, for
each k=1,...,m.

Solution. Take w; = w and wy, = 0 for k # j, where w € W is nonzero (available since W # {0}) and
J is an index with a; # 0 in a dependence relation with scalars ay,...,a, € F not all zero,

a1v1 + - + amy = 0.

If some T € L(V, W) satisfied Tvy = wy, for every k, then applying T to this relation and using 70 = 0
(3.10) together with wy = 0 for k # j would give

0=T(a1v1 + - + amUm) = Grwi + - -+ + AWy, = a;w,

forcing w = 0 since a; # 0, a contradiction. So no such 7' exists.

Problem 3A.16. Suppose V is finite-dimensional with dim V' > 1. Prove that there exist S,T €
L(V) such that ST # T'S.

Solution. Fix a basis v1,...,v, of V., where n = dimV > 2 (so that vs is available), and let the linear
map lemma 3.4 supply S,T € L(V) with

Svi=v1, Svp=0 fork=2,...,n,
T’U1:UQ, T’Uk:O fork‘:2,...,n.

Evaluating both compositions at vy,
(ST)vy = Sve =0 # vy = Tvy = (T'S)vy,

where vy # 0 as a member of a linearly independent list. Hence ST # T'S.

Problem 3A.17. Suppose V is finite-dimensional. Show that the only two-sided ideals of L(V') are
{0} and L(V).

[A subspace £ of L(V) is called a two-sided ideal of L(V) if TE € £ and ET € € for all E € &
and all T € L(V).]

Solution. It suffices to put I inside any two-sided ideal £ # {0}: then every T € L(V) equals T by
the identity property in 3.8 and lies in € by the ideal property, so € = L(V). (That {0} and £(V) are
two-sided ideals is immediate from 770 = 07" = 0.)

Fix E € £ with E # 0 and v € V with Fu # 0. Then V # {0}, so V has a basis vy,...,v, with
n =dimV > 1 finite (2.31), and the linearly independent one-term list Fu extends by 2.32 to a basis
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UL,y ..., Uy of V with uy = Fu (of length n, every basis of V' having length dim V). For each j, the
linear map lemma 3.4 defines A;, B; € L(V) by

Ajvj =u, Ajv;=0 fori#j,

Bjulzvj, Bjui:O forizz,...,n.

Two applications of the ideal property give BjEA; € £ (unambiguous by associativity, 3.8), and on
the basis, using £0 = 0 (3.10),

(BiEAj)vi=0 (i #j),
(BjEAj)Uj = B](Eu) = Bjul = ’Uj.

Since £ is a subspace and V' is finite-dimensional, the finite sum R := BiFA; +---+ B,F A, lies in &,
and the displayed values give Rv; = v; for each i. So R and [ agree on a basis, whence R = I by the
uniqueness half of 3.4, and I € £.

3.2 Exercises 3B

Problem 3B.1. Give an example of a linear map 7' with dimnull7T = 3 and dimrange T = 2.

Solution. Take the linear map (Check!) T' € L(F?,F?) given by
T(Zh 225 %35 24, 25) = (Z17 22)‘

Then Tz = 0 exactly when 23 = 2z = 0, so nullT = {(0,0,z3,24,25)} has basis
(0,0,1,0,0),(0,0,0,1,0),(0,0,0,0,1) and dimnull?” = 3; and T'(wi,ws2,0,0,0) = (wi,ws) gives
range T = F2, so dimrangeT = 2.

Problem 3B.2. Suppose S,T € L(V) are such that range S C null7. Prove that (ST)? = 0.

Solution. For every v € V, the vector S(Tv) lies in range S C null T, so T'(S(Tv)) = 0 and hence
(ST)2v = S(T(S(Tv))) — 5(0)=0

by 3.10. Thus (ST)? = 0.

Problem 3B.3. Suppose vy, ..., v, is a list of vectors in V. Define T' € L(F™, V) by
T(21y---52m) = 2101 + -+ + ZmUnm.

(a) What property of T' corresponds to vy, ..., v, spanning V7
(b) What property of T' corresponds to the list vy, ..., v, being linearly independent?

Solution. (a) Surjectivity of T. Indeed

rangeT = {z1v1 + -+ + zpum : 2 € F}

= span(vy, ..., V),

so range T =V, that is T surjective (3.19), says exactly that vy, ..., v, spans V.
(b) Injectivity of T'. Indeed, writing z = (21, ..., zm),

null?” = {z € F™: 2101 + - -+ + 2 = 0},

so null7" = {0}, that is T" injective (3.15), says exactly that the only scalars with zjv; +-- -+ 2o, =0
are z; = -+ = 2y, = 0, i.e. that the list is linearly independent.
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Problem 3B.4. Show that {7 € £(R®, R*) : dimnull T > 2} is not a subspace of L(R® R*).

Solution. The set E = {T' : dimnull T' > 2} is not closed under addition, hence is not a subspace. Take
the linear maps (Check!) S,T € £L(R®, R*) given by

S(z1,...,x5) = (z1,22,0,0), T(z1,...,25) = (0,0,23,24).
Then Sz =0iff 11 =29=0and Tz =0 iff z3 =24 =0, so

null S = {(0,0, x3, x4, x5)} = span(es, eq, €5),
null 7 = {(x1,22,0,0,25)} = span(eq, ez, €5),

each of dimension 3 > 2, the spanning lists being sublists of the standard basis ey, ..., e5 of R? (2.27);
so S, T € E. But (S+T)(x1,...,x5) = (w1, T2, T3, x4) vanishes only when x; = 29 = x3 = 24 = 0, so
null(S + T') = span(es) has dimension 1 and S+ T ¢ E.

Problem 3B.5. Give an example of T € L£(R*) such that range T' = null T'.

Solution. Take the linear map (Check!) T' € £L(R*) given by
T(xla L2, T3, .%'4) = (07 0,21, 1‘2).

Then Tx = 0 exactly when x1 = x2 = 0, while every output has its first two coordinates 0 and
T(a,b,0,0) = (0,0,a,b) for all a,b € R; hence

null7 = {(0,0,z3,24)} = {(0,0,a,b)} = range T

Problem 3B.6. Prove that there does not exist 7' € £(R®) such that range T = null T'.

Solution. If T € L(R?) satisfied range T = null T, then these equal subspaces would share a common
dimension k, a nonnegative integer, and the fundamental theorem of linear maps 3.21 (applicable since
R” is finite-dimensional) would give

5 =dim R’ = dimnull 7 4+ dimrange T’ = 2k

which is impossible. Hence no such T exists.

Problem 3B.7. Suppose V and W are finite-dimensional with 2 < dimV < dim W. Show that
{T € L(V,W) : T is not injective} is not a subspace of L(V,W).

Solution. The set E of non-injective maps is not closed under addition, hence is not a subspace. Fix
bases v1,...,v, of V and wy,...,w, of W, where 2 <n =dimV <m = dim W, so that wy,...,w, is
a linearly independent sublist; the linear map lemma 3.4 supplies S, T € L(V, W) with

Sv1:0, Svj:wj (j:2,...,n),
Tvi=wi, Tv;j=0 (j=2,...,n).

Here Sv; = 0 and Twy = 0 (the vector vy exists because n > 2), with vy,v2 # 0 as members of a
basis, so null.S and null 7" are nonzero and S,T" € E by 3.15. But (S + T')v; = w; for every j, so any
v =a1v1 + - + apv, € null(S + T') satisfies

0=(S+T)v=a1w + -+ apwny,

forcing a; = --- = a, = 0 and v = 0. Hence S + T is injective by 3.15, and S+ T ¢ E.
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Problem 3B.8. Suppose V and W are finite-dimensional with dim V' > dim W > 2. Show that
{T € L(V,W) : T is not surjective} is not a subspace of L(V, W).

Solution. The set E of non-surjective maps is not closed under addition, hence is not a subspace. Fix
bases v1,...,v, of V and wq,...,wy, of W, where n = dimV > m = dim W > 2, and let the linear
map lemma 3.4 supply S,T € L(V, W) with

Svp=wp (1<k<m-—1), Svy=0 (m<k<n),
TV = W, Tuo, =0 (k#m),

which is legitimate because m —1 > 1 and m < n. Expanding v = a1v; + - - - + a,v, and using linearity
gives

range S = span(wi, ..., Wyn—1),

range T = span(w,y,),

of dimensions m — 1 and 1, both smaller than m = dim W (the spanning lists are linearly independent,
being sublists of a basis), so range S,rangeT # W and S,T € E. But (S+7T)vy = wi for k=1,...,m,
so the subspace range(S + T') of W (3.18) contains the basis wq, ..., w,, and hence equals W; thus
S+ T is surjective and S+ T ¢ F.

Problem 3B.9. Suppose 7' € L(V, W) is injective and vy, . .., vy, is linearly independent in V. Prove
that Ty, ..., Tv, is linearly independent in W.

Solution. Suppose a1, ...,a, € F satisfy a1Tv1 + - -+ 4+ a,Tv, = 0. By linearity of T this says aijv1 +
-+ apv, € null T, and null T = {0} by 3.15 since T is injective, so

a1vy + -+ apvy = 0.

Linear independence of wvy,...,v, now forces a; = --- = a, = 0. Hence Twy,...,Tv, is linearly
independent in W.

Problem 3B.10. Suppose vy, ...,v, spans V and T € L(V,W). Show that Twv,...,Tv, spans
range T

Solution. Each Tvy lies in range T', which is a subspace of W by 3.18 and therefore contains every linear
combination of them; hence span(T'vy,...,Tv,) C rangeT. Conversely, every w € rangeT is w = Tv
with v = ajvy + - - - + apv, for some ap € F, the list vq,...,v, spanning V, so linearity gives

w="T(a1v1 + -+ apvy) = a1Tvy + -« + a,Tv,

in span(T'vy,...,Tv,). The two inclusions give span(Tvy,...,Tv,) = rangeT.

Problem 3B.11. Suppose that V is finite-dimensional and that 7' € L(V,W). Prove that there
exists a subspace U of V' such that

UNnullT = {0} and rangeT ={Tu:ueU}.

Solution. Take U = span(wy, ..., wy,), where ui, ..., uy, is a basis of null 7" (finite-dimensional by 2.25,
being a subspace of the finite-dimensional V'), extended by 2.32 to a basis

ULy sy Um, W1y ..., Wn

of V.
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If v € UNnullT, writing v in each of the two bases and subtracting gives
aur + - + amly, — biwy — - — byw, =0,

so every coefficient vanishes by independence of the extended list; hence U NnullT = {0}.
For the range, {Tu : w € U} C range T is immediate, and given z = Tv with v = aju1 + - - + @, +
biwi + - - - + bywy,, the vector u = bywy + -+ - + byw,, € U satisfies

Tu=Tv— (a1Tur + -+ apTuy) =Tv=2x

since each u; € nullT. Hence rangeT = {Tu:u € U}.

Problem 3B.12. Suppose 7 is a linear map from F* to F? such that

nullT = {(x1, 2, x3,24) € F*: 2, =529 and 25 = Txya}.

Prove that T is surjective.

Solution. Here dimnullT = 2: a vector lies in null T’ exactly when it has the form
(5$2, €2, 7CE4, Z‘4) = $2(57 17 07 0) + Z‘4(0, 07 77 1)7

and (5,1,0,0),(0,0,7,1) is linearly independent (read off the second and fourth coordinates), hence a
basis of null 7. Since dim F* = 4, the fundamental theorem of linear maps (3.21) gives

dimrangeT = 4 — 2 = 2 = dim F?.

As rangeT is a subspace of F2 (by 3.18) of full dimension, 2.39 gives rangeT = F?; that is, T is
surjective.

Problem 3B.13. Suppose U is a three-dimensional subspace of R® and that 7" is a linear map from
R® to R such that nullT = U. Prove that T is surjective.

Solution. The fundamental theorem of linear maps (3.21), applied to T" on the finite-dimensional space
RS3, gives
dimrangeT = 8 —dimnullT =8 — dimU = 5.

Since range T is a subspace of R® (by 3.18) with dimrange T = 5 = dim R?, 2.39 gives rangeT = RS.
Hence T is surjective.

Problem 3B.14. Prove that there does not exist a linear map from F® to F? whose null space
equals {(71, 22,73, 74,25) € F° : 21 = 329 and 23 = 74 = x5}.

Solution. Such a map would need a three-dimensional range inside F2. Write N for the displayed set;
a vector lies in N exactly when it has the form

(33’}2,%2, xs3, x3ax3) - $2(3, 17 07 07 0) + x3(0707 17 17 1)7

and (3,1,0,0,0),(0,0,1,1,1) is linearly independent (read off the second and third coordinates), so it
is a basis of N and dim N = 2.
If T € L(F?,F?) had nullT = N, then 3.21 applied to T on the finite-dimensional F5 would give

dimrangeT =5 —2 = 3,

contradicting dimrange T' < dim F2 = 2 (by 2.37, since range T is a subspace of F? by 3.18).
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Problem 3B.15. Suppose there exists a linear map on V' whose null space and range are both
finite-dimensional. Prove that V is finite-dimensional.

Solution. The list uy, ..., Um,v1,...,v, spans V, where T € L(V) is the given map, uy, ..., u,, is a basis
of nullT and wy, ..., w, a basis of rangeT (both exist by 2.31, these spaces being finite-dimensional
by hypothesis), and vy € V' is chosen with Tvy, = wy.

Indeed, given v € V', write Tv = byw; + - - - + bpwy,; then linearity gives

T(v— (bivr + -+ 4 byvy)) = Tv — (bywy + -+ - + bywy,) =0,
so v — (bivr + -+ + byvy) = arur + - - - + AUy, for some scalars aj, whence
v=a1u] + - + Gy + b1vr + -+ - + bpvn.

Thus V is spanned by a finite list, so V' is finite-dimensional.

Problem 3B.16. Suppose V and W are both finite-dimensional. Prove that there exists an injective
linear map from V to W if and only if dimV < dim W.

Solution. (i) If T' € L(V, W) is injective, then nullT = {0} (by 3.15), so 3.21 and 2.37 give
dimV = dimrange7 < dim W,

the inequality because range T is a subspace of the finite-dimensional W (by 3.18).

(ii) Conversely, let n = dimV < m = dim W, let v1,...,v, be a basis of V and wy,...,w,, a basis of
W, and use the linear map lemma (3.4) to get T € L(V, W) with Tvy, = wy, for k = 1,...,n (legitimate
since n <m). If v =cyv; + -+ 4 ¢cyv, € null T, then

0=Tv=cwy + -+ chwn,

so all ¢ = 0 by linear independence of the sublist wy, ..., wy,; hence v = 0 and T is injective by 3.15.

Problem 3B.17. Suppose V and W are both finite-dimensional. Prove that there exists a surjective
linear map from V onto W if and only if dim V' > dim W.

Solution. (i) If T' € L(V, W) is surjective, then rangeT = W, so 3.21 gives
dimV =dimnullT + dim W > dim W.

(ii) Conversely, let n = dimV > m = dim W, let vy,...,v, be a basis of V and wj,...,w,, a basis of
W, and use the linear map lemma (3.4) to get 7' € L(V, W) with

we if1<k<m,
Ty, =
0 ifm<k<n

(legitimate since m < m). Then rangeT is a subspace of W (by 3.18) containing wy,...,w,, hence
containing span(wy, ..., w,) =W by 2.6. So T is surjective.

Problem 3B.18. Suppose V and W are finite-dimensional and that U is a subspace of V. Prove
that there exists T' € L(V,W) such that null7” = U if and only if dimU > dim V' — dim W.

Solution. (i) If T € L£L(V,W) has nullT = U, then 3.21 and 2.37 (applied to the subspace rangeT of
the finite-dimensional W, by 3.18) give

dimV = dimU + dimrangeT < dim U + dim W,
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which rearranges to dimU > dim V' — dim W.

(ii) Conversely, suppose dimU > dim V' — dim W. Extend a basis u1,...,u; of U (finite-dimensional
by 2.25) to a basis ui,...,uj,vi,...,v, of V (by 2.32); then n = dimV — dimU < dim W, so a basis
w1, ..., Wy, of W has the linearly independent sublist wy, ..., w,. By 3.4 there is T' € L(V, W) with

TUZZO (’LZl,,j), T’Uk:’u)k (k':L,n)

Then U = span(uy,...,u;) C nullT, the latter being a subspace by 3.13; and if v = aju1 +- - - +aju; +
bivy + - -+ 4 byv, lies in null T, then

0=Tv=>"biwy + -+ bpwy,

forcing every by, = 0, so v € U. Hence nullT = U.

Problem 3B.19. Suppose W is finite-dimensional and 7" € L(V,W). Prove that T is injective if
and only if there exists S € L(W, V) such that ST is the identity operator on V.

Solution. (i) If ST = I and T'uw = T'v, then applying S gives
u=(ST)u=S(Tu) =S(Tv) = (ST)v = v,

so T is injective.

(ii) Conversely, suppose T is injective. Extend a basis wy, ..., w, of rangeT (a subspace of the finite-
dimensional W, by 3.18 and 2.25) to a basis wq, ..., wy, of W (by 2.32), choose v, € V with Tv = wy,
for k < n, and use the linear map lemma (3.4) to get S € L(W, V) with

v ifl1<k<n,
Swy, =
0 ifn<k<m.

Given v € V, write Tv = cqwy + - - - + cowy,. Then
(ST)v = crv1 + -+ - + ¢, T(civr + -+ + cpvn) = T,

so injectivity of T' gives cjvy + - -+ + ¢, = v and hence (ST)v = v. Thus ST = I.

Problem 3B.20. Suppose W is finite-dimensional and 7" € L£(V,W). Prove that T is surjective if
and only if there exists S € L(W, V) such that T'S is the identity operator on W.

Solution. (i) If T'S = I, then every w € W satisfies
w = (TS)w = T(Sw) € rangeT,

so range T = W; that is, T' is surjective.

(ii) Conversely, suppose T is surjective. Let wy,...,w,, be a basis of W (by 2.31, W being finite-
dimensional), choose vy € V with Tvp = wy (possible since rangeT = W), and use the linear map
lemma (3.4) to get S € L(W, V) with Swy, = v, for k =1,...,m. Then

(T'S)wy, = T(Swy) = Tv, = wy,

for every k, so T'S and I are linear maps on W agreeing on a basis of W; by the uniqueness assertion
of 3.4 they are equal, so T'S = I.

Problem 3B.21. Suppose V is finite-dimensional, 7' € L(V, W), and U is a subspace of W. Prove
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that {v € V : Tv € U} is a subspace of V and

dim{v eV :Tv e U} =dimnullT + dim(U NrangeT).

Solution. Write E = {v € V : Tv € U}. Then E is a subspace of V by 1.34: T0 =0 € U (by 3.10, and
since U is a subspace of W), while for v1,v9,v € F and A € F,

T(v1 +v2) =Tvi +Tve €U, T(A)=ATv e,

U being closed under addition and scalar multiplication.
Now apply the fundamental theorem of linear maps (3.21) to the restriction T'|g € L(E, W), whose
domain is finite-dimensional by 2.25:

dim E = dimnull(T'|g) + dimrange(T|g).

Here null(T'|g) = nullT, since Tv = 0 forces Tv = 0 € U and hence v € E; and range(T|g) =
U NrangeT, since Tv € U for every v € E, while any w € U Nrange T equals Tv for some v, and that
v lies in F because Tv = w € U. Substituting,

dim £ = dimnull7" 4 dim(U NrangeT),

which is the asserted formula.

Problem 3B.22. Suppose U and V are finite-dimensional vector spaces and S € L(V,W) and
T € L(U,V). Prove that
dimnull ST < dimnull S + dimnull 7.

Solution. Apply the fundamental theorem of linear maps (3.21) to the restriction
R ="T|ynsr € L(null ST, V),
whose domain is finite-dimensional (a subspace of the finite-dimensional U, by 3.13 and 2.25):
dimnull ST = dim null R + dim range R.
Now null R C nullT', since Ru = Tu; and range R C null S, since v = T'w with v € null ST gives
Sv=S(Tu) = (ST)u = 0.

Each containment sits inside a finite-dimensional space (nullT inside U, and null S inside V', by 3.13
and 2.25), so 2.37 gives dimnull R < dimnull 7" and dimrange R < dimnull S. Substituting,

dimnull ST < dimnull S + dimnull 7.

Problem 3B.23. Suppose U and V are finite-dimensional vector spaces and S € L(V,W) and
T € L(U,V). Prove that

dimrange ST < min{dim range S, dim range T'}.

Solution. (i) range ST C range S, since (ST)u = S(Tw) with Tu € V. Both are subspaces of W (by
3.18) and range S is finite-dimensional (by 3.21 applied to S on the finite-dimensional V'), so 2.37 gives
dimrange ST < dimrange S.

(ii) Restrict S to the subspace range T' of V' (a subspace by 3.18), obtaining R = S|range 7, Whose range

is
range R = {S(Tu) : u € U} = range ST,
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since v ranges over range ' exactly when v = T'u for some u € U. As range T is finite-dimensional (by
3.21 applied to T on the finite-dimensional U), 3.21 applied to R gives

dimrangeT = dimnull R + dim range ST
> dimrange ST.

Being at most each of the two dimensions, dimrange ST is at most their minimum.

Problem 3B.24. (a) Suppose dimV = 5 and S,T € L(V) are such that ST = 0. Prove that
dimrange TS < 2.
(b) Give an example of S,T € L(F®) with ST = 0 and dimrange T'S = 2.

Solution. (a) The hypothesis ST = 0 says range T' C null S, since S(Tv) = (ST)v = 0 for every v € V.
Both are subspaces of the five-dimensional V' (by 3.18 and 3.13), so 2.37 and the fundamental theorem
of linear maps (3.21) applied to S give

dimrange T < dimnull S

=5 — dimrange S,

that is, dimrange S + dimrangeT" < 5. Hence the two ranges cannot both have dimension at least 3,
so Exercise 3B.23 applied to T'S (legitimate, as V' is finite-dimensional) gives

dimrange T'S < min{dim range T, dim range S}
<2.

(b) Take S,T € L(F5) given by

S(.’L’l,---,x5) = (1‘1,.’1)2,0,0,0),
T(CCl, .- '7'%'5) = (O>O>$17$270)7

each linear because every output coordinate is a linear function of the input. Then
(ST)(x1,...,25) = 5(0,0,21,22,0) =0,
so ST = 0, while (T'S)(z1,...,25) = T(z1,22,0,0,0) = (0,0, 21, x2,0), so
range T'S = span ((0,0,1,0,0), (0,0,0,1,0))

has dimension 2, those two vectors being linearly independent.

Problem 3B.25. Suppose that W is finite-dimensional and S,T € L(V,W). Prove that null S C
null 7" if and only if there exists £ € L(W) such that T'= ES.

Solution. (i) If T'= ES and v € null S, then
Tv=(ES)v=E(Sv)=E0=0

by 3.10, so null S C null 7.

(ii) Conversely, suppose null S C nullT. Let wy,...,w,, be a basis of range S (a subspace of W by
3.18, hence finite-dimensional by 2.25; the empty list if range S = {0}), choose vy € V' with Svx = wy,
extend by 2.32 to a basis wi, ..., w, of W, and use the linear map lemma (3.4) to get £ € L(W) with

Ew, =Tv, (K <m), Fw,=0 (m<k<n).

Given v € V, write Sv = ajwy + - - - + Wy, and put u = aqvy + -+ - - + AUy, Then Su=ajw; + -+
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AWy, = SV, 80 v —u € null S C null T and hence Tv = Tu. Therefore
(ES)v =a1Bwy + -+ + amBwy, = a1Tvr + -+ + ap Ty, = Tu = T,

so ES =T.

Problem 3B.26. Suppose that V is finite-dimensional and S,T € L£(V,W). Prove that range S C
range T if and only if there exists E € £(V') such that S = TE.

Solution. (i) If S = T'E, then every w = Sv in range S satisfies
w = (TE)v =T(Ev) € rangeT,

so range S C range T

(ii) Conversely, suppose range S C range7. Let vq,...,v, be a basis of V' (which exists by 2.31, V
being finite-dimensional), choose uy € V' with Tuy = Svy (possible because Svy, € range S C rangeT),
and use the linear map lemma (3.4) to get E € L(V) with Fvy = uy for k =1,...,n. Then

(TE)v,, = T(Evy) = Tup, = Svy,

for every k, so TE and S are linear maps from V to W agreeing on a basis of V; by the uniqueness
assertion of 3.4 they are equal, so S =TFE.

Problem 3B.27. Suppose P € L(V) and P? = P. Prove that V = null P @ range P.

Solution. Every v € V splits as v = (v — Pv) + Pv, with Pv € range P and
P(v — Pv) = Pv — P(Pv) = Pv — P*v =0,

so v — Pv € null P; hence V' = null P 4 range P, both summands being subspaces of V' (by 3.13 and
3.18).
If v € null P Nrange P, say v = Pu, then

v = Pu = P?u = P(Pu) = Pv =0,
so null P Nrange P = {0}. By 1.46 the sum is therefore direct:

V =null P @ range P.

Problem 3B.28. Suppose D € L(P(R)) is such that deg Dp = (degp) — 1 for every nonconstant
polynomial p € P(R). Prove that D is surjective.

The notation D is used above to remind you of the differentiation map that sends a polynomial p to
/

D .

Solution. Tt suffices to show that Dy, = D|p, (w) maps onto Pp,1(R) for every m > 1, since every
g € P(R) lies in P,,—1(R) for some m > 1 (take m = degq+ 1, or m = 1 if ¢ = 0). Throughout,
dim P, (R) =m + 1 (by 2.36), deg0 = —o0, and nonconstant means degp > 1.
First, D1 is constant: both z and z + 1 are nonconstant of degree 1, so deg Dx = deg D(xz + 1) = 0,
and linearity gives

D1 =D(z+1) - Dz,

a difference of two constants. Hence D maps P,,(R) into P,,—1(R) for each m > 1: a nonconstant
p € Pn(R) has deg Dp = degp — 1 < m — 1, while a constant p has Dp constant, so Dp € Py(R) C
Pm-1(R).

Also null D C Py(R), since a nonconstant p has deg Dp = degp — 1 > 0 and hence Dp # 0. So

93



Dy, € L(Pm(R), Pm-1(R)) has dimnull D,, < dimPy(R) =1 (by 2.37), and 3.21 applied to Dy, on
the finite-dimensional P,,(R) gives

dimrange Dy, > (m+1) — 1 =m = dim P,,—1(R).

Since range D,, is a subspace of P,,_1(R) (by 3.18), 2.37 forces equality here, so 2.39 gives range D,,, =
Pm—-1(R), and D is surjective.

Problem 3B.29. Suppose p € P(R). Prove that there exists a polynomial ¢ € P(R) such that
5¢" + 3¢ = p.
This exercise can be done without linear algebra, but it’s more fun to do it using linear algebra.

Solution. Fix m > 0 with p € P,,(R) and apply the fundamental theorem of linear maps to T' €
L(Pm+1(R), Pn(R)) given by
Tq=5¢"+3d,

which indeed lands in P, (R) (differentiation lowers degree by at least one) and is linear (differentiation

is linear).
Here null 7' = Py(R), of dimension 1: every constant polynomial lies in it, and conversely 5¢” + 3¢ = 0
makes r = ¢ satisfy r = —%r’ , which is impossible for r # 0 since then degr’ < degr; so ¢’ = 0. Hence
3.21 gives

dimrangeT = (m+2) — 1 =m+ 1 = dim P, (R),

using dim Pi(R) = k+1 (by 2.36). As rangeT is a subspace of P,,,(R) (by 3.18) of full dimension, 2.39
gives range T’ = P,,(R), which contains p; so some ¢ € Py, +1(R) has 5¢” + 3¢ = p.

Problem 3B.30. Suppose ¢ € L(V,F) and ¢ # 0. Suppose u € V is not in null p. Prove that

V =nullp ® {au : a € F}.

Solution. Write U = {au : a € F} = span(u), a subspace of V by 2.6, and note that the hypothesis

u ¢ null ¢ says @(u) # 0.
Given v € V, put a = ¢(v)/p(u) € F (legitimate since ¢(u) # 0); linearity of ¢ gives

p(v —au) = ¢(v) —ap(u) =0,

sov = (v—au)+au € nullp + U, whence V =nullp + U.
If w € (nullp) NU, say w = au, then

0= p(w) = ap(u),

so a =0 and w = 0; thus (nullp) NU = {0}. By 1.46, applied to the subspaces null ¢ (a subspace by
3.13) and U, the sum is direct:
V=nully® {au:a e F}.

Problem 3B.31. Suppose V is finite-dimensional, X is a subspace of V', and Y is a finite-dimensional
subspace of W. Prove that there exists T' € L(V, W) such that nullT = X and rangeT =Y if and
only if dim X +dimY =dim V.

Solution. (1) If T € L(V,W) has nullT = X and rangeT =Y, then the fundamental theorem of linear
maps (3.21), applicable since V is finite-dimensional, gives

dimV = dimnullT 4 dimrangeT = dim X + dim Y.

(ii) Conversely, suppose dim X +dimY = dim V; write n = dim V' and m = dim X (finite by 2.25), so
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dimY = n — m. Extend a basis x1,...,x,, of X to a basis
LlyeeesymyVlyeeoyUn—m

of V' (by 2.32, with exactly n — m vectors added since every basis of V' has length n, by 2.34), take a
basis y1,...,Yn—m of Y C W, and use the linear map lemma (3.4) to get T € L(V, W) with

Tz, =0 (k<m), Tvi=y; (j<n-—m).
Then Tw =3, bjy; for v = 3"} agwg + >, bjv;, and each y; = T'vj, so
rangeT" = span(yi, ..., Yn—m) = Y.
Also X = span(z1,...,%,) C null T, the latter being a subspace by 3.13, while 3.21 gives
dimnull?T =n — (n —m) = m = dim X;

hence X = nullT by 2.39.

Problem 3B.32. Suppose V is finite-dimensional with dim V' > 1. Show that if ¢: L(V) — F is a
linear map such that ¢(ST) = ¢(S)e(T) for all S, T € L(V), then ¢ = 0.

Hint: The description of the two-sided ideals of £L(V') given by Exercise 17 in Section 3A might be
useful.

Solution. The set null ¢ is a two-sided ideal of £(V): it is a subspace of L(V') (by 3.13), and for
E € nullp and T € £(V) the multiplicativity of ¢ gives

P(TE) =o(T)p(E) =0=p(E)p(T) = ¢(ET),

so TE,ET € nully. Since V is finite-dimensional, Exercise 3A.17 says the only two-sided ideals of
L(V) are {0} and L(V).

The alternative null p = {0} is impossible: it would make ¢ injective (by 3.15), whereas dim V" > 1
and 3.72 (with W = V) give

dim £(V) = (dimV)? > 4 > 1 = dimF,

so no linear map from £(V') to I is injective (by 3.22).
Hence nullp = L(V), that is, ¢ = 0.

Problem 3B.33. Suppose that V' and W are real vector spaces and T' € L(V, W). Define T: Vg —
We by
Te(u+iv) =Tu+iTv

for all u,v € V.

(a) Show that T¢ is a (complex) linear map from V¢ to We.

(b) Show that T¢ is injective if and only if 7" is injective.

(c) Show that range Tc = W if and only if range T = W.

See Exercise 8 in Section 1B for the definition of the complexification V. The linear map T¢ is
called the complexification of the linear map T

Solution. Throughout, each element of V¢ is written u + v with u,v € V uniquely determined, and by
Exercise 1B.8 the operations are

(ur + 1) + (u2 + iv2) = (ug + u2) + i(v1 + v2),

(a+bi)(u+iv) = (au — bv) + i(av + bu) (a,b eR),
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and likewise in W¢; in particular wi + twe = 0 exactly when wy = wg = 0.
(a) Additivity and complex homogeneity:

T@((ul + i’Ul) + (UQ + 7:'02)) = T(u1 + U2) + iT(’Ul + U2)
= (Tuy + tTv1) + (Tug + iTv2)
= Tc(ur +ivy) + Te(uz + iv),

Te((a 4+ bi)(u+ iv)) = T(au — bv) + i T'(av + bu)

=(aTu—bTv)+i(aTv+bTu)

= (a+ bi) T (u + iv),
each middle equality by R-linearity of T" and each last one by the definition of the operations in We.
Hence T¢ € L(Ve, We).
(b) Here null Tc = (null T')¢, since Tu +iTv = 0 exactly when Tu = 0 and Tv = 0. So if null 7" = {0},
then u + iv € null T¢ forces u = v = 0; conversely, if null Tc = {0}, then w € null T' gives T¢(u + i0) =
Tu+iT0=0,s0u+10=0and u=0. Now 3.15 converts both statements into injectivity.
(c) If range T' = W, then given wy + iwy € W choose u,v € V with Tu = w; and Tv = wa, so that

Te(u+ ) = Tu+iTv = wy + twa,

giving range T = We. Conversely, if range Tc = W, then each w € W satisfies w40 = T (u+iv) =
Tu + iTv for some u,v € V; comparing coordinates gives Tu = w, so rangeT = W.

3.3 Exercises 3C

Problem 3C.1. Suppose T' € L(V,W). Show that with respect to each choice of bases of V' and
W, the matrix of T" has at least dim range T’ nonzero entries.

Solution. Fix bases vy, ...,v, of V and wy, ..., wy, of W, write A = M(T), so that Tv, = Z;n:l Ajw;
for each k, and let K be the set of indices k& whose column of A has at least one nonzero entry. If
k ¢ K then Tv, =0, so

range T' = span(Tvy, ..., Tv,)

=span(Tv : k € K),
the first equality because vy, ..., v, spans V and T is linear. Reducing this spanning list of length | K|
to a basis (2.30) gives dimrange T < |K]|.
Finally, picking one nonzero entry from each column indexed by K exhibits |K| distinct nonzero entries
of A (distinct columns give distinct entries), so

dimrange T < |K|
< #{nonzero entries of M(T)}.

Problem 3C.2. Suppose T € L(V,W), where V and W are finite-dimensional and nonzero. Prove
that dimrangeT' = 1 if and only if there exist a basis of V' and a basis of W such that with respect
to these bases, all entries of M(T') equal 1.

Solution. Write n =dimV >1and m =dim W > 1.
(i) If every entry of M(T) equals 1 with respect to bases vi,...,v, of V and w,...,w,, of W, then
Tvr = wi+-- -4 wy = w for every k, and w # 0 since wy, . . ., Wy, is linearly independent. As vy, ..., v,
spans V,

range T" = span(T'vy, ..., Tuy,)

= span(w),

which has dimension 1.
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(ii) Conversely, suppose dimrangeT = 1, say range7 = span(w) with w # 0. Extend to a basis
ULy ..., Uy of W with u; = w (by 2.32) and set

Wy = U] — Uy — *++ — U, wj=u; (2<7<m).

Then span(wy, .. ., wy,) contains usg, . . ., Uy, and wy +ug + - - -+ Uy = u1, so it equals W; having length
m = dim W, this list is a basis of W (by 2.42), and w; + - -+ + Wy, = u1 = w.

For V', choose v; with Twvy = w and a basis z1,..., 2,1 of null T, which has dimension n — 1 by 3.21.
The list vy, 21, ..., 2n—1 is linearly independent (applying 7' to a vanishing combination gives aw = 0,
so a = 0, and then the remaining coefficients vanish), hence a basis of V' by 2.38. Set

Vg = V1 + Zk—1 (2<k<n).

Then span(vy,...,v,) contains v; and each vy — v = zp_1, so it equals V', making v, ..., v, a basis of
V (by 2.42). Finally
Ty =Ty +Tzp_ 1 =w=wi+ -+ Wy

for 2 < k < n, and Tv; = w as well; so all entries of M(T') with respect to these bases equal 1.

Problem 3C.3. Suppose v1, ..., v, is a basis of V and wy, ..., w,, is a basis of W.
o (a) Show that if S,T € L(V, W), then M(S +T) = M(S) + M(T).

o (b) Show that if A € F and T' € L(V, W), then M(AT) = AM(T).

[This exercise asks you to verify 3.35 and 3.38.]

Solution. Both identities follow by reading off coefficients in column k, which are unique because
Wi, ..., Wy is a basis (2.28). Write A = M(S), C = M(T), and fix k € {1,...,n}.
(a) Since S+ T € L(V,W) (3.5, 3.6),

m m
(S + T)’Uk = Svp + T, = Z Aj,k w; + Z Cj,k wj
j=1 j=1

m
Z Aji + Cik) wi,

J=1

SO M(S + T)j,k = Ang + Cj’k = (A + C)jJC by 3.34. Hence M(S +T) = M(S) + M(T)
(b) Since AT € L(V, W) (3.5, 3.6),

m

(AT)op = MTop) =AY Cipw; =Y _(ACjx) wj,

j=1 7j=1

50 M(AT);x = ACj i = (AC);x by 3.36. Hence M(AT) = AM(T).

Problem 3C.4. Suppose that D € L(P3(R), P2(R)) is the differentiation map defined by Dp = p/.
Find a basis of P3(R) and a basis of P2(R) such that the matrix of D with respect to these bases is

10
01
0 0

_= O O

0
0
0

[Compare with Example 3.33. The next exercise generalizes this exercise.]

Solution. Take the basis of P3(R) to be

M‘HM

vl =, Vo =
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and the basis of P2(R) to be the standard one,

wy = 1, we = T, wy = 2.

The list v, v9,v3,v4 spans P3(R), since its span contains the scalar multiples 1, z, 22, z3; having length
4 = dimP3(R), it is a basis by 2.42. Differentiating,

Dvy = (z) =1 = lw; + Owsy + Ows,

( ) =z = 0wy + 1wy + Ows,
Dus = (%)' — 22 = Ow; + Ows + lws,
Dvy= (1) =0 = OQw; + Owsy + Ows.

Problem 3C.5. Suppose V' and W are finite-dimensional and 7' € £(V, W). Prove that there exist
a basis of V and a basis of W such that with respect to these bases, all entries of M(T") are 0 except
that the entries in row k, column k, equal 1 if 1 < k < dimrangeT'.

Solution. Take the basis of V' to be v1,...,v,u1,...,Up_p, where n = dim V', r = dimrange T, the list
UL,y ..., Up—p is & basis of nullT" (its length is n — r by 3.21), and vy, ..., v, are vectors extending it to
a basis of V' (2.32), reordered to put the v’s first. The proof of 3.21 shows Tvy,...,Tv, is a basis of
range T'; set

wp =Tv, (1<k<r),

a linearly independent list in W, and extend it by 2.32 to a basis wy, ..., w, of W, where m = dim W.
With respect to these bases, column k of A = M(T) is read off from

Ty =wr (1<k<r), Tu; =0 (1<i<n-—r),

so Apr =1 for 1 <k <r and every other entry of A is 0, as required.

Problem 3C.6. Suppose vi,...,U, is a basis of V and W is finite-dimensional. Suppose T €
L(V,W). Prove that there exists a basis wq, ..., w, of W such that all entries in the first column of
M(T) [with respect to the bases vy, ..., v, and wy,...,w,] are 0 except for possibly a 1 in the first
row, first column.

[In this exercise, unlike Exercise 5, you are given the basis of V instead of being able to choose a
basis of V']

Solution. Choose the basis of W to have Tw; as its first vector when Twvy # 0. The first column of
A = M(T) holds the coefficients in Tv; = Ay jw; + - - - + Ap 1wy, unique by 2.28, so with n = dim W:
(i) Tv; = 0. Let wy, ..., w, be any basis of W (one exists by 2.31). Then Tv; =0-w; +---+ 0 - wy,
so the first column is entirely 0 — permitted, since the 1 is only possibly there.

(ii) Twv; # 0. Then the one-vector list w; = Tw; is linearly independent, so it extends to a basis
wi, ..., wy of W (2.32). Now

Tvi=wr=1-w; +0-w2+---+ 0wy,

so A =1and Aj; =0 for j > 2.
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Problem 3C.7. Suppose wi,...,w, is a basis of W and V is finite-dimensional. Suppose T €
L(V,W). Prove that there exists a basis vy, ...,v, of V such that all entries in the first row of
M(T) [with respect to the bases vy, ..., v, and w,...,w,] are 0 except for possibly a 1 in the first
row, first column.

[In this exercise, unlike Exercise 5, you are given the basis of W instead of being able to choose a
basis of W]

Solution. Take v; with ¢(v1) = 1 and va,...,v,, a basis of nullp, where ¢ = 70T and 7: W — F
sends ajwi + --- + apw, to ay. Here 7 is linear because the coeflicients of a vector in the basis
wi, ..., w, are unique and depend additively and homogeneously on the vector (2.28), so ¢ € L(V,F)
by 3.7. Writing m = dimV and A = M(T) with respect to v1,..., v, and wy,...,w,, applying 7 to
Top =371 Ajrwj gives

p(vk) = Ak,

so the first row of M(T) is the list ¢(v1),...,©(vm).

(i) ¢ = 0. Any basis of V' (2.31) makes the entire first row 0, which is permitted.

(ii) ¢ # 0. Then range ¢ is a nonzero subspace of the 1-dimensional space F, hence equals F (2.37,
2.39), so dimnullp = m — 1 by 3.21 and ¢(v;) = 1 is attainable. The list vq,..., vy above is linearly
independent: applying ¢ to civ1 + - -+ + ¢pvm = 0 gives ¢; = 0, and then independence of vo, ..., vy,
gives cg = -+ = ¢, = 0. Having length m = dim V, it is a basis of V' (2.38), and

A =o(vr) =1, A =p(vr) =0 for k> 2.

Problem 3C.8. Suppose A is an m-by-n matrix and B is an n-by-p matrix. Prove that
(AB);.=A;.B

for each 1 < j < m. In other words, show that row j of AB equals (row j of A) times B.
[This exercise gives the row version of 3.48.]

Solution. Both sides are 1-by-p matrices (by 3.41 and 3.44), so it suffices to compare entries in column
k. Fix j and k; since (A;.)1, = A;r, two applications of 3.41 give

n

(A]’B)Lk = Z(Ajz')LTBrvk = ZAJ"TBTJ{: = (AB)]vk = ((AB)]z)Lk

r=1 r=1

Hence (AB);. = A;.B.

Problem 3C.9. Suppose a = (a1 an) is a 1-by-n matrix and B is an n-by-p matrix. Prove
that
aB = alBl,- +---4+a, By

In other words, show that aB is a linear combination of the rows of B, with the scalars that multiply

the rows coming from a.
[This exercise gives the row version of 3.50.]

Solution. Both sides are 1-by-p matrices (by 3.41, 3.44, 3.36, 3.34), so it suffices to compare entries
in column k. Fix k; since the entry in row 1, column k, of B, . is B,j, the definitions of matrix
multiplication (3.41), scalar multiplication (3.36), and matrix addition (3.34) give

n
(aB)1x = Z@ank; = (0131,- + -+ aan,.)Lk.

r=1

Hence aB = a1By,. +--- +a, By,

KE
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Problem 3C.10. Give an example of 2-by-2 matrices A and B such that AB # BA.

Solution. Take

0 1 0 0
A‘(o 0)’ B‘<1 0)‘

10 0 0
AB_<O 0), BA_<O 1),

which differ in row 1, column 1. Hence AB # BA.

By 3.41 (Check!),

Problem 3C.11. Prove that the distributive property holds for matrix addition and matrix mul-
tiplication. In other words, suppose A, B, C, D, E, and F' are matrices whose sizes are such that
A(B + C) and (D + E)F make sense. Explain why AB 4+ AC and DF + EF both make sense and

prove that
A(B+C)=AB+ AC and (D+ E)F = DF + EF.

Solution. The sizes force themselves: A(B + (') making sense means B and C have a common size
n-by-p (3.34) and A is m-by-n, so AB and AC' are both defined and both m-by-p (3.41), hence addable,
with AB + AC of the same size m-by-p as A(B + C). Likewise (D + F)F making sense means D and
E are both m-by-n and F' is n-by-p, so DF, EF, and DF + EF are all defined and m-by-p.

It therefore suffices to compare entries in row j, column k. Fix such j and k. By 3.41, then 3.34, then
distributivity in F' and splitting of a finite sum,

(A(B+0)), ZAJT (B+C)pi
r=1

=> Ajr (Beg + Crp)
r=1

:ZEE:@4L“Bﬁk+_AmTC»$)
r=1

n n
::jz:f%mfhk‘%jzjf%mch$
r=1 r=1

= (AB)jr + (AC)jk

= @4B-+4460Lm
where the last two equalities use 3.41 and 3.34 again. Hence A(B + C') = AB + AC. The same three
steps on the other side give

(D+EF),, = > (Djr + Ejr) Frg

r=1

—ZDNFTHZ +Fry = (DF + EF);j,

o (D+ E)F = DF + EF.

Problem 3C.12. Prove that matrix multiplication is associative. In other words, suppose A, B,
and C' are matrices whose sizes are such that (AB)C makes sense. Explain why A(BC) makes sense

and prove that
(AB)C = A(BCQ).
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[Try to find a clean proof that illustrates the following quote from Emil Artin: “It is my experience
that proofs involving matrices can be shortened by 50% if one throws the matrices out.”]

Solution. Associativity of matrix multiplication is associativity of composition, transported through
3.43. First the sizes: (AB)C making sense forces A to be m-by-n, B to be n-by-p, and C' to be p-by-q,
so by 3.41 the products BC' (n-by-q) and then A(BC') (m-by-q) are defined, of the same size as (AB)C.
Throw the matrices out: for an m-by-n matrix A define Ty € L(F",F™) by

n n
TA(xla‘--vxn) = <ZA1,7"$7”7 SRR ZAm,Txr>7
r=1 r=1

which is linear because each coordinate is a fixed linear combination of z1,...,z, (Check!). Sending
the standard basis vector e to Tser = 23"21 Aj; 1. f;j exhibits column & of A as column k of M(T4), so
M(T4) = A with respect to standard bases (3.31).

Form T4, Tp,Tc this way. Two applications of 3.43, legitimate because standard bases are used

throughout, give
M((TATB)Tc) = (AB)C,  M(Ta(TBTc)) = A(BC).

Composition of functions is associative, so (T4Tp)Tc = Ta(TpTc); equal maps have equal matrices,
whence (AB)C = A(BC).
Method (2): fix j € {1,...,m} and k € {1,...,q} and compute entries. By 3.41 twice, then inter-
changing two finite sums,

n

(ABYC) 1= D (AB) oot = 30(3 Aso ) Cot = 33 Asr B

s=1 s=1 r=1 s=1r=1
n p n p n
=3 A BriCok = 3 A3 (D0 BrsCo) = 3 Ay (BO)r
r=1 s=1 r=1 s=1 r=1
= (A(BQO)), .

Since j and k were arbitrary, (AB)C' = A(BC).

Problem 3C.13. Suppose A is an n-by-n matrix and 1 < j, k < n. Show that the entry in row j,
column k, of A3 (which is defined to mean AAA) is

Z Z AjpApr Ak

p=1r=1

Solution. Group A3 = A%A (legitimate: matrix multiplication is associative by Exercise 3C.12, and
every product here is n-by-n by 3.41) and apply 3.41 twice. Fix j and k; then

(A )Jk—(A A) Zn:(AQ)Jr rk—Z<ZA7pAp7 >

r=1 r=1 p=1
non n o n
= : : : :Aj7pAp7TAT1k = : : : :Aj7pAp7TA7',k3
r=1 p=1 p=1r=1

the third equality by distributivity in F' and the last by interchanging two finite sums.

Problem 3C.14. Suppose m and n are positive integers. Prove that the function A — A® is a linear
map from F™™ to F™»™.

61



Solution. Write ®(A) = A', an n-by-m matrix by 3.54, and check the two conditions of 3.1 entrywise:
both sides of each identity are n-by-m matrices, so it suffices to fix j € {1,...,m}, k € {1,...,n} and
compare entries in row k, column j.

Additivity. For A, B € F"™" using 3.54 for the outer equalities and 3.34 for the inner ones,

((A+B)"), ;= (A+B)jr=Ajx+ Bjx = (A"+ B), .

so ®(A+ B) = ®(A) + ®(B).
Homogeneity. For A € F, the same two citations with 3.36 in place of 3.34 give

((AA)),,; = Q) = A = (AAY),

s0 ®(AA) = A P(A). Hence ® € L(F™" F™™).

Problem 3C.15. Prove that if A is an m-by-n matrix and C' is an n-by-p matrix, then
(AC)! = C* A",

This exercise shows that the transpose of the product of two matrices is the product of the transposes
in the opposite order.

Solution. Both sides are p-by-m matrices — AC' is m-by-p by 3.41 and transposes by 3.54, while C? is
p-by-n and Al is n-by-m, so C*A? is defined — so it suffices to compare entries in row &, column j. Fix
ke {l,...,p} and j € {1,...,m}; using 3.54 to strip transposes and 3.41 for each product,

((AC)) ;= (AC) ik = D AjaCri = D (CYir(AD)ry

r=1 r=1

= (CtAt)k,ja

the middle equality because multiplication in F is commutative. Hence (AC)! = C*A".

Problem 3C.16. Suppose A is an m-by-n matrix with A # 0. Prove that the rank of A is 1 if and
only if there exist (c1,...,¢y) € F™ and (dy,...,d,) € F" such that

Ajr = cjdy
forevery j=1,...,mand every k =1,...,n.
Solution. Both conditions say that the columns of A all lie on one line: write U = span(A.1,...,A.,) C

F™! so that dim U is the rank of A (by 3.52 and 3.58).
(i) Rank 1 implies the factorization. Then dimU = 1, so U = span(c) for some nonzero ¢ € F™! say
with entries c,...,¢,. Each column A} lies in U, so A. = djc for some dj, € F; comparing row j
(using 3.44) gives

Aj k= dicj = cjdy, (1<j<m, 1<k<n).

(ii) The factorization implies rank 1. Let ¢ € F™! have entries ci,...,¢p. Since row j of Ay is
A = cjdy, which is row j of djc, every column satisfies A. ; = djc, so

U C span(c), dimU < dimspan(c) <1

by 2.37 (a one-element list spans a space of dimension at most 1, by 2.30). Since A # 0, some column
A. ), is a nonzero element of U, so dimU > 1. Hence dimU = 1.
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Problem 3C.17. Suppose T' € L(V), and uq,...,u, and vy,...,v, are bases of V. Prove that the
following are equivalent.

(a) T is injective.

(b) The columns of M(T) are linearly independent in F™!.

(c) The columns of M(T) span F™!.

(d) The rows of M(T) span F1".

(e) The rows of M(T) are linearly independent in F™.

Here M(T) means M (T, (u1,...,un), (V1,...,0n)).

Solution. Everything rests on the dictionary = — u = x1uq + - - - + z,,u, from F™! onto V, under which
Tu = 0 exactly when Az = 0. Here A = M(T) is n-by-n (both lists are bases, so dim V' = n) and
Tu = Zj Aj pv; by 3.31, whence linearity of T' gives

n

n
Tu = Z xp Tuy, = Z(Aa:)ﬂ vj, Arv=x1A 1+ + 2,4,
k=1 j=1

the second identity by 3.50. Since v1,..., v, is linearly independent, Tu = 0 iff Az = 0; since u1,..., Uy
is a basis, u = 0 iff x = 0, and every u € V arises from some z.

(a) <= (b). By 3.15, T is injective iff nullT = {0}, which by the dictionary holds iff the only = with
1A+ +x,A, = Ax = 01is x = 0 — that is, iff the columns of A are linearly independent.

(b) <= (c). The columns form a list of length n in F™!, and dim F™! = n (3.40); such a list is a basis
as soon as it is linearly independent (2.38) or spanning (2.42), so each of (b), (c) implies the other.
(c) <= (d). Writing U for the span of the columns, (c) says U = F™! which by 2.39 and 3.40 holds
iff dimU = n, i.e. iff the column rank of A is n (3.52, 3.58). The same argument in F1" shows (d)
holds iff the row rank of A is n. The two ranks are equal by 3.57.

(d) <= (e). As in (b) <= (c), applied to the n rows in F1.".

3.4 Exercises 3D

Problem 3D.1. Suppose T € £L(V, W) is invertible. Show that 7! is invertible and

(TH=t=T1

Solution. Take T € L(V, W) itself as the inverse of T~! € L(W, V). Invertibility of T' (3.59) gives
TT'=ILy and T7'T=1I,

which are precisely the two identities 3.59 demands of an inverse of 7!, Hence T~! is invertible, and
(T~Y)~! = T by uniqueness of the inverse (3.60).

Problem 3D.2. Suppose T € L(U,V) and S € L(V, W) are both invertible linear maps. Prove that
ST € L(U,W) is invertible and that (ST)~! = T-1571.

Solution. Take T~1S~t € L(W,U) as the inverse; it and ST € L(U, W) are linear because compositions
of linear maps are linear (3.8). Associativity of composition gives

(T71s ™Y ST) =171 (ST =TIy T =TT = Iy,

(STYT 'S~ = S(TT )8! = SIyS~! = S5~ = Iy
Hence ST is invertible (3.59), and (ST)~! = T~'S~! by uniqueness of the inverse (3.60).
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Problem 3D.3. Suppose V is finite-dimensional and 7" € L£(V). Prove that the following are
equivalent.

(a) T is invertible.

(b) Tvy,...,Tv, is a basis of V for every basis v1,...,v, of V.

(¢) Tvy,...,Tvy, is a basis of V for some basis vy, ..., v, of V.

Solution. We run the cycle (a) = (b) = (¢) = (a), writing n = dim V.
(a) = (b). Let vy,...,v, beabasisof V. If a;Tvi+---+a,Tv, = 0, then T'(ayv1+- - -+ anv,) = 0, and
T is injective (3.63) with null 7" = {0} (3.15), so a1vi +- - - +apv, = 0 and all a, = 0; thus Tvy,...,Tv,
is linearly independent. It spans V because for v € V, writing T~'v = ajv; + - - - + anv, and applying
T gives

v=T(T ") =a1Tvy + - + a,Tvy.

Hence Tvy,...,Tv, is a basis of V.

(b) = (c). Apply (b) to a basis of V', which exists by 2.31.

(c) = (a). By Exercise 10 in Section 3B, range T' = span(T'v1,...,Tv,) = V, the last equality because
Tvi,...,Tu, is a basis of V. So T is surjective, hence injective (3.65, as V' is finite-dimensional), hence
invertible (3.63).

Problem 3D.4. Suppose V is finite-dimensional and dim V' > 1. Prove that the set of noninvertible
linear maps from V to itself is not a subspace of L(V).

Solution. The set N of noninvertible operators is not closed under addition, hence is not a subspace
(1.34). Fix a basis vy,...,v, of V' (2.31), where n = dimV > 2, and let S, T € L(V) be given by the
linear map lemma (3.4) via

Svlzvl, S’Uk:() (k‘ZQ); TU1:0, T’U].C:’U],C (/{Z?)

Since n > 2, the basis vectors vy, v exist and are nonzero, while Svo = 0 and Twvy = 0; so neither S
nor T is injective (3.15), hence neither is invertible (3.63), and S, 7 € N. But S + T agrees with I on
the basis,

(S+T)vy =v1 + 0=y, (S+ T, =04v, =v, (k> 2),

so S + T = I, which is invertible. Hence S+ T ¢ N.

Problem 3D.5. Suppose V is finite-dimensional, U is a subspace of V', and S € L(U,V). Prove
that there exists an invertible linear map 7" from V to itself such that Tu = Su for every u € U if
and only if S is injective.

Solution. (i) Necessity. If such an invertible T exists and u € U has Su = 0, then Tu = Su =0, and T
is injective (3.63) with null7 = {0} (3.15), so v = 0. Thus null S = {0} and S is injective (3.15).
(ii) Sufficiency. Suppose S is injective. Let ui,...,u;, be a basis of the (finite-dimensional, by 2.25)
subspace U and extend it to a basis u1,...,un,v1,...,v, of V (2.32). The list Suq, ..., Suy, is linearly
independent: a1Su; + - -+ + @, Suy = 0 gives ajuy + -+ + apmuy, € null S = {0}, whence all a; = 0.
Extend it to a basis

Sut, ..., Stum,wi, ..., Wy

of V' (2.32); since every basis of V' has length dim V' (2.34), ¢ = p. So the linear map lemma (3.4)
supplies T' € £(V') with

Tug = Sup, (k=1,...,m), Tvi=w; (j=1,...,p).

This T carries a basis of V' to a basis of V, so it is invertible by Exercise 3D.3 ((c) = (a)); and for
U= aiuy + - - - + apuy € U, linearity gives

Tu=arSui + -+ amSum = S(aruy + -+ + amum) = Su.
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Problem 3D.6. Suppose that W is finite-dimensional and S,T € L(V,W). Prove that nullS =
null 7" if and only if there exists an invertible £ € £(W) such that S = ET.

Solution. (i) Necessity. If S = ET with FE invertible, then Tv = 0 gives Sv = E0 = 0, while Sv = 0 gives
E(Tv) =0 and hence Tv = 0, since FE is injective (3.63) with null £ = {0} (3.15). So null S = null 7.
(ii) Sufficiency. Suppose null S = null T, and define ¢: rangeT — range S by ¢(Tv) = Sv. This is
unambiguous precisely because of the hypothesis: Twvy = Twy forces v1 — v € nullT = null S, hence
Sv1 = Svy. It is linear, since o(AT'v1 +Tv2) = S(Avi+v2) = Ap(Tv1) +¢(T'v2); surjective onto range S
by construction; and injective, because p(Tv) = Sv = 0 puts v € nullS = nullT, so Tv = 0 (3.15).
Thus ¢ is an isomorphism (3.63, 3.69).

Let uq,...,uy be a basis of range T' (finite-dimensional as a subspace of W, by 2.25) and extend it to
a basis uy, ..., u, of W (2.32), where n = dim W. The list puy, ..., pu,, is again linearly independent
(apply the injective ¢ to a vanishing combination), so extend it to a basis

PUL; - - o5 PUMS Y415 - - -5 Yn

of W (2.32; the count n — m because every basis of W has length n, by 2.34). The linear map lemma
(3.4) now gives E € L(W) with

which carries a basis of W to a basis of W and so is invertible by Exercise 3D.3 ((c) = (a)). Finally,
for v € V write Tv = cjuy + - - - + ClUpy; then linearity of E and of ¢ give

E(Tv) = cipur + - -+ + cmptm = ¢(Tv) = Sv,

so S =FET.

Problem 3D.7. Suppose that V is finite-dimensional and S,7" € L(V,W). Prove that range S =
range T if and only if there exists an invertible E' € £(V') such that S = TE.

Solution. (i) Necessity. If S = TE with E invertible, then E is surjective (3.63), so range E = V and
range S = {T(Ev) :v e V} ={Tu:u eV} =rangeT.

(ii) Sufficiency. Suppose range S = range T'; we build E from adapted bases. The fundamental theorem
of linear maps (3.21), applicable since V is finite-dimensional, gives

dimnull § = dim V — dimrange S = dimnull T’

call this common value m and set » = dim V —m. Take a basis uq, ..., u,, of null S extended to a basis
ULy ooy U, U1,...,0, Of V (2.32, 2.34), and a basis pi,...,pn, of nullT (2.25, 2.31).
Then Svq,...,Sv, is a basis of range S: it spans, since Suy = 0 makes Sv = a1Sv1 + - - + a,.Sv, for

v =)k brug + 325 ajvy; and if 355 a;Sv; = 0 then Y ajv; € null S = span(uq, ..., um), S0
biur + -+ by, —a1v1 — - —apv, =0

for some by, forcing every a; = 0 by independence of the basis of V.

Since Sv; € range S = rangeT', choose ¢; € V with T'q; = Sv;. The list p1,...,pm,q1, ..., ¢ has length
m+r =dimV, so by 2.38 it is a basis of V once independent: applying T" to a vanishing combination
kills the py and leaves y a;Sv; = 0, so all a; = 0 by the previous paragraph, and then all b, = 0.
The linear map lemma (3.4) therefore gives £ € L(V') with

Euy, = pi (k:17”"m)’ EU]:qJ (j:17...,7'),

invertible by Exercise 3D.3 ((c) = (a)) since it carries a basis of V' to a basis of V. Finally TE and S
agree on the basis uy,...,um,v1,. .., v, namely

(TE)uk = Tpk =0= Suk, (TE)Uj = TQj = SU]',
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so S =TEF.

Problem 3D.8. Suppose V and W are finite-dimensional and S, T € L(V, W). Prove that there exist
invertible Ey € £(V) and Ey € L(W) such that S = E>TE; if and only if dimnull S = dimnull T'.

Solution. (i) Necessity. If S = ETE; with both E; invertible, then for v € V| using injectivity of Es
(3.63) for the middle step,

Sv=0 <= TFEiv=0 < Fiv e€nullT,

so nullS = {E Y : u € nullT}. Thus E; ! restricted to null T is linear, injective and onto null S,
hence an isomorphism (3.63); both null spaces are finite-dimensional (2.25), so dimnull § = dimnull 7’
by 3.70.

(ii) Sufficiency. Let n be the common null-space dimension and k& = dim V' — n, so that

dimrange S = k = dimrange T’

by the fundamental theorem of linear maps (3.21). Extend a basis uq,...,u, of nullS to a basis
Uly. oy Up, X1,...,2, of V, and a basis p1,...,p, of nullT to a basis p1,...,pn,y1,-..,yk of V (2.32).
Since Suj; = 0, the list Sz1,..., Sz spans range S and has length k& = dimrange S, so it is a basis of

range S (2.42); likewise T'y1, ..., Ty is a basis of range T". Extend both to bases of W (2.32),
Sri,...,8%k, wy, ..., W, and Ty, Ty, 21, -, 2r,

with the same r = dim W —k in each. The linear map lemma (3.4) now gives E1 € £L(V') and Ey € L(IV)
with
FEvuj =pj, FEiz; =y; Ey(Ty;) = Sz,  Eazj = wj.

Each carries a basis to a basis, hence is invertible by Exercise 3D.3 ((c) = (a)). Finally S and E2TE;
agree on the basis uy,..., Uy, T1,...,T of V:

EQTElu]' == EQij =0= SUj, EQTElﬂZi == EQT’er == Sa:l-,

so S = ExyTE;.

Problem 3D.9. Suppose V is finite-dimensional and T: V — W is a surjective linear map of V'
onto W. Prove that there is a subspace U of V' such that 7|y is an isomorphism of U onto W.
Here T'|y means the function T restricted to U. Thus T'|y is the function whose domain is U, with
Ty defined by T'|y(u) = Tu for every u € U.

Solution. Take any subspace U of V with V = nullT @ U, which exists by 2.33 since V is finite-
dimensional and nullT" is a subspace of V. The restriction T|y € L(U, W) inherits additivity and
homogeneity from 7', and:
(i) Injective. If u € U and Tw = 0, then u € nullT' N U = {0}, the intersection being trivial because
the sum is direct (1.46); so null(T'|;7) = {0} and 3.15 applies.
(ii) Surjective. Given w € W, surjectivity of T' supplies v € V with Tv = w; writing v = = + u with
z €nullT and u € U,

w=Tv=Tr+Tu=0+Tu="T|y(u).

Hence Ty is invertible (3.63), i.e. an isomorphism of U onto W.

Problem 3D.10. Suppose V and W are finite-dimensional and U is a subspace of V. Let
E={TeL(V,IW):U CnullT}.
(a) Show that £ is a subspace of L(V,W).
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(b) Find a formula for dim £ in terms of dim V', dim W, and dim U.
Hint: Define ®: L(V,W) — L(U, W) by ®(T") = T'|y. What is null ®? What is range ®?

Solution. (a) The zero map lies in & (its null space is V'), and for S, T € E, A€ F,u e U,
(S+T)u=0+0=0, (AT)u=X0=0,

so S+ T and AT lie in £. Hence & is a subspace of L(V, W) by 1.34.
(b) The formula is
dim€& = (dimV — dim U)(dim W).

Following the hint, let ®(T") = T'|y map L(V, W) to L(U, W); it is linear because restriction preserves
the pointwise operations, (S + 71|y = S|lu + T|v and (AT)|v = AM(T'|v).

Its null space is &, since T'|y = 0 says exactly U C nullT. Tt is surjective: given R € L(U, W), extend
a basis uq,...,uy, of U (finite-dimensional by 2.25) to a basis u1,...,un,v1,...,v, of V (2.32) and
take the T' € L£L(V, W) given by the linear map lemma (3.4) with

then 7|y and R agree on a basis of U, so ®(T') = R. Since L£(V, W) is finite-dimensional (3.72), the
fundamental theorem of linear maps (3.21) applied to ® gives

dim& = dim L(V, W) — dim L(U, W) = (dim V — dim U)(dim W),

the last step evaluating both terms by 3.72.

Problem 3D.11. Suppose V is finite-dimensional and S, T € £(V). Prove that

ST is invertible <= S and T are invertible.

Solution. (<=) If S and T are invertible then T-1S~! is a two-sided inverse of ST (Check!), so ST is
invertible.

(=) Suppose ST is invertible; then ST is injective and surjective (by 3.63).

(i) S is surjective: every (ST)v = S(T'v) lies in range S, so

V = range(ST) C range S C V.

Hence S is invertible, since a surjective operator on a finite-dimensional V' is invertible (by 3.65).
(ii) T is injective: if Tw = 0 then (ST)v = S0 = 0, so v = 0 by injectivity of ST and 3.15. Hence T is
invertible (by 3.65 again, V finite-dimensional).

Problem 3D.12. Suppose V is finite-dimensional and S,T,U € L(V) and STU = I. Show that T'
is invertible and that T-! = US.

Solution. Both S and U are invertible, and then T = S~1U ! forces T~! = US.

(i) U is invertible: if Uv = 0 then v = (STU)v = S(T0) = 0, so U is injective (by 3.15) and hence
invertible, V' being finite-dimensional (by 3.65).

(ii) S is invertible: every (STU)v = S((TU)v) lies in range S, so

V =range I = range(STU) C range S C V,

making S surjective and hence invertible (by 3.65).
Multiplying STU = I by S~! on the left and U~! on the right gives T = S~'U~!, a product of
invertible maps, hence invertible with

T—l _ (S_lU_l)_l _ (U‘l)_l(S_l)_l — US,
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by Exercises 1 and 2 in this section.

Problem 3D.13. Show that the result in Exercise 12 can fail without the hypothesis that V is
finite-dimensional.

Solution. On' V = F*® take S =T = B and U = F?, where B and F are the backward and forward
shifts
B(xy,x9,x3,...) = (x2,23,24,...), F(x1,29,...)=(0,21,22,...),

both linear by Example 3.3. Then STU = B?F? = I, since
BZF2($1,1'2, .. ) = B2(0,0,$1,x2, .. ) = (331,:132, e )

But T' = B is not invertible: B(1,0,0,...) =0, so B is not injective (by 3.15) and hence not invertible
(by 3.63).

Problem 3D.14. Prove or give a counterexample: If V is a finite-dimensional vector space and
R,S,T € L(V) are such that RST is surjective, then S is injective.

Solution. True: S is even invertible. Because V is finite-dimensional and the operator RST is surjective,
RST is invertible (by 3.65). Writing RST = R(ST), Exercise 11 gives that R and ST are invertible;
applying Exercise 11 to the invertible ST gives that S (and T') is invertible. In particular S is injective
(by 3.63).

Problem 3D.15. Suppose T' € L(V) and vy, ..., vy, is a list in V' such that Tvy, ..., Tv,, spans V.
Prove that vq,...,v,, spans V.

Solution. T is injective, and injectivity converts the spanning of Tvy,...,Tvy, into that of vi,...  vp,.
Indeed V is finite-dimensional, being spanned by the finite list Tv1, ..., Tvy,, and each Tvy lies in the
subspace range T (by 3.18), so

V =span(Tvy,...,Tvy,) CrangeT C V;

thus T is surjective and hence injective (by 3.65, V' finite-dimensional).
Now let v € V.. Because T, ...,Tv,, spans V, there are aq,...,a,, € F with

Tv=a1Tvi + -+ apTvy = T(a1v1 + - + amvm),

so injectivity gives v = a1v1 + - - - + amvn,. Hence vy, ..., v, spans V.

Problem 3D.16. Prove that every linear map from F™! to F™! is given by a matrix multiplication.
In other words, prove that if T € L£(F™! F™!), then there exists an m-by-n matrix A such that
Tx = Ax for every x € F™!.

Solution. Take A to be the m-by-n matrix whose k™ column is Tej, where e, ..., e, is the standard
basis of F™! (so e;, has k' entry 1 and other entries 0); that is, Ajr = (Teg)j. For x € F™! with
entries x1,...,T, wWe have x = x1e1 + - - - + xpeén, so linearity of T' gives

T =x1Te1+---+x,Te,
=x1Aq+ -+ 2,A, = Ax,

the last equality being 3.50 (Ax is that linear combination of the columns of A).
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Problem 3D.17. Suppose V is finite-dimensional and S € L£(V). Define A € L(L(V)) by
A(T) = ST

for T e L(V).
(a) Show that dimnull A = (dim V') (dim null S).
(b) Show that dimrange A = (dim V')(dim range S).

Solution. Write n = dimV and U = null S, a finite-dimensional subspace of V' (by 2.25); by 3.72,
dim £(V) = n?.
(a) The null space of A is the set of T' with range inside U:

null A ={T € L(V) : rangeT C U},

since ST = 0 says Tv € nullS for every v € V. Enlarging the target space from U to V gives a
map & : L(V,U) — L(V), (®(R))v = Rv, which is linear and injective (if ®(R) = 0 then Rv = 0
for all v), with range exactly null A: each ®(R) has range in U, and conversely any such 7" is ®(R)
for R € L(V,U) defined by Rv = Tw. So ® is an isomorphism onto null A, and 3.72 (both V and U
finite-dimensional) gives

dimnull A = dim £(V,U) = (dim V')(dim null S).
(b) Apply 3.21 to A on the finite-dimensional space £(V'), then to S on V:

dimrange A = n® — n (dimnull ) = n(n — dimnull )
= (dim V')(dim range S).

Problem 3D.18. Show that V' and L(F, V) are isomorphic vector spaces.

Solution. Evaluation at 1 is an isomorphism: define ® : L(F,V) — V by ®(T) = T'1. Linearity of ® is
immediate from the definitions of addition and scalar multiplication in £L(F, V') (Check!).
® is injective: if T'1 = 0 then homogeneity of T' gives

TA=T(A-1)=AT1=0 forall A€F,

so T'=0 and null® = {0} (by 3.15).
® is surjective: given v € V| the map T, A\ = v is linear (Check!) and ®(7,) =1-v = v.
Hence @ is invertible (by 3.63), so L(F, V) and V are isomorphic (3.69).

Problem 3D.19. Suppose V is finite-dimensional and 7" € L(V'). Prove that T" has the same matrix
with respect to every basis of V' if and only if T" is a scalar multiple of the identity operator.

Solution. (<) If T = A then Tvy = Ay, for every basis v1,...,v,, so M(T) is the diagonal matrix
Al no matter which basis is used.

(=) Suppose M(T, (w1, ...,wy,)) = A for every basis wi,...,w,, and let n = dimV > 1 (if n =0
then T'= 0 = 0). Fix a basis v1,...,v,.

(i) A is diagonal. Fix k and set uy = 2vy and u; = v; for ¢ # k; this is again a basis (Check!; here 2 # 0
in F =R or C). Column k of A read in each of the two bases gives

Tvy, = Z Ajrvj and 2Ty, = Tuy, = 24y kg + Z Ajvj.
- ik

Twice the first minus the second yields > itk Ajpv; =0,80 Aj = 0 for j # k by linear independence.
Write Ay = Ay x; then Twy, = Apwy, for every basis wy, ..., w, and every k.
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(ii) The Ay agree. For k > 2, swapping v; and vy gives a basis with first vector vy, so Tvp = Ajvg;
comparing with Tvg = A\pv and v # 0 gives Ay = A\p =: \.
Thus T and AI agree on the basis vy, ..., v,, hence T = AI (by 3.4).

Problem 3D.20. Suppose ¢ € P(R). Prove that there exists a polynomial p € P(R) such that
g(z) = (2* +2)p"(z) + 229 (z) + p(3)

for all z € R.

Solution. Fix m with ¢ € P,,(R) (take m = deggq, or m = 0 if ¢ = 0) and define 7" : P,,(R) = P (R)
by
(Tp)(x) = (2 + x)p" () + 22 p'(z) + p(3).

This does land in Py, (R), since degp < m gives deg((z* + z)p”) < m and deg(2zp’) < m while
p(3) is constant; and T is linear because differentiation, evaluation at 3, and multiplication by a fixed
polynomial are all linear (Check!).

T is injective: let p # 0 have degree d and leading coefficient a4 # 0.

(i) d =0: then p' =p” =0, s0o Tp = p(3) = ag # 0.

(ii) d > 1: as p(3) contributes only to the constant term, the coefficient of z¢ in T'p is

d(d —1)aq + 2dag = aqd(d+ 1) #0,

so Tp # 0. (For d = 1 the first term is 0, matching p” = 0; for d > 2 it is the 22 - d(d — 1)agz®? term.)
Hence nullT = {0}, so T is injective (by 3.15) and therefore surjective, being an operator on the
finite-dimensional P,,(R) (by 3.65). Thus some p € P,,(R) C P(R) satisfies T'p = ¢, which is the
asserted identity.

Problem 3D.21. Suppose n is a positive integer and A;; € F for all j,k = 1,...,n. Prove that the
following are equivalent (note that in both parts below, the number of equations equals the number
of variables).

(a) The trivial solution ; = --- = x, = 0 is the only solution to the homogeneous system of

equations
n
Z Az =0
k=1

i An,kxk = 0.
k=1

(b) For every ci,...,c, € F, there exists a solution to the system of equations

n
> Az =
k=1

n
Z Ap g Zp = Cp.
k=1

Solution. Both statements are about the operator T' € L(F") defined by

n n
T(:Ul,...,l'n) = (ZAlykxk’ ey ZAmkwk),
k=1 k=1
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which is linear because each coordinate is (Check!).

(i) Since x1,...,x, solves the homogeneous system exactly when (x1,...,z,) € nullT, statement (a)
says null 7" = {0}, that is, T is injective (by 3.15).
(ii) Since the system with right side ¢y, . .., ¢, is solvable exactly when (cy, ..., ¢,) € range T, statement

(b) says range T' = F", that is, T is surjective (3.19).
Because the equations and the variables are equal in number, T is an operator on the finite-dimensional

space F", so 3.65 applies and gives that T is injective if and only if T is surjective. Hence (a) holds if
and only if (b) holds.

Problem 3D.22. Suppose T' € L(V') and vy, ..., v, is a basis of V. Prove that

M(T, (v1,... ,vn)) is invertible <= T is invertible.

Solution. Every matrix below is taken with respect to vi,...,v, in both roles, so M(I) = I (each
Ivg = vg, by 3.79) and M(SR) = M(S)M(R) for S,R € L(V) (by 3.81, with this one basis in all
three roles). Write A = M(T); note dim V' = n.

(=) If T is invertible then T-! € £(V) and

AMT H=MTTH=MI)=1
M(THA=MT'T)= M) =1,
so A is invertible with A=t = M(T 1) (3.80).
(«<=) If A is invertible, then because M: L(V) — F™" is an isomorphism (by 3.71, with vy, ..., v, as
basis of domain and target) there is S € £(V) with M(S) = A~!, whence
M(ST) = M(S)M(T) = AP A =T = M(I).

Injectivity of M gives ST = I, and then T'S = I by 3.68 (V finite-dimensional). Hence T is invertible.

Problem 3D.23. Suppose that uy,...,u, and v,...,v, are bases of V. Let T' € L(V') be such that
Tvy, = ug for each K =1,...,n. Prove that

M(T, (vl,...,vn)) :M(I, (ul,...,un),(vl,...,vn)).

Solution. The two matrices have the same columns, because Tvy, = u. Write A = M(T, (v1,...,v,))
and C' = M(I, (u1,...,un), (v1,...,v,)); by the definition 3.31 of the matrix of a linear map, their
entries are the scalars with
Tv, = Ay pvr + - - + Ap pon,
ug = Tup = Cypv1 + -+ + Cp g,

for each K = 1,...,n. Fix k; since Ty, = ug and a vector has only one representation as a linear
combination of the basis v1,...,v, (by 2.28), we get A;;, = C;, for every j. Hence A = C.

Problem 3D.24. Suppose A and B are square matrices of the same size and AB = I. Prove that
BA=1.

Solution. Transfer to operators on F", where 3.68 applies. Let n be the common size of A and B, and
take every matrix with respect to the standard basis ey, ..., e, of F™ in both roles, so that M(I) =T
(each Iey = ek, by 3.79) and M(RQ) = M(R)M(Q) for operators R, Q (by 3.81, with this one basis
in all three roles). Since M: L(F") — F™" is an isomorphism (by 3.71, with ey, ..., e, as basis of
domain and target), choose S,T € L(F") with M(S) = A and M(T) = B. Then

M(ST) = M(S) M(T) = AB = I = M(I),
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so ST = I by injectivity of M. As F" is finite-dimensional, 3.68 gives T'S = I, and hence

BA = M(T) M(S) = M(TS) = M(I) = I.

3.5 Exercises 3E

Problem 3E.1. Suppose T is a function from V to W. The graph of T is the subset of V' x W
defined by
graph of T'= {(v,Tv) e V. x W :v e V}.

Prove that T is a linear map if and only if the graph of T is a subspace of V' x W.

[Formally, a function T from V to W is a subset T of V' x W such that for each v € V, there exists
exactly one element (v, w) € T. In other words, formally a function is what is called above its graph.
We do not usually think of functions in this formal manner. However, if we do become formal, then
this exercise could be rephrased as follows: Prove that a function T' from V' to W is a linear map if
and only if T is a subspace of V' x W]

Solution. Write G = {(v,Tv) : v € V'} for the graph. Because T is a function, for v € V and w € W
(v,w) € G <= w="Tv

(an element (u,Tu) of G equals (v,w) only if v = v, forcing w = Tv); both directions below use
this. By 1.34, G is a subspace exactly when (0,0) € G and G is closed under addition and scalar
multiplication.
(=) If T is linear then 70 = 0 (by 3.10), so (0,0) = (0,70) € G, and additivity and homogeneity of
T give

(u, Tu) + (v,Tv) = (u+v,Tu+Tv) = (u+v,T(u+v)) € G,

AMv,Tv) = (Av,\Tw) = (Av, T (M) € G.

Hence G is a subspace of V x W.
(«<=) If G is a subspace then for u,v € V and A\ € F, closure under the two operations gives

(ut+v, Tu+Tv) € G and (Av, \Tv) € G,

which by the equivalence above say Tu + Tv = T'(u + v) and ATv = T'(Av). So T is linear (3.1).

Problem 3E.2. Suppose that Vi,...,V,, are vector spaces such that Vj x --- x V,, is finite-
dimensional. Prove that V} is finite-dimensional for each £k =1,...,m.

Solution. Apply 3.21 to the k-th coordinate projection
Pk:%x---me%Vk, Pk(vl,...,vm):vk,

which is linear because the operations on the product are slotwise (3.87) (Check!) and surjective
because P(0,...,0,v,0,...,0) = v for each v € Vj (with v in slot k). Its domain is finite-dimensional
by hypothesis, so 3.21 gives that range P, = V}, is finite-dimensional. As k was arbitrary, each Vj, is
finite-dimensional.

Problem 3E.3. Suppose Vi, ..., V,, are vector spaces. Prove that L(V}x---xV,,, W) and L(Vi, W)X
-+« X L(Vp, W) are isomorphic vector spaces.

[There is no assumption in the exercise above or in the two following exercises that the vector spaces
are finite-dimensional.]

Solution. Restriction to the slots is an isomorphism. Write ¥V = V; x --- x V,;, and let ¢ : Vi, — V be
the k-th inclusion ¢x(v) = (0,...,0,v,0,...,0), which is linear because the operations on V are slotwise

72



(3.87) and satisfies

(U1, yUm) = t1(v1) + -+ + tm(vm)-
Define ®(T') = (T'o v1,...,T ovy,) for T € L(V,W); each T oy lies in L(Vj, W) by 3.7, so & maps
LV, W) into LIV}, W) x -+ x L(V;p, W), and @ is linear because the operations on both sides are
computed pointwise and slotwise (3.5, 3.87) (Check!).
® is injective: if T o1, = 0 for every k, then the display above and linearity of T give

T(vi,...,0m) = (Towu)(v1)+ -+ (T oty vy =0,

so T'=0 and null® = {0} (by 3.15).
® is surjective: given (T1,...,T,,), the map T(vi,...,vy) = Tiv1 + -+ - + T Uy, is linear by additivity
and homogeneity of each T}, together with slotwise operations (Check!), and

(Touw)(v)=T10+ - +Tpv+---+T,,0 =T

since T30 = 0 (3.10); thus ®(T") = (T1,...,Tpn).
Hence @ is invertible (by 3.63), so the two spaces are isomorphic (3.69).

Problem 3E.4. Suppose Wiy,..., W, are vector spaces. Prove that L(V,W; x --- x W,,) and
L(V,W7) x -+ x L(V,W,,) are isomorphic vector spaces.

Solution. Recording the component maps is an isomorphism. Write W = W7 x --- x W}, and let
Py : W — Wi be the k-th coordinate projection, linear as in Exercise 2 of this section, so that

w = (le, . ,me) for all w € W.

Define ¥(T') = (PyoT,...,Py,oT) for T € L(V,W); each P, o T lies in L(V,W},) by 3.7, so ¥ maps
LV, W) into L(V,W7) x -+ x L(V,W,,), and ¥ is linear because the operations on both sides are
pointwise and slotwise (3.5, 3.87) and each Py is linear (Check!).
U is injective: if Py(Tv) = 0 for every k and every v € V, then the display above applied to w = Tv
gives

Tv = (P(Tv),...,Pn(Tv)) =(0,...,0),
so T'=0 and null ¥ = {0} (by 3.15).
VU is surjective: given (T1,...,Ty,), the map Tv = (Thv,...,Tnv) is linear by additivity and homo-
geneity of each T} together with slotwise operations in W (Check!), and (P o T')v = Tyv for all k and
v, 80 U(T) = (Th,...,Tn).
Hence V¥ is invertible (by 3.63), so the two spaces are isomorphic (3.69).

Problem 3E.5. For m a positive integer, define V" by

Vh=Vx...xV.
N——

m times

Prove that V™ and L(F™, V') are isomorphic vector spaces.

Solution. Evaluation on the standard basis is an isomorphism: with eq,..., e, the standard basis of
F™, define
O LFT V)= V™ O(T) = (Tey,...,Ten),

linear because the operations on L(F™, V') are pointwise (3.5) and those on V™ slotwise (3.87) (Check!).
® is injective: if Te, = 0 for each k, then for every (z1,...,2,) € F™,

T(z1,...,xm) =x1Te1 + -+ xpTenm =0,

so T'=0 and null ® = {0} (by 3.15).
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® is surjective: given (v1,...,vn) € V™, the linear map lemma 3.4 applied to the basis ej,...,en
provides T' € L(F™, V) with Te, = vy, for each k, so ®(T) = (v1,...,vm).
Hence @ is invertible (by 3.63), so L(F™, V) and V™ are isomorphic (3.69).

Problem 3E.6. Suppose that v,z are vectors in V and that U, W are subspaces of V' such that
v+ U =z + W. Prove that U = W.

Solution. We prove U C W; symmetry then finishes. Since 0 € U, we have v € v+ U =z + W, so
v = x + wp for some wg € W. Given u € U, alsov+u cv+U =xz+ W, say v +u = = + w with
w € W, whence

u=(z+w)—v=(x+w)—(x+w) =w—wyeW,

as W is closed under additive inverses and addition. Thus U C W. Interchanging the pairs (v, U) and
(x, W), which the symmetric hypothesis v + U = x + W permits, gives W C U. Hence U = W.

Problem 3E.7. Let U = {(x,y,2) € R®: 22 + 3y + 52 = 0}. Suppose A C R3. Prove that A is a
translate of U if and only if there exists ¢ € R such that

A={(z,y,2) e R®: 2z + 3y + 5z = c}.

Solution. The translates of U are exactly the level sets of p(z,y,2) = 2z + 3y + 5z. This ¢ : R® - R
is linear (Check!), so U = null ¢ is a subspace of R? (by 3.13); write 4. = {p € R3 : ¢(p) = c}, which
is the set displayed in the exercise. Since p € v + U means p — v € U = null ¢, linearity of ¢ gives, for
v,p € R?,

pev+U < ¢(p—v) =0 < ¢p) = ¢(v),

that is,
v+ U = Ay for every v € R3.

(=) If Ais a translate of U, say A =v+ U (3.97), then A = A, with ¢ = ¢(v).
(<) If A= A, then v = (,0,0) has p(v) =c,s0o v+ U = A, = A and A is a translate of U.

Problem 3E.8. (a) Suppose T' € L(V,W) and ¢ € W. Prove that {x € V : Tx = ¢} is either the
empty set or is a translate of null 7.

(b) Explain why the set of solutions to a system of linear equations such as 3.27 is either the empty
set or is a translate of some subspace of F".

Solution. (a) If A= {z € V : Tx = ¢} is nonempty, fix g € A; then A = 2o + null T, since linearity of
T and Txg = c give, for z € V,

r€A <= Tx—n0)=Tr—c=0 <= z—1x9 €nullT
<~ x €xo+nullT.

As nullT is a subspace of V' (by 3.13), A is then a translate of it (3.97).
(b) The system 3.27 says Tz = ¢, where ¢ = (c1,...,¢y) and T: F” — F™ is the linear map of 3.25,

n n
T(z1,...,2y) = (ZAUﬂk, . ZAm,k$k>-
k=1 k=1

So by (a) its solution set is either empty or a translate of null 7', a subspace of F" (by 3.13).

Problem 3E.9. Prove that a nonempty subset A of V is a translate of some subspace of V' if and
only if Ao+ (1 —Nw € A for all v,w € A and all A € F.
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Solution. (=) If A = 2+ U with U a subspace, write v = x + u; and w = x + ug with uy,us € U;
then for A € F,
A+ (1 =XNw=ANz+u)+ (1 - (z+u2)
=2+ (M + (1= Nug) ez +U = A,

since U is closed under scalar multiplication and addition.

(<=) Assume (x): A+ (1 —Nw € A for all v,w € A and all A € F. Fix z € A (possible as A # @)
and set U =A—x={a—x:a¢€ A}, so that A =z + U; we check the three conditions of 1.34 for U.
(i) Additive identity: 0 = x —x € U, since x € A.

(ii) Scalar multiples: for u =a — 2 € U and A € F, condition (*) with v = a, w = x gives

T+ A=A+ (1 - Nz € A, S0 MeA—-—z=U.

(iii) Sums: for uy = a — 2 and uy = b — z in U, condition (x) with A =  (a scalar, as F is R or C)
gives %a + %b € A, hence
1 1, _ (1 1
§u1+§U2 = (§a+§b) — T c U,
and applying (ii) with the scalar 2 yields uj + ug € U.
Thus U is a subspace and A = x + U is a translate of it.

Problem 3E.10. Suppose A1 = v + Uy and Ay = w + Us for some v,w € V and some subspaces
U1,U; of V. Prove that the intersection A; N A, is either a translate of some subspace of V or is the
empty set.

Solution. If Ay N Ay # @, fix x € A; N Ag; then A; N Ay = x + (U; NUy), a translate of the subspace
U; NUs of V' (Exercise 1C.10). Indeed z —v € U; and x — w € Us, so 3.101 gives A; = x + U; and
Ao = x + Us, whence for y € V,

ye€AINAy < y—z€U; and y—z €Uy
— y—xelU Nl < y€$+(UlﬂU2).

Otherwise A1 N Ag is the empty set.

Problem 3E.11. Suppose U = {(z1,z2,...) € F* : 2, # 0 for only finitely many k}.
(a) Show that U is a subspace of F>.
(b) Prove that F*° /U is infinite-dimensional.

Solution. Write suppx = {k € Z* : z} # 0}, so that U consists of the z € F> with supp z finite.
(a) The three conditions of 1.34 follow from

supp0 = &, supp(Az) C supp =z,

supp(z + y) C supp z U suppy,

together with the finiteness of a union of two finite sets. Hence U is a subspace of F*.
(b) For each j € Z* let 4
S;={29"12k 1) : ke Z"},

and let v; € F* have k-th coordinate 1 for k € S; and 0 otherwise. Since every m € Z™ is 2%¢ with ¢
odd in exactly one way, m lies in S,41 alone; so the S; are pairwise disjoint, and each is infinite.
Fixn € Z7; then v1+U, ..., v,+U is linearly independent in F*°/U. For if aj (v1+U)+- - -+an(v,+U) =
0 + U, then by the definition 3.102 of the quotient operations and by 3.101,

r=av1+ -+ apv, € U,

while disjointness of S1,. .., .S, makes exactly one of (v1),...,(v,)r equal to 1 for k € S;, so x1, = a;
there. Were some a; # 0, the infinite set S; would lie in supp x, contradicting x € U; hence a1 = --- =
an, = 0.
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So F*°/U has linearly independent lists of every length, which a finite-dimensional space cannot (by
2.22). Hence F*° /U is infinite-dimensional.

Problem 3E.12. Suppose vy,...,v, € V. Let
A={ v+ -+ Avm: A, An €Fand Ay + -+ N\, = 1}

(a) Prove that A is a translate of some subspace of V.
(b) Prove that if B is a translate of some subspace of V' and {vy,...,v,} C B, then A C B.
(c) Prove that A is a translate of some subspace of V' of dimension less than m.

Solution. A = vy + U, where U = span(ve — v1,...,0, — v1) is a subspace of V' by 2.6; this single
identity gives (a), and gives (c) because U is spanned by a list of length m — 1, which contains a basis
of U by 2.30, so dimU < m —1 < m.

(a) and (c). If a = Ajvg + -+ - + A vy, with Zj Aj =1, then

7=1 7j=1
= Z/\]('U] - 1)1> = Z)\j(vj — 1)1) eU,
j=1 J=2

the last step because the j = 1 term vanishes; hence A C vy + U. Conversely, if u = co(ve —v1) 4+ -+ +

¢m(Vm — v1), then
m

v+ u= (1_ch>vl+027)2+"‘+cmvma
=2

whose coefficients sum to 1, so vy +u € A. Thus A =v; + U.
(b) Write B = 2+ W with € V and W a subspace of V; since each v; € B, we have v; —x € W. For
a = A\v1+ -+ Apvm € A with Zj)‘j =1,

m

a—x:Z)\jvj— (ZAj)x:Z)\j(vj—w) ew,
j=1 j

Jj=1 J=1

soa€x+ W = B. Hence A C B.

Problem 3E.13. Suppose U is a subspace of V such that V' /U is finite-dimensional. Prove that V'
is isomorphic to U x (V/U).

Solution. The map S(u,x) = u+ Pz is an isomorphism from U x (V/U) onto V', where VU is defined
as follows. Let vy + U,...,v, + U be a basis of V /U (its vectors have this form by 3.99), and let
v e L(V/U,V) be the linear map with ¥(v; + U) = v; for each j, which exists by the linear map
lemma 3.4 applied to that basis.
Since the operations on U x (V' /U) are coordinatewise (3.87) and W is linear, S is linear (Check!).
S is surjective: given v € V, write v+ U = a1(v1 + U) + - -+ + ap (v, + U), which equals (ajv1 + -+ +
anvyp) + U by 3.102, so v := v — (a1v1 + - - - + apvy) € U by 3.101; with = v + U, linearity of ¥ gives
Ve =ayv; + -+ + anv, and hence

S(u,z) =u+ Yz =o.

S is injective: if u+¥x = 0, write z = a1 (v14+U)+- - -+an(v,+U), so Vo = ajv1+- - -+apv, = —u € U;
then 3.101 and 3.102 give
z=(av1 + -+ ayvy) +U =040,

whence Uz = 0 and v = 0. So null S = {0} and S is injective by 3.15.
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Being linear, injective, and surjective, S is invertible by 3.63, hence an isomorphism by 3.69.

Problem 3E.14. Suppose U and W are subspaces of V and V = U @& W. Suppose wi, ..., wy, is a
basis of W. Prove that wy + U,...,wy, + U is a basis of V /U.

Solution. The list spans V' /U and is linearly independent, hence is a basis.
Spanning. Every element of V' /U is v+ U for some v € V (3.99); as V = U + W, write v = v+ w with
uw€eUand w=ajwy + -+ apwy, € W. Then v — (aqwy + -+ + amwy,) = u € U, so 3.101 and 3.102
give

v+ U = (aqrwi + -+ apwp) + U = a1(wi + U) + -+ + am(wm, + U).
Linear independence. Suppose ai(w; + U) + + -+ + am(wp, + U) = 04+ U. By 3.102 the left side is
(arwi + -+ + amwy,) + U, so 3.101 gives

ajwy + - + apwy, € UNW = {0},

the last equality by 1.46 since V= U @ W (the vector lies in W because W is a subspace containing
each wy). Linear independence of the basis wi, ..., w,, of W now forces a; = --- = a,, = 0.

Problem 3E.15. Suppose U is a subspace of V and vy + U,...,v,, + U is a basis of V /U and
U, ..., Uy, is a basis of U. Prove that vq,...,vm,u1,...,u, is a basis of V.

Solution. The list spans V' and is linearly independent, hence is a basis of V' (2.26). Let 7: V — V /U
be the quotient map w(v) = v + U (3.104); by 3.101, nullm = U.
Spanning. Given v € V, write v + U = a1(vi + U) + -+ + am (v, + U), which by 3.102 equals
(a1v1 4+ amvm) + U, so 3.101 gives v — (ajv1 + - - - + amvm) € U; expanding that vector in the basis
Ui, ..., u, of U yields

v=a1v1 + -+ @GnUm + b1ug + - - - + bpuy,.

Linear independence. Suppose ajv; + -+ + @mUm + biug + - -+ 4+ bpu, = 0. Applying 7 and using

u; € null 7 gives
al(U1+U)+"'+am(Um+U) :0+U7

SO0 a1 = --- = a,;, = 0 by linear independence of the basis v1 + U, ..., v, + U. The displayed equation
then reduces to byui + - - - + byu, = 0, and linear independence of uq,...,u, gives by = --- =1b,, = 0.

Problem 3E.16. Suppose ¢ € L(V,F) and ¢ # 0. Prove that dim V/(null ) = 1.

Solution. Pick v € V with ¢(v) # 0, which exists because ¢ # 0; then the one-vector list v + null ¢
is a basis of V'/(null ), so that space has dimension 1. (Note V' is not assumed finite-dimensional, so
3.105 is unavailable.)

It spans: for every x € V we have p(z — ‘p(x)v) = o(x) — p(z) = 0, so by 3.101,

p(z)
o(v)

x+nullp = (v—{—nullg@).

It is linearly independent: A(v + nullp) = 0+ null ¢ gives Av € null p, so Ap(v) = 0 and hence A = 0.
Method (2): since go(ﬁv) = X for every A € F, we have rangep = F, so 3.107(d) makes ¢ of 3.106
an isomorphism from V' /(nullp) onto F. Its inverse ¢ ~! is an isomorphism too (3.69, 3.63), and an
isomorphism carries a basis to a basis; transporting the basis 1 of F (the direction that matters, since
a basis of the quotient is what we lack) gives the one-vector basis ¢ ~1(1).
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Problem 3E.17. Suppose U is a subspace of V such that dim V' /U = 1. Prove that there exists
¢ € L(V,F) such that nullp = U.

Solution. Take ¢ = com, where w: V' — V /U is the quotient map w(v) = v+U (3.104) and o € (V /U’
is the linear functional determined by a(v 4 U) = 1 for a one-vector basis v+ U of V /U (such a basis
exists because dim V' /U = 1, and « exists by the linear map lemma 3.4). Then ¢ € L(V,F), since a

composition of linear maps is linear (3.7).
By 3.101, nullm = U. Also « is injective: a(A(v+ U)) = A, so nulla = {0} and 3.15 applies. Hence

nullp={zeV:a(rzr)=0}={zeV: :rmr=0} =nulr=U.

Problem 3E.18. Suppose that U is a subspace of V' such that V /U is finite-dimensional.

(a) Show that if W is a finite-dimensional subspace of V and V = U + W, then dim W > dim V' /U.
(b) Prove that there exists a finite-dimensional subspace W of V' such that dim W = dim V' /U and
V=UsW.

Solution. Throughout, 7: V' — V /U is the quotient map 7(v) = v + U (3.104), which is linear with
nullm = U by 3.101.

(a) The restriction 7|y € L(W,V /U) is surjective: given v + U € V /U, write v = v + w with u € U
and w € W (possible as V. =U 4+ W), so v —w € U and hence v +U = w + U = 7|y (w) by 3.101.
Since W is finite-dimensional, the fundamental theorem of linear maps 3.21 gives

dim W = dim(U N W) + dim V /U > dim V /U,

using null |y = W Nnullr =UNW.
(b) Take W = span(vy,...,v,), where v +U,...,v, + U is a basis of V /U and n = dimV /U (such a
basis exists by 2.31, and its vectors have this form because 7 is surjective).
The list vy, ..., v, is linearly independent, since applying 7 to ajvy + - - -+ apv, = 0 gives a;(v1 +U) +
-+ 4+ an(v,+U)=0+U and hence a; =--- =a, =0; so dimW =n =dimV/U.
V =U+W: forv € V, expanding v+U in the basis and using 3.102 gives v+U = (ajv1+- - -+anv,)+U,
so by 3.101

v = (v—(a1v1+~-+anvn)) + (aqv1 + -+ apvy) € U + W.

UNW ={0}: if w=ajv1 + -+ apvy, lies in U, then 7(w) = a1(v1 +U) + -+ + ap(v, + U) =0+ U,
so every a; = 0 and w = 0.
By 1.46 the sum is direct, so V. =U & W with dim W = dim V' /U.

Problem 3E.19. Suppose T' € L(V, W) and U is a subspace of V. Let 7 denote the quotient map
from V onto V/U. Prove that there exists S € L(V /U, W) such that T" = S o 7 if and only if
UCnullT.

Solution. If such an S exists, then each v € U has w(u) = 0+ U by 3.101, so

by 3.10; hence U C null T

Conversely, suppose U C nullT and set S(v + U) = Tw. This is well defined (the point of the
hypothesis): if v+ U =o' + U, then v —v' € U C nullT by 3.101, so Tv = Tv'. Tt is linear because
addition and scalar multiplication on V' /U are given by 3.102 and T is linear:

S(v4+U)+ A0 +U)) =T+ M) =Swv+U)+ IS +U).

Finally (Som)(v) =S(v+U)=Tv foreveryve V,s0T = Som.
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3.6 Exercises 3F

Problem 3F.1. Explain why each linear functional is surjective or is the zero map.

Solution. A linear functional ¢ € V' that is not the zero map is surjective. Indeed, choose u € V with
a := ¢(u) # 0; since a is an invertible element of the field F, homogeneity of ¢ gives, for every A € F,

A A
90<U) = —p(u) = A,
a a
so rangep = F.

Method (2): range ¢ is a subspace of F by 3.18, and dim F = 1 (the list 1 is a basis), so dimrange p < 1
by 2.37. If that dimension is 0 then ¢ is the zero map; if it is 1 then range ¢ = F by 2.39.

Problem 3F.2. Give three distinct examples of linear functionals on R,

Solution. Take
e1(f) = f(0),  @2(f) =f(1),  @3(f)=f(0)+ f(D).

Each evaluation f — f(t) is a linear functional on R[%!, because the operations there are pointwise:

(f+Xg)(t) = f(t) + Ag(t). This gives ¢ (take t = 0) and @9 (take t = 1), and @3 = 1 + 2 is linear
as a sum of linear maps (3.6).

They are pairwise distinct: let f equal 1 at 0 and 0 on (0, 1], and let g equal 1 at 1 and 0 on [0, 1).
Then

(‘Pl(f)v(PQ(f)a(P?)(f)) - (1,0, 1)7 (@1(9)7@2(9)7@3(9)) - (Oa 1, 1)7

so f separates p; from @2 and s from s, while g separates ¢ from 3.

Problem 3F.3. Suppose V is finite-dimensional and v € V with v # 0. Prove that there exists
¢ € V' such that p(v) = 1.

Solution. Take ¢ to be the first functional in the dual basis of a basis of V' whose first vector is v.
In detail: the one-vector list v is linearly independent (if av = 0 with a # 0, then v = a~'(av) = 0,
contrary to v # 0), so since V is finite-dimensional it extends by 2.32 to a basis v1,...,v, of V with
v1 = v. By the linear map lemma 3.4 there is ¢ € L(V,F) =V’ with

p(v1) =1 and p(vj) =0 forj=2,...,n,

and then ¢(v) = ¢(vy) = 1.

Problem 3F.4. Suppose V is finite-dimensional and U is a subspace of V such that U # V. Prove
that there exists ¢ € V'’ such that ¢(u) =0 for every u € U but ¢ # 0.

Solution. Extend a basis uj,...,u, of U to a basis ui,...,Un, Vmt1,...,0, of V (by 2.32), and let
¢ € V' be the linear functional supplied by the linear map lemma 3.4 with

(p(uj):() (1§]§m)> (P(Um+1):17 SO(’Uk;):O (m+2§k§n)

The vector v,,+1 really is present: U is finite-dimensional by 2.25 with dimU < dim V' by 2.37, and
dimU = dim V would give U =V by 2.39, so m =dimU < dimV = n.

Then ¢ vanishes on U, since every u € U is ajuy + - - - + Uy, and linearity gives ¢(u) = 0; and ¢ # 0
because ¢(v,41) = 1.
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Problem 3F.5. Suppose T' € L(V,W) and wy, ..., w,, is a basis of range T. Hence for each v € V,
there exist unique numbers ¢1(v), ..., @, (v) such that

Tv = @1(v)wr + -+ + ©m(V)wn,

thus defining functions @1, ..., @, from V to F. Show that each of the functions ¢1,..., @, is a
linear functional on V.

Solution. Each ¢; = 1; 0 S is a composition of linear maps and hence a linear functional on V' by 3.7.
Here S € L(V,rangeT) is T with its target narrowed to rangeT', and 91, ...,%,, € (rangeT)’ is the
dual basis of wy, ..., wp; by 3.114 the scalar 1;(w) is the j-th coefficient of w in that basis, which for
w = T is exactly ¢;(v) by the defining equation.

Method (2): compare coefficients. Additivity of T' gives

@1(u+v)wr + -+ + @ (u 4 v)wy = T(u+v) = Tu+ Tv
= (p1(u) + @1(v)) w1 + - + (Pm(u) + ©m(v)) W,

and the uniqueness of coefficients relative to the basis wy, . .., wy, (2.28) forces ¢;(u+v) = p;j(u)+¢;(v).
Homogeneity is the same computation started from T'(Av) = ATw.

Problem 3F.6. Suppose ¢, 3 € V. Prove that null ¢ C null 3 if and only if there exists ¢ € F such
that g = cp.

Solution. If 8 = cp and p(v) = 0, then S(v) = cp(v) =0, so null p C null 5.

Conversely, suppose null ¢ C null 3.

(i) ¢ =0. Then V =nullp CnullB,s0 B=0=0"-¢.

(ii) ¢ # 0. By Exercise 3F.1 a nonzero linear functional is surjective, so choose u € V with p(u) =1
and put ¢ = B(u). For v € V, the vector w = v — p(v)u satisfies p(w) = ¢(v) — p(v) = 0, so
w € nullp C null B; applying S to v = w + ¢(v)u then gives

Bv) = B(w) + ¢(v) B(u) = cp(v) = (cp)(v).

Hence 8 = cp.

Problem 3F.7. Suppose that Vi,...,V,, are vector spaces. Prove that (V1 x --- x V;;,)’ and V;’ x
.-+ x V,,,/ are isomorphic vector spaces.

Solution. Write V.= V; x --- x V,, and let ¢;: V; — V be the inclusion ¢;(v) = (0,...,0,v,0,...,0)
with v in slot j. Then

F:V’—>V1’><”'><Vm/7 F(‘)O):((POU?"'?SDOLW)?

is an isomorphism. Each ¢; is linear because the operations on V' are coordinatewise (3.87, 3.89),
so each ¢ o ¢; lies in V}' by 3.7; and T is linear because addition and scalar multiplication in V' are
pointwise (3.5) and in the product are coordinatewise (Check!).

Its two-sided inverse is

A(SOl,. . -,me): (Ula' . '7Um) = 901(’01) +ee —|—<,0m(Um),

which lies in V’ since the operations on V' are coordinatewise and each ¢; is linear (Check!). Indeed,
for v € Vj, using ¢ (0) = 0 (3.10),

(A1, - om) 0 15) (v) = ;(v),

so I' o A is the identity; and since (v1,...,vm) = t1(v1) + - - + tym(vn), linearity of ¢ gives

(A(Fap))(vl, consUm) = @(tv1) + - 4 @(tmvm) = @(v1, ..y Vm),
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so A oI is the identity. Hence I is invertible (3.59), that is, an isomorphism (3.69).

Problem 3F.8. Suppose v1,...,v, is a basis of V and ¢1,..., @, is the dual basis of V. Define
'V —-Ftand A: F* -V by

F'(v) = (p1(v),...,¢n(v)) and A(ay,...,an) = a1v1 + -+ ap¥n.

Explain why T" and A are inverses of each other.

Solution. Both composites are identity maps, so by 3.59 each of I', A is an inverse of the other (and
inverses are unique by 3.60). Both are linear: I' because each ¢; is linear and the operations on F"
are coordinatewise, A because Y, (ap + Abg)vg = > arvr + A brvg.

For v € V, the expansion 3.114 of v in the basis vy, ..., v, gives

(AoT)(v) = p1(v)v1 + -+ + @n(v)vn = v.

For (a1,...,an) € F", putting v = a1v1 + - - - + apv, and using ¢;(v;) = 1 for k = j and 0 otherwise
(3.112), linearity gives ¢;(v) = > aryp;j(v) = aj, so

(ToA)(at,...,an) = (p1(v),...,pon(v)) = (a1,...,ap).

m

Problem 3F.9. Suppose m is a positive integer. Show that the dual basis of the basis 1,x,...,x
of P (R) is o, ¢1,- - -, Pm, Where

(k)
on(p) = k!(O)_

Here p(®) denotes the k'™ derivative of p, with the understanding that the 0 derivative of p is p.

Solution. Each ¢y, is a linear functional on P,,(R) satisfying o5 (z7) = 1 if j = k and ¢g(27) = 0 if

j # k, which is exactly the defining condition 3.112 for the dual basis of 1,z,...,z™.

Linearity: k-fold differentiation, evaluation at 0, and division by the fixed nonzero scalar k! are each

linear, so

p™(0) + g™ (0)
k!

Duality: repeated differentiation gives (z7)*) = j(j —1)---(j —k+1)277* for k < j, and (27)*) =0

for k > j.

(i) k > j: the derivative is 0, so oy (27) = 0.

(ii) k& < j: the derivative has the factor =% with j — k > 1, which vanishes at 0, so ¢ (27) = 0.

(iii) £ = j: the derivative is the constant k(k —1)---1 = k!, so @p(z¥) = k!/k! = 1.

or(p+ Aq) = = or(p) + Apk(q).

Problem 3F.10. Suppose m is a positive integer.
(a) Show that 1,z —5,...,(x —5)™ is a basis of P, (R).
(b) What is the dual basis of the basis in (a)?

Solution. (a) Each (x — 5)7 has degree j < m, so the list lies in P,,(R), and it has length m + 1 =
dim P, (R) (2.36); by 2.38 it is therefore enough to check linear independence. Suppose ag + a1(x —
5)+ -+ am(z — 5)™ = 0 with not all a; zero, and let k be the largest index with aj # 0. The terms
with j < k have degree at most k — 1, while (z — 5)* has leading coefficient 1, so the coefficient of z*
in the sum is a; # 0 and the sum is not the zero polynomial, a contradiction.

(b) The dual basis is ¢, . .., @m with

(k)
or(p) =2 k!(5),

that is, Exercise 3F.9 with derivatives evaluated at 5 instead of 0.
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Each ¢y, is linear, since differentiating k times, evaluating at 5, and dividing by the fixed nonzero scalar
k! are linear operations. For the duality condition 3.112, repeated differentiation gives ((:U —5)J )(k) =
jG—1)---(j—k+1)(z—5)7F for k <j, and 0 for k > j.

(i) k > j: the derivative is 0, so ¢ ((z — 5)7) = 0.

(i) k < j: the factor (z — 5)7~* with j — k > 1 vanishes at 5, so ¢ ((z —5)7) = 0.

(iii) k = j: the derivative is the constant k!, so ¢y ((z — 5)%) = kl/k! = 1.

Problem 3F.11. Suppose v1,...,v, is a basis of V and ¢y, ..., ¢, is the corresponding dual basis
of V', Suppose ¢ € V'. Prove that

Y =vY(v1)p1+ - + Y (vn)en.

Solution. Both sides are linear functionals on V' agreeing on the basis vy, . .., v,, hence are equal by the
uniqueness half of the linear map lemma 3.4. Indeed, 1 := ¥ (v1)p1 + - - - + ¥ (vy)pn lies in V'’ because
V' is a vector space (3.110), and the dual-basis relations ¢ (v;) = 1 for k = j and 0 otherwise (3.112)
give

n(vy) =Y (ok)er(v;) = ¢(v))

k=1

n

for each j.

Problem 3F.12. Suppose S,T € L(V,W).

(a) Prove that (S+T) =5+ T".

(b) Prove that (AT')’ = A\T” for all A € F.

This exercise asks you to verify (a) and (b) in 3.120.

Solution. Both identities come from evaluating at an arbitrary ¢ € W’ and then at an arbitrary v € V,
using the definition 3.118 of the dual map, R'(¢) = p o R.

(a)
((S+T) () (v) = o((S+ T)v) = ¢(Sv) + (Tv)
= (5'()) (v) + (T"()) (v) = ((S"+ T")()) (v),
using 3.5 for (S + T)v = Sv + T, the additivity of ¢, and pointwise addition in V’ and in L(W', V).
(b)
((AD)' () (v) = (A Tw) = Ap(T0)
= MT'(¢)) (v) = ((AT")()) (v),

using 3.5 for (AT)v = ATw, the homogeneity of ¢, and pointwise scalar multiplication in V' and in
LW V.

Problem 3F.13. Show that the dual map of the identity operator on V is the identity operator on
V.

Solution. For every ¢ € V', the definition 3.118 of the dual map gives I'(¢) = ¢ o I = ¢, since
(pol)(v) =p(v) = p(v) for every v € V.

Thus I € L(V', V") fixes every element of V', so it is the identity operator on V.

Problem 3F.14. Define 7: R3 — R? by
T(z,y,z2) = (4z + by + 62, Tz + 8y + 92).
Suppose @1, @2 denotes the dual basis of the standard basis of R? and 1, 1)9,3 denotes the dual
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basis of the standard basis of R3.
(a) Describe the linear functionals T"(¢1) and T"(p2).
(b) Write T"(1) and T"(p2) as linear combinations of 11, 12, 3.

Solution. (a) T'(yp1) and T'(p2) are the linear functionals on R? given by
(T'(p1)) (w,y,2) = da + 5y + 62, (T(w2))(2,y,2) = Ta + 8y + 92,

that is, the two rows of the formula for T'. Indeed T"(¢;) = ;0T by 3.118, and by 3.113 the functionals
©1, @2 select the first and second coordinates of R2.

(b) By 3.113 again, v1,19,13 select the coordinates of R3, so the functionals 441 + 5ty + 613 and
71 + 8g + 913 take (z,y, 2) to 4o + by + 6z and to Tz + 8y + 9z. Comparing with (a),

T/((pl) = 4¢1 + 51/12 + 61/)3 and T/((pg) = 71/11 + 8’¢2 + 91/13.

Problem 3F.15. Define T: P(R) — P(R) by
(Tp)(x) = 2°p(x) +p"(2)

for each z € R.
(a) Suppose ¢ € P(R) is defined by ¢(p) = p’(4). Describe the linear functional 7"(p) on P(R).
(b) Suppose ¢ € P(R)" is defined by ¢(p) = fol p. Evaluate (T7(¢))(z3).

Solution. (a) T'(¢) is the linear functional on P(R) taking p to 8p(4) + 16p'(4) + p”(4). Indeed
(T'(¢))(p) = ¢(Tp) = (T'p)'(4) by 3.118, and the product rule gives

(Tp)(z) = 2z p(x) + 2°p (x) + p"' (x),

which at x = 4 is the stated value.
(b) (T'(v))(z3) = 19/6. For p(x) = x> we have p”(x) = 6z, so (Tp)(x) = 2° + 6z and

1 26 1
(T (p)) (%) = / (z° 4 6x) dx = {6 +3:c2]0 = é +3= Q

0

Problem 3F.16. Suppose W is finite-dimensional and T € L(V,W). Prove that

T'=0 < T=0.

Solution. If T = 0, then (T"(¢))(v) = p(Tv) = ¢(0) =0 for all ¢ € W and v € V, so T" = 0.
Conversely, suppose T # 0 and choose v € V with Tv # 0. The one-vector list Tv is linearly
independent, so since W is finite-dimensional it extends by 2.32 to a basis w1 = Tv, wo, ..., w,, of W;
let 91,..., %, € W’ be its dual basis (3.112). Then

(T'(41)) (v) = 1 (Tw) = 1 (w1) =1 #0,

so T" # 0. Contrapositively, 7" = 0 implies T = 0.

Method (2) for the second direction: T’ = 0 gives null 7" = W', and null T = (range T')° by 3.128(a);
since range T is a subspace of the finite-dimensional space W, 3.127(b) then forces range T = {0}, i.e.
T =0.

Problem 3F.17. Suppose V and W are finite-dimensional and 7' € L£(V,W). Prove that T is
invertible if and only if 77 € L(W’', V") is invertible.
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Solution. The equivalence is 3.63 applied at both ends of the chain
T is invertible <= T is injective and T is surjective
<= T’ is surjective and T” is injective

<= T’ is invertible,

the middle equivalence being 3.131 (T injective <= T’ surjective) and 3.129 (T surjective <— T’
injective), whose hypothesis that V and W are finite-dimensional holds here.

Problem 3F.18. Suppose V and W are finite-dimensional. Prove that the map that takes T' €
LV,W) to T € LW, V') is an isomorphism of L(V, W) onto L(W', V).

Solution. The map in question is AT = T”, which lands in L(W’,V’) by 3.118; we show it is linear,
injective, and of equal-dimensional domain and codomain.

Linearity is 3.120(a) and 3.120(b): for S,T € L(V,W) and X € T,

AMS+T)=5"+T =AS+AT,
ANT) = \T" = MAT.

If AT = 0, then 7" = 0, so T = 0 by Exercise 16 of this section (which applies since W is finite-
dimensional); hence null A = {0} and A is injective by 3.15. Finally 3.111 gives dim V' = dim V' and
dim W' = dim W, so 3.72 twice yields

dim LW, V") = (dim W)(dim V') = dim L(V, W).

An injective linear map between finite-dimensional spaces of equal dimension is invertible (3.65), so A
is an isomorphism of £L(V, W) onto L(W', V).

Problem 3F.19. Suppose U C V. Explain why

U%={pecV':U Cnullyp}.

Solution. The two conditions on ¢ € V' are verbatim translations of each other. For fixed ¢ € V’,

el < ¢(u)=0foreveryueclU
<= wu € nullp for every u € U
< U Cnullyp,

the first step by the definition 3.121 of the annihilator, the second by the definition 3.11 of the null
space (each u € U lies in V', as U C V), and the third by the definition of inclusion. Since both sets
are subsets of V', they are equal.

Problem 3F.20. Suppose V is finite-dimensional and U is a subspace of V. Show that

U={veV:p)=0 for every p € U°}.

Solution. Write X = {v € V : ¢(v) = 0 for every ¢ € U"}.

(i) U C X:ifue U and p € U% then ¢(u) = 0 by 3.121.

(i) X C U, by contraposition. Suppose v € V and v ¢ U. The subspace U is finite-dimensional
(2.25); let uq,...,u, be a basis of it (the empty list if U = {0}). Then wuy,...,un,v is linearly
independent, since a relation ajui + -+ + @y, + bv = 0 with b # 0 would put v € U, while b =0
forces a1 = -+ = a,, = 0. Extend it to a basis

ULy oo yUmy, Uy, Wly...,WE
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of V' (2.32) and let ¢ be the member of the dual basis (3.112) dual to v, so that

o(ur) = =olum) =0,  @v)=1.

Vanishing on a basis of U, the functional ¢ vanishes on U, so ¢ € U?; as p(v) =1 # 0, we get v ¢ X.
Hence U = X.

Problem 3F.21. Suppose V is finite-dimensional and U and W are subspaces of V.
(a) Prove that W° C UV if and only if U C W.
(b) Prove that W9 = U° if and only if U = W.

Solution. (a) Annihilation reverses inclusions. If U C W and ¢ € WY, then ¢ vanishes on W and hence
on the subset U, so ¢ € U%; thus W% C U°.

Conversely, suppose WY C UY and u € U. Every ¢ € W? then lies in U°, so ¢(u) = 0. Since V is
finite-dimensional and W is a subspace of V', Exercise 20 of this section gives

W ={veV:p) =0 for every p € W°},

sou € W. Hence U C W.
(b) If U = W, then trivially U° = WY. Conversely, W° = U° gives both W° C U° and U° C WY, so
(a) applied each way gives U C W and W C U, whence U = W.

Problem 3F.22. Suppose V is finite-dimensional and U and W are subspaces of V.
(a) Show that (U + W)? = U n WPO.
(b) Show that (U NW)° = U° + WP,

Solution. (a) Each side consists of the ¢ € V' vanishing on both U and W. Indeed U C U + W and
W C U+ W (as 0 lies in each), so ¢ € (U + W) forces ¢ € UNW?Y; conversely if o € U N WY, then
forue U and w e W,

p(u+w) = o(u) + p(w) =0,

so p € (U + W)". (Finite-dimensionality is not used here.)
(b) One inclusion is immediate: ¢ € U? vanishes on U and hence on U N W, so U° C (UNW)?, and
likewise WO C (UNW)?; since (UNW)? is a subspace of V' (3.124), it is closed under addition, giving

U+ wh C (Unw)P.

For the dimensions, put n = dim V; then dim V'’ = n by 3.111, so 2.43 applies to the subspaces UY, W°
of V" and all dimensions below are finite. By 2.43, then (a), then 3.125,

dim(U° + W?) = dim U° 4 dim W° — dim(U° n W?)
=dimU° + dim W° — dim((U + W)°)
=(n—dimU) + (n —dim W) — (n — dim(U + W))
=n—dimU —dim W + dim(U + W).

Now 2.43 applied to U and W inside V gives dim(U + W) = dimU + dim W — dim(U N W), and
substituting turns the last line into

dim(U° + W) = n — dim(U N W) = dim((U N W)°),

the last equality being 3.125 for the subspace U N W. A subspace of matching finite dimension is the
whole space (2.39), so (UNW)? = U+ WP.
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Problem 3F.23. Suppose V is finite-dimensional and ¢1,...,¢, € V'. Prove that the following
three sets are equal to each other.

(a) span(p1, - ., m)

(b) ((nullgy) N---N (null gom))o

() {p eV :(nully;)N---N(nully,,) C null p}

Solution. Write W = (null 1) N --- N (null ¢, ), a subspace of V; all three sets equal W°.
(b) = (c): Exercise 19 of this section says W% = {p € V' : W C null ¢}, which is (c).
(a) = (b): two ingredients.
(i) (null9)? = span(y) for every 1 € V'. If ¢p = 0, both sides are {0} (here V? = {0} by 3.127(a)).
If ¢ # 0, then ranget) is a nonzero subspace of the one-dimensional space F, so dimranget) = 1 and
3.21 then 3.125 give

dimnully = dimV — 1,

dim(null)® = 1.

Since 1) vanishes on null4), the one-dimensional space span(v) sits inside the one-dimensional space
(null+)?, and 2.39 gives equality.

(i) (U1 N---NUR)Y =UL +--- + UL for subspaces Uy, ..., Uy, of V, by induction on m: trivial for
m =1, and for m > 1 Exercise 22(b) applied to the subspaces Uy N --- N U,,—1 and U, gives

(U1N---NUR)° =01 N---NUpm1)°+ U2,

to which the induction hypothesis applies.
Taking Uy = null ¢y, in (ii) and then (i) termwise,

wo = span(p1) + - - - + span(om)
- span(gpl, < 7%0771)7

the last step because both sides consist of all a1 + -+ - + ampm, with ap € F.

Problem 3F.24. Suppose V is finite-dimensional and vy, ..., v, € V. Define a linear map I" : V' —
F™ by I'(p) = (¢(v1),-- -, ¢(vm))-

(a) Prove that v1,...,v,, spans V if and only if T' is injective.

(b) Prove that vy, ..., vy, is linearly independent if and only if T" is surjective.

Solution. Both parts rest on nulll" = U°, where U = span(v1, ..., vy). Indeed I'(p) = 0 says ¢(vi) = 0
for each k, which forces ¢(ajvy + - - - 4 amvm) = 0 by linearity, so ¢ € U?; conversely ¢ € U? kills each
Vi € U.
(a) By 3.15, the displayed equality, and 3.127(a),

I is injective <= nulll' = {0}

— U'={0} = U=V,

and U =V says exactly that vy,..., v, spans V.
(b) By 3.21 applied to I' € L(V',F™), then 3.111, then nullT" = UY and 3.125,

dimrangeT’ = dim V'’ — dim U°

=dimV — dim U°
=dimV — (dimV — dimU)
=dimU.

Since rangel is a subspace of the m-dimensional space F", 2.39 says I' is surjective exactly when
dimrange ' = m, that is, when dim U = m. Finally vy, ..., v, is a length-m spanning list of U, so it
is linearly independent exactly when dim U = m: independence makes it a basis of U, and dimU = m
makes it a basis by 2.42.
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Problem 3F.25. Suppose V is finite-dimensional and ¢1,...,¢,, € V’'. Define a linear map I :
V = F"™ by I'(v) = (1(v), - - ., pm(v)).

(a) Prove that ¢1,...,¢m spans V' if and only if T' is injective.

(b) Prove that ¢, ..., @, is linearly independent if and only if ' is surjective.

Solution. Both parts rest on nulll' = W, where W = (null¢q) N --- N (null ¢y, ): indeed I'(v) = 0 says
vr(v) = 0 for every k, that is, v € W. Exercise 23 of this section supplies

WO = span(g1, ..., om).
(a) By 3.15, then nullT" = W, then 3.127(b) for the subspace W of V,
[ is injective <= nulll' = {0}
= W={0} = W=V,

and by the display W9 = V' says exactly that o1, ..., ., spans V'
(b) By 3.21 applied to I', then nullT' = W and 3.125,

dimrangel’ = dim V — dim W = dim W
= dimspan(p1,...,Pm),
the last equality again by Exercise 23. Since rangel is a subspace of the m-dimensional space F™,
2.39 says I' is surjective exactly when this dimension equals m. Finally ¢1,..., @, is a length-m

spanning list of its own span, so its span has dimension m exactly when the list is linearly independent
(independence makes it a basis of the span; conversely 2.42 makes it a basis).

Problem 3F.26. Suppose V is finite-dimensional and € is a subspace of V’. Prove that

Q={veV:pw) =0 for every ¢ € Q}°.

Solution. Write W = {v € V : ¢(v) = 0 for every ¢ € Q}; we must show W9 = Q.

(i) @ ={0}. Then W =V, s0o W% =V? = {0} = Q by 3.127(a).

(ii) 2 # {0}. Since dimV’ = dimV < oo (3.111), the subspace Q is finite-dimensional (2.25); let
©1,-.-,Pm be a basis of it, m > 1. Then

W = (nulley)N---N (null ) :

each p lies in €, giving C, and if @i (v) = 0 for all k, then every ¢ = ajp1 + -+ - + ampm € 2 satisfies
p(v) =0, giving O. Now Exercise 23 of this section gives

WO = span(p1, ..., om) = Q.

Problem 3F.27. Suppose T' € L(P5(R)) and null 7’ = span(y), where ¢ is the linear functional on
Ps(R) defined by ¢(p) = p(8). Prove that

rangeT = {p € P5(R) : p(8) = 0}.

Solution. The set in question is null ¢, and both it and rangeT" turn out to be 5-dimensional subspaces
of V.= P5(R), one inside the other. Here dim V' = 6, with basis 1, z,...,2°.
Since ¢(1) = 1, we have ¢ # 0, so range ¢ is a nonzero subspace of R and hence one-dimensional; also
dimspan(y) = 1. By 3.21,

dimnullp =6 —1=5.

By 3.128(a), (rangeT)° = null 7’ = span(y). In particular ¢ annihilates range T’ (3.121), so range T C
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null ¢, and 3.125 applied to the subspace rangeT of V gives
dimrangeT = 6 — dimspan(p) = 5.

By 2.39 inside null ¢, therefore range T' = null p = {p € P5(R) : p(8) = 0}.

Problem 3F.28. Suppose V is finite-dimensional and ¢1, ..., ., is a linearly independent list in
V'. Prove that
dim((null1) N -+ N (nullgy,)) = (dim V) — m.

Solution. Put W = (null¢;)N---N(null ). Exercise 23 of this section gives W0 = span(e1, ..., ¢m),
which has dimension m since the linearly independent list ¢1,...,;, is a basis of its span. Hence
3.125 gives

dimW = dimV — dim W° = (dim V) — m.

Method (2): define I' € L(V,F™) by I'(v) = (¢1(v), - .., pm(v)) as in Exercise 25 of this section, so that
nulll" = W (a vector is killed by I" exactly when each ¢y, kills it). Linear independence of ¢1, ..., ¢opn,
makes I" surjective by Exercise 25(b), so dimrangeI' = m and 3.21 gives

dimV =dim W + m.

Problem 3F.29. Suppose V and W are finite-dimensional and T' € L(V, W).
(a) Prove that if ¢ € W’ and null 7" = span(y), then range T" = null ¢.
(b) Prove that if ¢ € V" and range T" = span(¢)), then null 7" = null .

Solution. Both parts are containment plus a dimension count, using throughout that a nonzero o € X’
has range o = F and hence, by 3.21,

dimnulle = dim X — 1.

(a) By 3.128(a) the hypothesis reads (rangeT)" = span(yp).

(i) ¢ = 0: then (rangeT)° = {0}, so range T = W by 3.127(a), while null¢ = W too.

(ii) ¢ # 0: then ¢ € (rangeT)? gives rangeT C null ¢ (3.121), and dimspan(y) = 1, so 3.125 for the
subspace rangel’ of W gives

dimrangeT = dim W — 1 = dim null ¢,

whence range T’ = null ¢ by 2.39.
(b) By 3.130(b) the hypothesis reads (null 7)° = span()).
(i) ¢ = 0: then (nullT)° = {0}, so nullT = V = nully by 3.127(a).
(i) v # 0: then ¥ € (nullT)? gives nullT C nullv, and dimspan(¢)) = 1, so 3.125 for the subspace
null 7 of V' gives
dimnull7 =dimV — 1 = dimnull,

whence null 7" = null ¢ by 2.39.

Problem 3F.30. Suppose V is finite-dimensional and 1, ..., ¢, is a basis of V’. Show that there
exists a basis of V' whose dual basis is ¢1, ..., @n.

Solution. Take v; = I'"!(e;), where e1,..., e, is the standard basis of F* and ' € L(V,F") is defined
by
L(v) = (¢1(v), .., ¢n(v));
here dimV = dim V' = n by 3.111.
[ is invertible. If v € nullT', then @i (v) = 0 for each k, so every ¢ = ajp1 + - + app, € V' satisfies
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p(v) = 0 (the list spans V'); were v # 0, extending v to a basis of V' (2.32) and applying the linear
map lemma (3.4) would produce ¢ € V' with ¢(v) = 1, a contradiction. So nulll' = {0}, and T is
injective by 3.15, hence invertible by 3.65 and 3.63 since dimV = n = dim F".

Then vy, ..., v, is linearly independent: applying I" to ajvy +- - -+ a,v, = 0 gives a1e1+- - -+ ape, =0,
so all a; = 0. Being independent of length n = dim V/, it is a basis of V' (2.38). Finally I'(v;) = e; says
@i (v;) is 1 for k = j and 0 otherwise, which by 3.112 is exactly the statement that ¢1,..., ¢, is the
dual basis of vy, ..., vy,.

Problem 3F.31. Suppose U is a subspace of V. Let i: U — V be the inclusion map defined by
i(u) =u. Thus i € L(V',U").

(a) Show that nulli’ = U°.

(b) Prove that if V' is finite-dimensional, then rangei’ = U’.

(c) Prove that if V is finite-dimensional, then i/ is an isomorphism from V’/U° onto U’.

[The isomorphism in (c) is natural in that it does not depend on a choice of basis in either vector
space.]

Solution. Everything follows from i'(p) = poi = |y, the restriction of ¢ to U, by the definition 3.118
of the dual map.

(a) For ¢ € V', ¢ € nulli’ says ¢|y = 0, that is, ¢(u) = 0 for every u € U, which is ¢ € U? by 3.121.
(No finite-dimensionality needed.)

(b) One inclusion holds since i € L£(V',U’). Conversely, let ¢ € U’. The subspace U is finite-
dimensional (2.25); take a basis uq,...,u, of U and extend to a basis uq,...,u, of V (2.32). The
linear map lemma (3.4) gives ¢ € V' with

p(uj) f1<j<m,
Y(uj) = 7 .
0 ifm<j<n.

Then 9|y and ¢ agree on a basis of U, hence on U, so i'(¢) = .

(¢) In the notation of 3.106, # maps V'/(nulli’) = V'/U° to U’ by ¢ + U° s i'(¢), the domain being
identified via (a). It is injective by 3.107(b), and surjective because range i’ = rangei’ = U’ by 3.107(c)
and (b). Hence it is invertible (3.63), so an isomorphism from V’/U° onto U’.

Problem 3F.32. The double dual space of V', denoted by V", is defined to be the dual space of V.
In other words, V" = (V'). Define A: V' — V" by

(Av) () = p(v)

for each v € V and each p € V.

(a) Show that A is a linear map from V to V”.

(b) Show that if T € £(V'), then 7" o A = Ao T, where T = (T")’.

(c) Show that if V is finite-dimensional, then A is an isomorphism from V onto V”.

[Suppose V is finite-dimensional. Then V' and V' are isomorphic, but finding an isomorphism from
V onto V' generally requires choosing a basis of V. In contrast, the isomorphism A from V onto V"
does not require a choice of basis and thus is considered more natural.]

Solution. (a) Each Av is linear on V', because for ¢,1 € V' and X € F the definitions of addition and
scalar multiplication in V' = L(V,F) give

(A)(p +¢) = (¢ +¥)(v) = ¢(v) + ¥ (v),
(Av)(Ap) = (Ap)(v) = Aep(v);

these are (Av)(p) + (Av)(10) and A(Av)(¢p), so Av € V”. And A itself is linear, since for all u,v € V,
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A € F and every ¢ € V/,
(A(u +)) () = p(u) + ¢(v),
(A(w)) () = Ap(v),
which are the values at ¢ of Au+ Av and of AAv. Thus A € L(V,V").

(b) Both 7" o A and AoT map V to V", so fix v € V and ¢ € V' and compare values at ¢. Using the
definition 3.118 of the dual map twice,

(7" 0 A)(v)) ()

I

3
=
&
3

where the second equality uses T”(a) = aoT”, the fourth uses T'(¢) = @ o T, and the fifth and seventh
use the definition of A. As ¢ and v were arbitrary, 7" oA = Ao T.

(¢) Applying 3.111 twice gives dim V" = dim V' = dimV < co. If v € null A, then ¢(v) = 0 for every
v € Vs were v # 0, extending v to a basis of V' (2.32) and applying the linear map lemma (3.4) would
give ¢ € V' with ¢(v) = 1, a contradiction. So null A = {0} and A is injective by 3.15, hence surjective
by 3.65 and invertible by 3.63. Thus A is an isomorphism from V onto V”.

Problem 3F.33. Suppose U is a subspace of V. Let w: V' — V /U be the usual quotient map. Thus
' e £((V/U)’,V’).

(a) Show that 7’ is injective.

(b) Show that range ' = U°.

(c) Conclude that 7’ is an isomorphism from (V' /U)" onto U°.

[The isomorphism in (c) is natural in that it does not depend on a choice of basis in either vector
space. In fact, there is no assumption here that any of these vector spaces are finite-dimensional.

Solution. All three parts run off the formula (7/(¢))(v) = @(v + U), from 7(v) = v+ U and the
definition 3.118 of the dual map. No finite-dimensionality is used.

(a) If ¢ € null7’, then p(v + U) = 0 for every v € V; since 7 is surjective, this says ¢ vanishes on
V /U, so ¢ = 0. Hence null7’ = {0} and 3.15 gives injectivity.

(b) For ¢ € (V/U)" and v € U we have u+ U = 0+ U by 3.101, so

(7'(9)) (u) = (0 +U) =0

(0 + U is the additive identity of V /U and ¢ is linear, 3.10); thus 7/(¢) € U° by 3.121.

Conversely, let ¢ € UY and define ¢: V/U — F by ¢(v + U) = (v). This is well defined, since
v+U =w+U gives v —w € U (3.101) and hence ¢ (v) —(w) = (v —w) = 0; and it is linear, by the
definitions of the operations on V /U together with linearity of ¢ (Check!). Then (7'(¢))(v) = ¥(v)
for all v, so 9 € rangen’. Hence range ' = UY.

(c) By 3.124, UV is a subspace of V', and by (b) we may regard 7’ as a map into U?; it is injective by
(a) and surjective onto U° by (b), hence invertible (3.63). So 7’ is an isomorphism from (V /U)" onto
Uv.
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4.1 Exercises

Problem 4.1. Suppose w, z € C. Verify the following equalities and inequalities.
(a) z+2Z=2Rez
(b) z—z=2(Im=z)i
(©) 22 = ¢f
(d)w+ W+ZzZand Wz =wz
(e) z=
(f) |Re z! < |z] and |Im z| < |2|
(8) |2 = ||
(h) |wz| = w]|z]
The results above are the parts of 4.4 that were left to the reader.

Solution. Write z = a + bt and w = ¢+ di with a, b, ¢,d € R, so that by 4.2
zZ=a— bi, |z] = Va2 + b2,
w = ¢ — di, |lw] =V e2 + d?.

(a) z+ 2= (a+bi)+ (a — bi) = 2a = 2Re z.
(b) 2 — % = (a+bi) — (a — bi) = 2bi = 2(Im 2)i.
(c) Using i2 = —1,
2Z7=(a+bi)(a—bi)=a®+b* =z~

(d) Since w + z = (¢ + a) + (d + b)¢ with real parts and imaginary parts as shown,
w+z=(c+a)—(d+b)i=(c—di)+ (a—bi)=w+ Z.
And wz = (ca — db) + (cb + da)i with ca — db, cb + da € R, so
wz = (ca — db) — (cb+da)i = (¢ — di)(a — bi) = w Z.

() z=a+ (=b)i witha,—beR,s0z2=a— (=b)i=a+bi = z.
(f) From b? > 0 and a? > 0, with the square root increasing on [0, 00),

|Rez| = Va2 < Va2 + b2 = |z,
[Tm 2| = Vb2 < Va2 + b2 = |2].

(g) By (e), Rez =a and Imz = —b, so |z| = Va? + b? = |z|.
(h) By (c) three times, (d) once, and commutativity,

wa|? = (wz)(wz) = (ww)(22)

= |w]?|21? = (jw]|2])%,

and both |wz| and |w||z| are nonnegative, so |wz| = |w| |z|.

Problem 4.2. Prove that if w, z € C, then | |w| — |z| } < |w—z|.
The inequality above is called the reverse triangle inequality.

Solution. The triangle inequality (4.4) applied to w = (w — z) + z gives

jw| <fw—z[+]z[,  so  Jw|—]z] <fw -z,
Interchanging w and z gives |z| — |w| < |z — w| = |w — z|, the last equality because multiplicativity of
absolute value (4.4, Exercise 4.1(h)) gives | —u| = | — 1| |u| = |u|, as | — 1| = 1. Since ! lw| — |z| ’ is one

of the two left sides, it is at most |w — z|.
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Problem 4.3. Suppose V is a complex vector space and ¢ € V'. Define o: V — R by o(v) = Re p(v)
for each v € V. Show that

o(v) = o(v) —io(iv)
forallv e V.

Solution. Fix v € V and write ¢(v) = a + i with o, 8 € R, so o(v) = a. Complex homogeneity of ¢
at the scalar i gives

p(iv) = ip(v) = i(a + i) = =8 + ai,

whose real part is — since —f3, @ € R; thus o(iv) = —f and

o) —io(iv) =a —i(—8) = a+ pi = p(v).

Problem 4.4. Suppose m is a positive integer. Is the set
{0} U{p € P(F) : degp = m}

a subspace of P(FF)?

Solution. No: take p(z) = 2™ and ¢(z) = 1 — 2. Both lie in the set U in question, since each has
zM-coefficient +1 # 0 and no higher power, so degp = degq = m. But

(P+a)(z) =2"+(1-2")=1,

the nonzero constant polynomial, of degree 0 # m since m is positive. So p+¢q ¢ U and U is not closed
under addition, hence not a subspace of P(IF).

Problem 4.5. Is the set
{0} U {p € P(F) : degp is even}

a subspace of P(F)?

Solution. No: take p(z) = 22 + z and ¢(z) = —22. Both have degree 2, so both lie in the set U in
question, but

(P+a)(z) = (22 +2) + (=2%) =2
is nonzero of odd degree 1. So p+ ¢ ¢ U, and as in Exercise 4.4 closure under addition fails, hence U
is not a subspace of P(F).

Problem 4.6. Suppose that m and n are positive integers with m < n, and suppose A1,..., A\, € F.
Prove that there exists a polynomial p € P(F) with degp = n such that 0 = p(\1) = -+ = p(Am)
and such that p has no other zeros.

Solution. Take
p(z) = (z=A)" "z = Ag) - (2 = Am),

which reads p(z) = (z — A1)™ when m = 1; the exponent n —m+ 1 is a positive integer because m < n.
Degree: the n factors are each monic of degree 1, and a product of monic polynomials is monic with
degree the sum of the degrees (multiplying out produces the top power with coefficient 1 and nothing
higher), so degp = (n —m + 1) 4+ (m — 1) = n; in particular p # 0.

Zeros: p(A\g) = 0 for each k, since the factor A\ — \x occurs. Conversely, if p(A) = 0, then because F
has no zero divisors some factor A — Ay, vanishes, so A € {\1,..., A\ }. Thus the zero set of p is exactly

(M, A}
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Problem 4.7. Suppose that m is a nonnegative integer, 21, ..., zn+1 are distinct elements of I, and
Wi, ..., Wn+1 € F. Prove that there exists a unique polynomial p € P, (F) such that

p(zk) = wg

foreach k=1,...,m+ 1.
This result can be proved without using linear algebra. However, try to find the clearer, shorter
proof that uses some linear algebra.

Solution. The evaluation map T': P, (F) — F7HL,

Tp= (p(zl)v s 7p(zm+1))7

is invertible; existence and uniqueness are then its surjectivity and injectivity at (wi, ..., Wpy1). It is
linear because addition and scalar multiplication of functions are pointwise.

T is injective. If Tp = 0, then p vanishes at the m + 1 distinct points 21, ..., zpntr1. Were p # 0, then
either degp = 0, so p is a nonzero constant with no zeros at all, or degp = k with 1 <k <m, and 4.8
allows p at most k < m zeros; both contradict having m + 1 zeros. So nullT = {0} and 3.15 applies.
Since 1, z,...,2™ is a basis of P, (F) (2.36),

dim P,,(F) = m + 1 = dim F™

so the injective map T' between finite-dimensional spaces of equal dimension is invertible by 3.65. Hence
there is exactly one p € Py, (F) with Tp = (w1, ..., wmn+1), that is, with p(zx) = wy, for each k.

Problem 4.8. Suppose p € P(C) has degree m. Prove that p has m distinct zeros if and only if p
and its derivative p’ have no zeros in common.

Solution. The equivalence is read off the factorization p(z) = c(z — A1) - - - (z — A\p) with ¢ # 0 supplied
by 4.13, whose zero set is {A1, ..., A\ }; so p has m distinct zeros exactly when Aq, ..., \,, are distinct.
Throughout, the product rule (fg)' = f'g + fg’ holds on P(C): both sides are bilinear in (f, g), so it
suffices to check monomials, where it reads (j + k)z/ A1 = j2i=12F 4 2igz k=1

If m = 0, then p is a nonzero constant with no zeros at all, so p has m = 0 distinct zeros and shares
no zero with p’; both sides hold. Assume m > 1.

(i) A1,..., Ay distinct. The product rule applied repeatedly gives

Pz)=cd [[Gz-M\),
k=1 j#k

and at z = A\, every summand but the kth contains the factor A\ — A\ = 0, leaving

P'w) =c [ =) #0
Jj#k

since ¢ # 0 and the \’s are distinct. So no zero of p is a zero of p’.
(ii) Two of the A’s coincide, say A1 = A2 =: A. With g(z) = c(z — A3)--- (2 — A\p) we get p(z) =
(z — X)2g(2), so the product rule gives

P'(2) = 2(z = N)g(2) + (= = N)?d(2),

whence p’(A) = 0 = p(A\) and A is a common zero. Contrapositively, no common zero forces m distinct
Z€eros.
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Problem 4.9. Prove that every polynomial of odd degree with real coefficients has a real zero.

Solution. The zero is A1, the first linear factor in the real factorization. Suppose p € P(R) has odd
degree n, so n > 1 and p is nonconstant; by 4.16 there are reals ¢, A1,..., A, b1,...,bp1,¢1, .-, Cp
with bz < 4¢y, for each k and

p(z) =cl@— A1) (2= An)
x (22 4+ bz +c1) - (2% 4 byz + ).

Here ¢ # 0, since otherwise the right side would be the zero polynomial. Comparing degrees,
n=m+2M,

so m is odd because n is; in particular m > 1, the factor  — A; is present, and p(A\;) = 0.

Problem 4.10. For p € P(R), define Tp: R — R by

p(@) —pB)
Tp@)={ z-3 o7
?'(3) ifx=3

for each x € R. Show that T'p € P(R) for every polynomial p € P(R) and also show that T': P(R) —
P(R) is a linear map.

Solution. T'p is the quotient ¢ in the factorization p(z) — p(3) = (x — 3)q(x).
(i) If p is constant then (Tp)(x) =0 for x # 3 and (T'p)(3) =p'(3) =0, so Tp =0 € P(R).
(ii) If degp = m > 1, then x — p(x) — p(3) has degree m and vanishes at 3, so 4.6 supplies ¢ € P(R)
with degqg = m — 1 and
p(z) —p(3) = (x — 3)q(x) for all z € R.

Dividing gives (T'p)(xz) = ¢(x) for x # 3; differentiating gives p'(z) = q(z) + (z — 3)¢'(z), so . = 3
yields (Tp)(3) = p'(3) = q(3). Hence Tp = q € P(R).
For linearity, fix p1,p2 € P(R) and o € R and compare values at each z. For z # 3,

(T(apl _|_p2))(x) _ ap (x) +p2($x) : g&pl (3) — p2(3)

= a(Tp1)(x) + (T'p2)(x),

while at x = 3, since differentiation is linear,

(T(ap1 +p2)) (3) = api(3) + ph(3) = (Tp1)(3) + (Tp2)(3).

Thus T(apy + p2) = aTpy + Tpa, so T is linear.

Problem 4.11. Suppose p € P(C). Define q: C — C by

q(z) = p(2) p(2).

Prove that ¢ is a polynomial with real coefficients.

Solution. Writing p(z) = Y_7*, axz® and p(z) = S j-, @2, we have ¢ = pp, a product of polynomials
and hence a polynomial.
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Indeed, conjugation is additive and multiplicative and zZ = z (4.4), so

(&)=Y w3 =Y @t = pl2).

k=0 k=0

2m
q(z) = g cn 2", Cp = g a;ay,
n=0 j+k=n

0<j, k<m

and by the uniqueness of coefficients (a consequence of 4.8) these are the coefficients of q. The swap
(j, k) — (k,7) carries the index set to itself, so conjugating and relabeling gives

=) Gap= ) 4 =cn,

jt+k=n Jjt+k=n

whence ¢, € R (4.4) for every n. Thus ¢ is a polynomial with real coefficients.

Problem 4.12. Suppose m is a nonnegative integer and p € P,,,(C) is such that there are distinct
real numbers xg, x1, ..., 2, with p(x;) € R for each k = 0,1,...,m. Prove that all coefficients of p
are real.

Solution. The polynomial of imaginary parts vanishes identically. Write p(z) = >"/", apz" with aj, € C
and set

u(z) = Z(Im ar)z® € P (R).
k=0

For x € R each z* is real, and Im is additive with Im(at) = tIma for t € R, so

Imp(z) = Zlm(akxk) = u(z).
k=0
By hypothesis u(zg) = u(z1) = - - - = u(zy,) = 0, so w has m + 1 distinct zeros. Were u # 0, its degree

d would satisfy 0 < d < m, and u would have at most d < m zeros (none if d =0; by 4.8 if d > 1) — a
contradiction. Hence u = 0, so by uniqueness of coefficients Im a; = 0 for every k; all coeflicients of p
are real.

Method (2): put wg = p(zx) € R. Exercise 4.7 over R gives p € Pp,(R) with p(x) = wy for each k;
viewing p € Pp,(C), the uniqueness assertion of Exercise 4.7 over C forces p = p.

Problem 4.13. Suppose p € P(F) with p # 0. Let U = {pq : ¢ € P(F)}.
(a) Show that dimP(F)/U = degp.
(b) Find a basis of P(F)/U.

Solution. With m = degp, the cosets
14U, 24U, 224U, ..., 2" ' +U

form a basis of P(IF)/U, whence dim P(F)/U = m = degp; this answers (b) and (a). (For m = 0 the
list is empty and U = P(F).) Here U is indeed a subspace, since 0 = p - 0, pq1 + pg2 = p(q1 + ¢2) and
Apq) = p(Ag).
Spanning: given r € P(F), the division algorithm 4.9 (legitimate as p # 0) yields ¢,s € P(F) with
r=pg+sand degs < m,s0s=ag+aiz+- -+ an_12""'; as pg € U and the quotient map is linear
(3.104),

r+U=s54+U=a(1+U)+a1(z+U)+ -+ an_1(z" 1+ ).
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Independence: if that combination equals 0+ U, then s = ag + - - - 4+ am_12™ " lies in U by 3.101, say
s = pq. Were q # 0 we would get degs = m + deg g > m, contradicting degs < m — 1; so ¢ = 0, hence
s = 0, and uniqueness of coefficients (4.8) forces ag = -+ = a;,—1 = 0.

Problem 4.14. Suppose p,q € P(C) are nonconstant polynomials with no zeros in common. Let
m = degp and n = deggq. Use linear algebra as outlined below in (a)-(c) to prove that there exist
r € Pn—1(C) and s € P,,—1(C) such that

rp+ sq = 1.
(a) Define T': P,—1(C) X Pp—1(C) = Prman—1(C) by
T(r,s) =rp+ sq.

Show that the linear map 7' is injective.
(b) Show that the linear map 7" in (a) is surjective.
(c) Use (b) to conclude that there exist r € P,_1(C) and s € Pp,—1(C) such that rp + sq = 1.

Solution. Here m,n > 1, and T does land in Py, 4,—1(C) because deg(rp) < (n— 1) +m and deg(sq) <
(m — 1) + n. Throughout we use deg(uv) = degu + deg v, which makes P(C) free of zero divisors and
so permits cancellation of a nonzero factor.
(a) Suppose T'(r,s) = 0, that is, rp = —sq. Since ¢ is nonconstant, 4.13 gives ¢ # 0 and A1,..., A, € C
(repetitions allowed) with

a(2) = ez = M)+ (2 — M),

and each \g, being a zero of ¢, satisfies p(A\x) # 0. Assume r # 0; we show by induction on j that for
Jj=0,1,...,n there is r; # 0 with

r(2) = (2= ) (2 = Ag) g (2).

Take 79 = r. Given r; with j < n, substituting this factorization of r into 7p = —sq and cancelling the
nonzero factor (z — A1) --- (2 — A;) leaves

ri(2)p(z) = —es(2) (2 = Aj1) -+ (2 = An);

evaluating at z = X4 kills the right side, and p(\j4+1) # 0 then forces rj(Aj+1) = 0, so 4.6 yields
rj4+1 of degree degr; — 1 (hence nonzero) with rj(z) = (2 — Aj41)rj41(2). At j = n this gives degr =
n + degr, > n, contradicting degr < n — 1. So r = 0, whence sq = 0 with ¢ # 0 gives s = 0. Thus
null7 = {(0,0)} and T is injective (3.15).

(b) Since dim Py (C) = k + 1 and dimension adds over products (3.92),

dim(Pn_l(C) X Pm_l(C)) =n+m =dim pm+n_1<C),
so the injective 1" between spaces of equal finite dimension is surjective by 3.65.

(c) The constant polynomial 1 lies in Ppy4yn—1(C), so by (b) there is a pair (r,s) € Pp—1(C) X Pp—1(C)
with rp+ sq =T(r,s) = 1.

97



5 Eigenvalues and Eigenvectors

Contents
5.1 Exercises DA . . . e 99
5.2 Exercises DB . . . e e 111
5.3 Exercises 5C . . . . e 123
5.4 Exercises DD . . . e e e 127
5.5 Exercises DE . . . . e e e e e e e 137

98



5.1 Exercises 5A

Problem 5A.1. Suppose T' € L(V') and U is a subspace of V.
(a) Prove that if U C null T, then U is invariant under 7.
(b) Prove that if rangeT C U, then U is invariant under 7.

Solution. In both parts take u € U; invariance (5.2) asks that Tu € U.
(a) If U CnullT, then Tu = 0 € U, since the subspace U contains 0.
(b) If range T C U, then Tu € rangeT C U.

Problem 5A.2. Suppose that T € L£(V) and Vi,...,V,, are subspaces of V invariant under 7.
Prove that V; + --- + V,,, is invariant under 7.

Solution. T' sends a decomposition of v to a decomposition of Tv. Let v € V; 4 --- + V,;, (a subspace,
by 1.40) and write v = v1 + - - - + vy, with v, € Vj,. By additivity of T,

Tv=Tvi 4+ -+ Tvpy,

and Tv, € V}, for each k since V}, is invariant. Hence Tv € Vi + -+ - + V,,,.

Problem 5A.3. Suppose T' € L(V'). Prove that the intersection of every collection of subspaces of
V invariant under 7T is invariant under 7.

Solution. Membership in an intersection is checked one index at a time. Let {Ug}qca be such a
collection and U = (,c4 Ua- Then U is a subspace by 1.34: it contains 0, and u,w € U, A € F give
u 4+ w, Au € U, for every a, hence in U. Now for u € U and any a € A we have u € U,, so invariance
of U, gives Tu € Uy,; as a was arbitrary,

Tu € ﬂUa:U.

acA

Problem 5A.4. Prove or give a counterexample: If V is finite-dimensional and U is a subspace of
V' that is invariant under every operator on V, then U = {0} or U = V.

Solution. True. Suppose U # {0} and pick v € U with u # 0; the one-vector list u is then linearly
independent, so 2.32 extends it to a basis u,eo,...,e, of V. Given any v € V, the linear map lemma
3.4 supplies T' € L(V') with

Tu=w, Teg=---=Te, =0.

By hypothesis U is invariant under this 7', and v € U, so v =Tu € U. Hence V C U, that is, U = V.

Problem 5A.5. Suppose T' € L(R?) is defined by T'(z,y) = (—3y, ). Find the eigenvalues of T

Solution. T has no eigenvalues. Indeed, T'(z,y) = A(x,y) says
-3y = A\, T = \y,

and substituting the second into the first gives (A2 +3)y = 0. If y = 0 then x = \y = 0, so an
eigenvector (necessarily nonzero, 5.5) has y # 0 and hence A2 = —3, impossible for A € R.

Problem 5A.6. Define T € L(F?) by T(w, z) = (z,w). Find all eigenvalues and eigenvectors of T
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Solution. The eigenvalues are 1 and —1, with eigenvectors the nonzero vectors (w,w) and (w, —w)
respectively.
The equation T'(w, z) = A(w, z) reads

z = A\w, w = Az,
whence (A2 — 1)w = 0. If w = 0 then z = Aw = 0, excluded for an eigenvector, so \> = 1, leaving
A==l
(i) A = 1: both equations say z = w, and T'(w,w) = (w,w), so
null(T" — I) = span((1,1)).
(ii) A = —1: both say z = —w, and T(w, —w) = —(w, —w), so

null(T + I) = span((1, —1)).

Each null space contains a nonzero vector, so both £1 really are eigenvalues.

Problem 5A.7. Define T € L(F?) by T(z1,22, 23) = (229,0,523). Find all eigenvalues and eigen-
vectors of T'.

Solution. The eigenvalues are 0 and 5, with eigenvectors the nonzero vectors (z1,0,0) and (0,0, z3)
respectively.
The equation T'(z1, 22, 23) = \(21, 22, 23) reads

229 = Azq, 0= Azo, 5z3 = Az3.
(i) A = 0: these say 2o = 23 =0, so
null 7’ = span((1,0,0)) # {0},
and 0 is an eigenvalue.
(ii) A # 0: the second equation gives zo = 0, then the first gives z; = 0, so an eigenvector is (0,0, z3)

with z3 # 0 and the third equation forces A = 5. Conversely 7'(0,0, z3) = 5(0,0, z3), so

null(T — 5I) = span((0,0,1)).

Problem 5A.8. Suppose P € £(V) is such that P2 = P. Prove that if ) is an eigenvalue of P, then
A=0or A=1.

Solution. Apply P to the eigenvalue equation. Take v # 0 with Pv = Av (5.5); then
\v = Pv = P*v = P(\v) = A2,

80 AM(A —1)v = 0. Since v # 0 we get A(A — 1) =0, and F has no zero divisors, so A=0or A = 1.

Problem 5A.9. Define T: P(R) — P(R) by Tp = p/. Find all eigenvalues and eigenvectors of T'.

Solution. The only eigenvalue is 0, whose eigenvectors are the nonzero constant polynomials.
Degree settles it. Suppose p # 0 has degree m and p’ = A\p with X\ # 0. If m = 0 then p’ = 0 while \p
is the nonzero constant Aag; if m > 1 then

p(x) = ay + 2a92 + - - - + maypz™

has degree m — 1 (its leading coefficient ma,, is nonzero, R having characteristic 0) whereas deg(Ap) =
m. Either way p’ # Ap, so no nonzero \ is an eigenvalue.

100



For A = 0 the condition p’ = 0 says a; = 2as = --- = ma,, = 0, i.e. p is constant; the constant 1 is a
nonzero such p, so 0 is an eigenvalue.

Problem 5A.10. Define T' € L(P4(R)) by (T'p)(x) = zp'(x) for all x € R. Find all eigenvalues and
eigenvectors of T

Solution. The eigenvalues are 0, 1,2, 3,4, the eigenvectors for k being the nonzero multiples of z*; this
is immediate from T2/ = x - jad =1 = jaJ.

For completeness, write p = Z?:o ajacj, so that Tp = Zﬁzojajwj. Since 1,z, 22, 23, z* is a basis of
P4(R), the equation T'p = Ap is equivalent to

(j—Na; =0  forj=0,1,2,34.

(i) A ¢ {0,1,2,3,4}: every aj =0, so p =0 and X is not an eigenvalue.
(ii) A=k € {0,1,2,3,4}: aj = 0 for j # k, so p(z) = axx*.

Problem 5A.11. Suppose V is finite-dimensional, 7' € £(V'), and « € F. Prove that there exists
d > 0 such that T'— AI is invertible for all A € F such that 0 < |a — A| < 4.

Solution. Take 0 to be the distance from « to the nearest eigenvalue of 7" other than « (and 6 = 1 if
there is none). By 5.12 the set

E ={peF:pis an eigenvalue of T, p # a}
is finite, say £ = {A1,..., A}, so
0 =min{|la— A1|,...,|a— A} >0,
each |a — \j| being positive.

If 0 < Jao— Al <6, then A # a and A ¢ E (otherwise |« — A| > J), so A is not an eigenvalue of T'. As V
is finite-dimensional, 5.7 then gives T' — AI invertible.

Problem 5A.12. Suppose V = U @& W, where U and W are nonzero subspaces of V. Define
P e L(V) by P(u+ w) =u for each u € U and each w € W. Find all eigenvalues and eigenvectors
of P.

Solution. The eigenvalues are 0 and 1, with eigenvectors the nonzero vectors of W and of U respectively;
both U and W are nonzero, so both are genuinely eigenvalues.

Since Pu = u for u € U, we have P? = P, so Exercise 5A.8 confines the eigenvalues to {0,1}. Now
decompose v = u 4+ w with u € U, w € W (uniquely, by 1.41), so that Pv = u.

(i) Pv=v reads u = u+ w, i.e. w = 0; thus null(P —1)=U.

(ii) Pv = 0 reads w = 0; thus null P = W.

Problem 5A.13. Suppose T' € L(V). Suppose S € L(V) is invertible.
o (a) Prove that T and S~'T'S have the same eigenvalues.
« (b) What is the relationship between the eigenvectors of 7' and the eigenvectors of S~1T'S?

Solution. (a) Conjugation respects the shift by AI: for each A € F,
SIS — A = S™YT — \I)S,

since STH(AI)S = M. As S and S™! are bijective, the left side is injective exactly when T'— I is,
and ) is an eigenvalue of an operator exactly when that operator minus A/ fails to be injective (5.5).
Hence T and S~!T'S have the same eigenvalues.
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(b) S carries eigenvectors of ST!TS to eigenvectors of T for the same eigenvalue. Indeed, for w # 0
(so Sw # 0, S being injective), applying the invertible S turns (S~'TS)w = Aw into the equivalent
equation

T(Sw) = A(Sw).
Equivalently, null(S™'T'S — AI) = S~ (null(T — \I)) for every A.

Problem 5A.14. Give an example of an operator on R* that has no (real) eigenvalues.

Solution. Take the quarter turn in each coordinate plane:
T(x1,[l}'2,x3,l’4) = (—1'2, .’L'l, _x47 $3)7

which is linear since each output coordinate is linear in the input. If Tv = Av with A € R, comparing
coordinates gives
—I = )\.%'1, Ir = )\Q?Q, —Xy4 = )\xg, r3 — A$4.

Substituting the second into the first yields (A2 4+ 1)zo = 0, and A2 + 1 > 0 for real ), so 2o = 0 and
then x1 = Axg = 0; the last two equations give z4 = 3 = 0 the same way. Thus v = 0, so T" has no
eigenvalue (5.5).

Problem 5A.15. Suppose V is finite-dimensional, 7' € L£(V), and A € F. Show that \ is an
eigenvalue of 7' if and only if \ is an eigenvalue of the dual operator 7" € L(V”).

Solution. Dualizing turns surjectivity of T'— A into injectivity of T — Aly». Since I'(p) = @ o I = ¢,
additivity and homogeneity of the dual map (3.120) give

(T— M) =T —AI' =T' — Ay
Also dim V' =dimV < oo (3.111), so 5.7 applies to both 7" and T":

A is an eigenvalue of T' <= T — Al is not surjective
<= (T — X\I)' is not injective
<= T — My~ is not injective

<= )\ is an eigenvalue of T”,

the first and last steps by 5.7 and the second by 3.129 (which needs V finite-dimensional), applied to
T— M.

Problem 5A.16. Suppose v1,...,v, is a basis of V and T' € L(V'). Prove that if \ is an eigenvalue
of T, then
Al < nmax{ |M(T);i| : 1<jk<n},

where M(T); . denotes the entry in row j, column k of the matrix of 7' with respect to the basis
V1, ..., Up.
See Exercise 19 in Section 6A for a different bound on |\|.

Solution. Test the eigenvector equation in the coordinate of largest modulus. Write A = M(T), so
Tvg = > Ajkvj (3.31), and put C = max;x[Ajk|. Let v = 37 cyvg be an eigenvector for A, and
choose m with |¢,,| = maxy |cx|; since v # 0 we have |¢,,| > 0. Expanding Tv = Av in the basis and
comparing the (unique) coefficients of v;,

n
)\Cj:ZAj,kck forjzl,...,n.
k=1
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Taking j = m, the triangle inequality with |A,, x| < C and |cx| < |cp| gives

n n
Alleml = 37 Amcr| < 3 [Amillexl < nCleml,
k=1 k=1

and dividing by |cp,| > 0 yields |A] < nC.

Problem 5A.17. Suppose F =R, T € L(V), and A € R. Prove that A is an eigenvalue of T if and
only if A is an eigenvalue of the complexification T¢.
See Fxercise 33 in Section 3B for the definition of Tc.

Solution. The eigenvector equation splits into its two components. Since A is real, A(u+iv) = Au+ilv,
while T (u + iv) = Tu + iTv; as elements of Vo = V x V are equal exactly when both components
agree,

Tc(u+iv) = Mu+iv) <= Tu = u and Tv = v.

(i) If Tv = Av with v # 0, then v 440 # 0 in Vi and the equivalence gives T (v + i0) = A(v + 40), so
A is an eigenvalue of T¢.

(ii) If Te(u+iv) = AMu + 9v) with w4 iv # 0, then u, v are not both 0, and whichever is nonzero is an
eigenvector of T' corresponding to A.

Problem 5A.18. Suppose F = R, T € L(V), and A € C. Prove that \ is an eigenvalue of the
complexification T¢ if and only if X is an eigenvalue of T¢.

Solution. Conjugation o(u+ iv) = u — v carries eigenvectors for A to eigenvectors for X. Since the two

directions are symmetric (o o o is the identity, and A = \), it suffices to treat one. Three properties of
o, all read off from T (u + iv) = Tu+ ¢Tv and (a + bi)(u + iv) = (au — bv) + i(av + bu):

(i) o is injective, being the map (u,v) — (u,—v) on Vo = V x V; in particular o(w) = 0 only for
w = 0.

(ii) o is conjugate-homogeneous: with u = a + bi, both o(u(u +iv)) and go(u+iv) equal (au — bv) +
i(—av — bu). (Check!)

(iii) o commutes with T, since T'(—v) = —T'v:

o(Tc(u+w)) =Tu+iT(—v) = Te(o(u+ iv)).
So if Tcw = Aw with w # 0, then o(w) # 0 and
Te(o(w)) = o(Tew) = o(Aw) = Ao (w),

so A is an eigenvalue of Tc.

Problem 5A.19. Show that the forward shift operator 7' € L(F>°) defined by
T(z1,22,...) =(0,21,22,...)

has no eigenvalues.

Solution. For every A, the equation Tz = Az forces z = 0. Comparing coordinates in
(0,21,29,...) = (Az1, Az2, Az3,...)

gives Az; = 0 and z; = Azp4q for every k > 1.

(i) A = 0: the second family reads z; = 0 for every k.

(ii) A # 0: then z; = 0, and zx1 = 2/ propagates this up the sequence by induction, so again every
2k = 0.
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An eigenvector must be nonzero, so T has no eigenvalues.

Problem 5A.20. Define the backward shift operator S € L(F>) by
S(Zl,ZQ,Zg, .. ) = (22,23, NN )

(a) Show that every element of F is an eigenvalue of S.
(b) Find all eigenvectors of S.

Solution. (a) For A € F take the geometric sequence
wy = (1, A3 03,..) (A =1),

which is nonzero (first coordinate 1) and satisfies Swy = (A, A%,...) = Awy, the k-th coordinates being
A= X-A=1 S0 every A € F is an eigenvalue.

(b) The eigenvectors are exactly the vectors cwy with A € F and ¢ # 0, such a vector corresponding to
the eigenvalue A. Each is nonzero and satisfies S(cwy) = A(cwy) by (a). Conversely, if Sz = Az with
z # 0, comparing k-th coordinates in (22, 23,...) = (Az1, Az2,...) gives zx11 = Az, hence by induction

2 = N1z for every positive integer k.

Here z; # 0, since z; = 0 would force z = 0; so z = zjwy.

Problem 5A.21. Suppose T € L(V) is invertible.

(a) Suppose A € F with A # 0. Prove that A is an eigenvalue of T if and only if % is an eigenvalue
of T—1.

(b) Prove that 7 and T~! have the same eigenvectors.

Solution. Both parts rest on one computation: if A # 0 and Tv = Mv, then applying 7! gives
v=T"Y ) =AT"1v, so

1

T lv=< v,

with the very same vector v. Since T—! is invertible with (77!)~! = T, the same computation run
with 771, % in place of T, A turns T~ 'v = %U back into Tv = Awv.
(a) If X # 0 is an eigenvalue of T with eigenvector v, the display exhibits the nonzero v as an eigenvector
of T~ for %; the reversed computation gives the converse.
(b) If v is an eigenvector of T, say Tv = Av with v # 0, then A # 0 (an invertible T is injective, so
null 7 = {0}), and the display makes v an eigenvector of T~!. Applying this to 7~!, whose inverse is

T, gives the reverse inclusion. Hence 7' and 7! have the same eigenvectors.

Problem 5A.22. Suppose T' € L(V) and there exist nonzero vectors u and w in V' such that
Tu=3w and Tw = 3u.

Prove that 3 or —3 is an eigenvalue of 7.

Solution. The candidate eigenvectors are v + w and u — w:

T(u+w)=Tu+ Tw = 3w+ 3u = 3(u + w),
T(u—w)=Tu—Tw=3w—3u=—-3(u—w).

They are not both zero, since (u + w) + (v — w) = 2u # 0. So:
(i) if uw + w # 0, the first line makes 3 an eigenvalue of T’;
(ii) if w +w = 0, then v — w = 2u # 0 and the second line makes —3 an eigenvalue of T'.

104



Problem 5A.23. Suppose V is finite-dimensional and S,T" € L£(V'). Prove that ST and T'S have
the same eigenvalues.

Solution. By symmetry in S and 7', it suffices to show every eigenvalue A of ST is an eigenvalue of T'S.
Fix v # 0 with (ST)v = Av.
(i) A # 0. Then w :=Tv # 0, since Tv = 0 would give Av = S0 = 0 and hence v = 0; and

(TS)w =T((ST)v) = T(\) = ATv = Aw.

(i) A = 0. Then ST is not invertible by 5.7 (V finite-dimensional), so S or 7" is not invertible. Were
TS invertible, S would be injective (Sv = 0 forces (T'S)v = 0, so v = 0) hence invertible by 3.65,
and then T' = (T7'S)S~! would be invertible too, a contradiction. So T'S is not invertible, and 0 is an
eigenvalue of T'S by 5.7.

Problem 5A.24. Suppose A is an n-by-n matrix with entries in F. Define 7' € L(F") by Tz = Ax,
where elements of F" are thought of as n-by-1 column vectors.

(a) Suppose the sum of the entries in each row of A equals 1. Prove that 1 is an eigenvalue of 7.
(b) Suppose the sum of the entries in each column of A equals 1. Prove that 1 is an eigenvalue of T'.

Solution. (a) The eigenvector is x = (1,...,1)T # 0: its image has j*" entry >°}_, A;, -1 =1 by the
row hypothesis, so Te =z =1"z.
(b) Here T — I fails to be surjective. Put B = A — I,,, so (T'— I)x = Bx; each column of B sums to 0,
since subtracting I, removes exactly 1 from the diagonal entry of column k. Hence for every x € F™,
swapping the order of summation,
n n n
S (Ba); =Y (Z Bj7k> —0,

j=1 k=1 j=1

sorange(T —I) CU :={y :y1+ -+ yn = 0}. Now U is the null space of the surjective linear
functional y — y1 + - + ypn, so dimU =n — 1 by 3.21 and U # F". Thus T — I is not surjective, and
1 is an eigenvalue of T' by 5.7.

Problem 5A.25. Suppose T' € L(V) and u,w are eigenvectors of T such that v + w is also an
eigenvector of T'. Prove that u and w are eigenvectors of T corresponding to the same eigenvalue.

Solution. Let Tu = au, Tw = fw, T'(u + w) = A(u + w) with u,w,u + w nonzero; we show o = f3.
Linearity gives
A+ Aw =Tu+Tw = au + Pw,

that is, (¢ — Nu+ (8 — N)w = 0. If a # 3, then w, w is linearly independent by 5.11 (eigenvectors for
distinct eigenvalues), so both coefficients vanish and « = A = 8 — contradicting « # 3. Hence ao = f.

Problem 5A.26. Suppose 7' € L£(V) is such that every nonzero vector in V' is an eigenvector of 7.
Prove that T is a scalar multiple of the identity operator.

Solution. If V.= {0} then T'=0=0- I, so assume V # {0}. By hypothesis each nonzero v € V" has a
scalar a, with Tv = a,v, and a, is unique because v # 0. It suffices to show a, = a,, for all nonzero
u, W.

(i) u,w linearly dependent. Then w = cu with ¢ # 0 (as u,w # 0), so

apw = Tw = cTu = ca,u = a,w,

whence a,, = ay,.
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(ii) u, w linearly independent. Then u 4+ w # 0 and
Ayttt + Gyppw = T(u + w) = ayu + ayw,

so independence forces a, = Ayt = Q-
Writing A for the common value, Tv = Av for all nonzero v, and 70 =0 = A-0. Hence T' = AI.

Problem 5A.27. Suppose that V is finite-dimensional and k € {1,...,dimV — 1}. Suppose T' €
L(V) is such that every subspace of V' of dimension k is invariant under 7'. Prove that T is a scalar
multiple of the identity operator.

Solution. It suffices to show every nonzero v € V is an eigenvector of T, for then 5A.26 gives T' = \I.
Set n =dimV, so n > 2 because k € {1,...,n —1}.

Suppose instead v # 0 with T'v ¢ span(v), so that v, T'w is linearly independent; extend it by 2.32 to a
basis v, Tv,ws, ..., w, of V and put

U = span(v, ws, ..., Wkt1),
legitimate since k + 1 < n (the list ws, ..., wgy1 is empty when k£ = 1). Being a sublist of a basis,
v, W3, ..., Wk, is linearly independent of length k, so dimU = k and U is invariant under T by

hypothesis. Then Tv € U expresses T in the basis v, Tv,ws,...,w, with coefficient 0 on Tv, while
the obvious expression has coefficient 1; uniqueness of basis representations (2.28) gives 1 = 0, a
contradiction.

Hence Tv € span(v) for every nonzero v, which is exactly the hypothesis of 5A.26. So T is a scalar
multiple of the identity.

Problem 5A.28. Suppose V is finite-dimensional and 7" € L£(V'). Prove that 7" has at most 1 +
dimrange T’ distinct eigenvalues.

Solution. Let \1,..., Ay, be distinct eigenvalues of T' with eigenvectors vy, ..., v,,; this list is linearly
independent by 5.11. At most one J; is 0, so relabel to make A1, ..., A\y,—1 nonzero. Then for j <m—1,
1
by

Yi

T, :T<)\j

v ) € range T

SO v1,...,Um—1 iS a linearly independent list inside rangeT’, a subspace of the finite-dimensional V.
Comparing it with a basis of rangeT, which spans, 2.22 gives m — 1 < dimrangeT’, that is, m <
1+ dimrangeT.

Problem 5A.29. Suppose 7' € L(R?) and —4, 5, and /7 are eigenvalues of T. Prove that there
exists © € R3 such that Tx — 9z = (—4,5, V7).

Solution. It is enough that 7' — 9I be surjective. Since —4,5,1/7 are three distinct eigenvalues and
dimR? = 3, by 5.12 the operator 7' has no other eigenvalue; as 9 ¢ {—4,5,v/7} (note /7 < 3), the
number 9 is not an eigenvalue of T. So T — 91 is injective by 5.7, hence surjective by 3.65. Thus some
r € R3 has (T — 91)x = (—4,5,V/7).

Problem 5A.30. Suppose T' € L(V') and (T —21)(T — 31)(T — 4I) = 0. Suppose A is an eigenvalue
of T. Prove that A\=2or A=3 or A =4.

Solution. Take v # 0 with Tv = Av. Since (T' — pl)v = (A — p)v for every p € F, applying the three
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factors to v from the right gives
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The left side of the last line is 0 by hypothesis, and v # 0, so (A —2)(A —3)(A —4) = 0. As F has no
zero divisors, A\=2or A=3 or A = 4.

Problem 5A.31. Give an example of T' € £(R?) such that T* = —1I.

Solution. Take T to be counterclockwise rotation by 45 degrees, that is,

which is linear (Check!). Squaring,

1) = (S0 %) = Cwa)

Problem 5A.32. Suppose T € £(V) has no eigenvalues and 7% = I. Prove that T? = —1.

Solution. Because polynomials in 7' factor as polynomials do (5.17) and 2* —1 = (2 —1)(z +1)(2%2 + 1),
the hypothesis 7% = I gives

(T—-D(T+D(T*+1)=T*-T1=0.

Suppose T? + I # 0, say w := (T? + I)v # 0; then (T — I)(T + I)w = 0. Put u = (T + Iw.

(i) u = 0. Then Tw = —w with w # 0, so —1 is an eigenvalue of T

(ii) w # 0. Then (T'— I)u =0, so Tu = u and 1 is an eigenvalue of 7.

Both contradict the hypothesis that T has no eigenvalues. Hence T? + I = 0, that is, 7% = —1.

Problem 5A.33. Suppose T' € L£(V) and m is a positive integer.
(a) Prove that T is injective if and only if 7™ is injective.
(b) Prove that T is surjective if and only if 7™ is surjective.

Solution. Both directions are direct, since V is not assumed finite-dimensional; throughout 7" =
Tl =TTm 1 (5.13).
(a) By 3.15, injectivity means null space {0}. If 7 is injective, induct: assuming 77~! injective,
Ty =T™ Y(Tw) = 0 forces Tv = 0, hence v = 0. Conversely, if 7™ is injective and Tv = 0, then
Ty =T Y (Tw) = 0,

so v =0 (for m =1 this reads Tv = 0 directly).
(b) Surjectivity means T'(V) = V. If T is surjective, induct: 7™(V) = T™ YT(V)) =T™ (V) = V.
Conversely, if T (V) =V, then

V=T"(V)=T(I"" (V) ST(V)CV,

the first inclusion because 7~ 1(V) C V. Hence T(V) = V.
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Problem 5A.34. Suppose V is finite-dimensional and vy, ..., v, € V. Prove that the list v,...,vm
is linearly independent if and only if there exists T' € L(V') such that v1,...,v,, are eigenvectors of
T corresponding to distinct eigenvalues.

Solution. One direction is immediate from 5.11: eigenvectors corresponding to distinct eigenvalues form
a linearly independent list.

For the other, suppose vy, ..., vy, is linearly independent and extend it by 2.32 to a basis vy, ..., v, of
V', where n = dim V. The linear map lemma 3.4, applied to this basis, supplies T' € L(V') with

Tv, = kv fork=1,...,n.

Each vy is nonzero (a linearly independent list contains no 0), so vy, ..., v, are eigenvectors of T for
the eigenvalues 1, ..., m, which are distinct in F.

Problem 5A.35. Suppose that Ai,..., A, is a list of distinct real numbers. Prove that the list
eM® .. eM? is linearly independent in the vector space of real-valued functions on R.

Hint: Let V = span(e’?, ..., e*?) and define an operator D € £(V) by Df = f’. Find eigenvalues
and eigenvectors of D.

Solution. Write f;, for the function 2 +— e** and set V = span(fy,..., f»), a subspace of the space of
real-valued functions on R. Differentiation D f = f’ is linear and, since

fh=Xfr €V fork=1,...,n,

it maps each spanning vector of V into V', hence maps V into V; so D € £(V). Each fi is nonzero in
V because fr(0) = 1, so the display makes f; an eigenvector of D for the eigenvalue \g, and the A\j
are distinct by hypothesis. By 5.11 the list fi,..., f, is linearly independent in V', hence in the larger
space, linear independence being a statement about vanishing linear combinations only.

Problem 5A.36. Suppose that A1,..., A, is a list of distinct positive numbers. Prove that the list
cos(A1x), ..., cos(A,x) is linearly independent in the vector space of real-valued functions on R.

Solution. Run the device of 5A.35 with the second derivative. Write ¢ for x — cos(Agx), set V =
span(cy, ..., c,), and define T'f = f”, which is linear and satisfies

Tck:—)\,?ckev fork=1,...,n,

so T maps a spanning list of V into V and hence T' € L(V'). Each ¢, is nonzero since ¢(0) = 1, so ¢ is an
eigenvector for the eigenvalue —\?2. These eigenvalues are distinct: )\jQ = A? gives (A\;—Ap)(Aj+Ag) =0,
and A\; + A; > 0 by positivity, so A\; = Ay and j = k. By 5.11 the list is linearly independent in V,
hence in the space of all real-valued functions on R.

Problem 5A.37. Suppose V is finite-dimensional and T' € £(V'). Define A € L(L(V)) by
A(S) =TS

for each S € L(V'). Prove that the set of eigenvalues of T' equals the set of eigenvalues of A.

Solution. If V.= {0} then £(V) = {0} too and both operators have no eigenvalues, so assume n =
dimV > 1.

If A is an eigenvalue of A, choose S # 0 with T'S = AS and v with Sv # 0; applying the equation to v
gives T'(Sv) = A(Sv), so A is an eigenvalue of T'.

Conversely, let Tv = Av with v # 0, fix a basis v1,...,v, of V, and use 3.4 on that basis to get

108



S e L(V) with
Svi = v, Svj =0 forj=2,...,n,

so S # 0. For w = ajv1 + - - - + anv, we have Sw = ajv, whence
(TS)w = T(a1v) = AMa1v) = A(Sw).

Thus A(S) =TS = \S with S # 0, making A an eigenvalue of A.

Problem 5A.38. Suppose V is finite-dimensional, T € £(V'), and U is a subspace of V invariant
under 7. The quotient operator T'/U € L(V /U) is defined by

T/U)(v+U)=Tv+U

for each v € V.

(a) Show that the definition of 7'/U makes sense (which requires using the condition that U is
invariant under T') and show that 7'/U is an operator on V /U.

(b) Show that each eigenvalue of T'/U is an eigenvalue of T

Solution. (a) Independence of the representative is exactly where invariance enters: if v +U = w4 U,
then v — w € U, so T(v — w) € U by invariance, that is, Tv — Tw € U, which says

Tv+U=Tw+U.
So T'/U is a well-defined function on V' /U, and it is linear because

(T/U)(v+U)+ (w+U)) =Tw+w)+U=(Tv+U) + (Tw+U),
(T/U)(a(v+U)) =T(aw) + U = a((T/U)(v+U)).

Hence T'/U € L(V/U).

(b) Let A be an eigenvalue of T'/U, so some v ¢ U has Tv+U = A+ U, ie. u:= (T —X)v € U.
Since U is invariant under 7" and under I, it is invariant under 7" — A\, so (T'— Al)|y € L(U) with U
finite-dimensional.

(i) (T — AI)|y not injective. Some nonzero u' € U has Tu' = \u/.

(ii) (T — AI)|y injective, hence surjective onto U by 3.65. Pick v’ € U with (T — A )u' = u; then

(T —X)(v—u)=u—u=0,

and v —u' # 0 since v ¢ U.
Either way A is an eigenvalue of T

Problem 5A.39. Suppose V is finite-dimensional and 7" € £L(V'). Prove that T has an eigenvalue if
and only if there exists a subspace of V' of dimension dim V' — 1 that is invariant under 7.

Solution. For V= {0} both sides fail (no nonzero vectors; no subspace of dimension —1), and in each
direction below the assumed hypothesis forces dim V' > 1.

Suppose T has an eigenvalue A and put W = range(T' — AI). Then T'— AI is not injective by 5.7, hence
not surjective by 3.65, so W # V and dim W < n — 1 where n = dim V. Extend a basis wi, ..., w; of
W to a basis w1, ..., Wy, Umt1,- .., Uy of V (2.32) and let U be the span of its first n — 1 vectors, so
dimU =n—1and W CU (as m <n—1). Then U is invariant:

Tu=(T—-AN)u+AueW4+UCU (ueU,).

Conversely, let U be invariant under 7" with dimU = dimV — 1, so dimV /U = 1 by 3.105 and
T/U € L(V/U) by 5A.38(a). Any nonzero w € V /U spans V /U, so (T'/U)w = Aw for some \ € F;
thus A is an eigenvalue of T'/U, hence of T by 5A.38(Db).

109



Problem 5A.40. Suppose S,T € L£(V) and S is invertible. Suppose p € P(F) is a polynomial.
Prove that
p(STS™) = Sp(T)S .

Solution. Everything follows from (ST'S™!)¥ = ST¥S~1 for k > 0. This holds for k = 0 (both sides are
I, by the convention R" = I of 5.13), and inductively

(STS™HrkHl = (8T*S~1)(STS™1) = ST*(S~tS) TS~ = STF g1,
Now write p(z) = ap + a1z + -+ - + a;2™. By 5.14 and the previous display,
p(STS™) = agSIS™ + a1 STS ' + - 4 4, ST™S ™1,

and R +— SRS~! is linear (composition distributes over addition and commutes with scalars), so the
sum collapses to Sp(T) S~

Problem 5A.41. Suppose T' € L£(V) and U is a subspace of V invariant under 7'. Prove that U is
invariant under p(7T') for every polynomial p € P(F).

Solution. First, U is invariant under every power T%: true for k = 0 since 7° = I (5.13), and if TFu € U
for all u € U, then T**1y = T(T*u) € U by invariance under 7. So for p(z) = ag + a1z + - - + amz™
and v € U, by 5.14

p(T)u = apu + a1 (Tu) + -+ + ap(T"u) € U,

each term lying in U and U being closed under scalar multiples and sums.

Problem 5A.42. Define T € L(F") by T(z1,z2, 23, ..., Ty) = (21,272, 3T3, ..., NTy).
(a) Find all eigenvalues and eigenvectors of 7.
(b) Find all subspaces of F" that are invariant under 7.

Solution. With ey, ..., e, the standard basis, the definition of T" says Te; = je;.
(a) The eigenvalues are exactly 1,2,...,n, with E(j,T) = span(e;); the eigenvectors for j are the
nonzero multiples of e;. Indeed, comparing coordinates, Tv = Az says

(k—=XNxzr=0 fork=1,...,n.

If ¢ {1,...,n} every factor k — X is nonzero, forcing x = 0; if A = j, the equations with k # j force
x, = 0, leaving x € span(e;).
(b) The invariant subspaces are exactly the 2" coordinate subspaces

Uq = span(e; : j € Q), QC{1,...,n}.

Each is invariant, since T'e; = je; € Ug on a spanning list. Conversely, let U be invariant and set

pe = [ ZEepm)

kot ishen P

legitimate as j — k # 0 in F, with p;(j) =1 and p;(k) =0 for k # j. From T™e;, = k™ej and 5.14 we
get p(T)er, = p(k)ey, for every polynomial p, so for = z1e1 + - -+ + xne, € U, invariance of U under
p;(T) (5A.41) gives

n
pi(T)x = Zxkpj(k:) er =xzje; € U.
k=1
Hence z; # 0 implies e; € U. With Q = {j : ¢; € U}, every 2 € U has z; = 0 off 2, so U C Uq,

while Ug C U by definition of 2. These 2" subspaces are distinct, since e; € Ug if and only if j €
by independence of eq, ..., e,.
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Problem 5A.43. Suppose that V' is finite-dimensional, dim V' > 1, and 7" € £L(V'). Prove that
{p(T) :p e P(F)} # L(V).

Solution. The set € = {p(T) : p € P(F)} is commutative, since p(T)q(T) = ¢(T)p(T) by 5.17(b),
whereas £(V') is not. Indeed, let n = dim V' > 2, take a basis v1,...,v, of V (2.31), and use 3.4 to get
R,S € L(V) with

Rvy = v, Sv; = v1, Rvj = Sv; =0 for j > 2.

Then
(RS)Ul = va = V2 75 0= S’Uz == (SR)Ul,

so RS # SR. Were £ = L(V), these R, S would lie in £ and hence commute. So & # L(V).

Method (2): suppose £ = L(V). Taking ¢(z) = z in 5.17(b), every element of £, hence every operator
on V, commutes with 7. Then every nonzero v is an eigenvector of T otherwise v,Tv is linearly
independent, extends to a basis v, Tv,us, ..., u, (2.32), and 3.4 supplies S with Sv = v, S(Tv) = 0,
Su; = 0, giving (ST)v = 0 # Tv = (T'S)v (that Tv # 0 is part of the independence). So T' = AI by
5A.26, whence p(T) = p(\)I for every p and dim € = dimspan(I) = 1. But dim £(V) = n? > 4 by
3.72, a contradiction.

5.2 Exercises 5B

Problem 5B.1. Suppose 7' € £(V). Prove that 9 is an eigenvalue of 7 if and only if 3 or —3 is an
eigenvalue of T.

Solution. If Tv = +3v with v # 0, then
T?v = +3Tv = (£3)*v = v,

so 9 is an eigenvalue of T72.

Conversely, take v # 0 with 7?0 = 9v. Since polynomials in T factor as polynomials do (5.17),
T? — 91 = (T — 3I)(T + 3I), so with w = (T + 3I)v we get (T — 31w = 0.

(i) w = 0: then Tv = —3v with v # 0, so —3 is an eigenvalue of T'.

(ii) w # 0: then Tw = 3w, so 3 is an eigenvalue of T

Problem 5B.2. Suppose V is a complex vector space and T € £(V') has no eigenvalues. Prove that
every subspace of V' invariant under T is either {0} or infinite-dimensional.

Solution. Suppose some invariant U were nonzero and finite-dimensional. Invariance makes T'|yy € L(U),
and U is a nonzero finite-dimensional complex vector space, so by 5.19 there is v € U with v # 0 and

Tu= (T|y)u=Au

for some A € C. Then A is an eigenvalue of 7', contradicting the hypothesis.

Problem 5B.3. Suppose n is an integer with n > 1 and 7" € L(F") is defined by
T(x1,...,xp) = (T1+ -+ Tpy.. o, 1+ -+ xp).

(a) Find all eigenvalues and eigenvectors of T'.
(b) Find the minimal polynomial of 7.
[The matrix of 7" with respect to the standard basis of F™ consists of all 1’s.]
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Solution. (a) The eigenvalues are 0 and n; the eigenvectors for 0 are the nonzero x with 1+ - -4z, = 0,
and those for n are the nonzero multiples of 1 = (1,...,1).

Writing s(x) = 1 + - -+ + xy, the definition of T" says Tx = s(z)1. Hence Tz = 0 iff s(x) = 0, and
since s is a surjective linear functional, 3.21 gives

dimnullT =n—-12>1,

so 0 is an eigenvalue with the stated eigenvectors. Also 71 = nl with 1 # 0. If Tx = Az with z # 0
and \ # 0, then x = A7 1s(2)1 = ¢l with ¢ # 0, and applying T gives Acl = cnl, so A = n.
(b) The minimal polynomial is 22 — nz. For every z € F",

T?z = s(z)T1 =ns(z)1 =nTz,

so T? — nT = 0 and the minimal polynomial divides z(z — n) by 5.29. By 5.27(a) its zeros are the
eigenvalues 0 and n, which are distinct because n > 1; hence its degree is at least 2, and being monic
of degree 2 it equals 22 — nz.

Problem 5B.4. Suppose F = C, T € L(V), p € P(C) is a nonconstant polynomial, and o € C.
Prove that « is an eigenvalue of p(T) if and only if a = p()) for some eigenvalue A of T

Solution. Suppose first a = p(\) with Tv = \v, v # 0. Then T*v = M\*v for every k > 0, so writing
p(z) =ao+ a1z + -+ apz™,

p(T)v = iakav = (i ak)\k)v =p(A\)v = aw,
k=0 k=0

and v # 0, so « is an eigenvalue of p(T).

Conversely, suppose « is an eigenvalue of p(T'), and set ¢(z) = p(z) — a. Then ¢ is nonconstant, say
degq = degp =m > 1, so 4.13 factors it as q(z) = c(z — A1) - - - (z — A\yp,) with ¢ # 0. Because r — r(T)
preserves products (5.17),

p(T) = al = g(T) = ¢ (T = MI) - (T = Anl).

The left side is not injective, and a composition of injective operators is injective, so T' — A\;I fails to
be injective for some j; that is, A; is an eigenvalue of T'. Since ¢q()\;) = 0, we get a = p(};).

Problem 5B.5. Give an example of an operator on R? that shows the result in Exercise 4 does not
hold if C is replaced with R.

Solution. Take T(x,y) = (—y,r) on R? p(z) = 2%, and a = —1.

Then T?(x,y) = T(~y,r) = —(z,y), so p(T) = T? = —I and o = —1 is an eigenvalue of p(T"). But T
has no eigenvalues: T(z,y) = A\(x,y) says —y = Az and & = Ay, whence (A2 + 1)y = 0, so y = 0 and
then x = 0 (as A2 + 1 > 0 for real \). Hence no eigenvalue \ of T satisfies a = p()\), and Exercise 4
fails over R.

Problem 5B.6. Suppose T € L(F?) is defined by T(w, z) = (—2,w). Find the minimal polynomial
of T

Solution. The minimal polynomial of T is 22 + 1, for F = R and for F = C. Indeed
T2(U}, Z) = T(—Z,U)) = _(w7 Z)v

so T? + I = 0 and the minimal polynomial divides z? 4+ 1 by 5.29. It is not 1 (which gives I # 0) nor
of the form z — ¢, since T'(1,0) = (0, 1) is not a multiple of (1,0), so T # cI. Hence its degree is 2 and
it equals 22 + 1.
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Problem 5B.7. (a) Give an example of S, T € L(F?) such that the minimal polynomial of ST does
not equal the minimal polynomial of T'S.

(b) Suppose V is finite-dimensional and S,7T € L(V). Prove that if at least one of S, T is invertible,
then the minimal polynomial of ST equals the minimal polynomial of T'S.

[Hint: Show that if S is invertible and p € P(F), then p(T'S) = S~p(ST)S]

Solution. (a) Take S(w, z) = (z,0) and T(w, z) = (w,0). Then
(ST)(w, z) = S(w,0) = (0,0), (TS)(w,z) =T(z,0) = (z,0),

so ST = 0, with minimal polynomial z, while T'S # 0 (it sends (0,1) to (1,0)) satisfies (T'S)?(w, z) =

(T'S)(2,0) = 0. Thus 2% annihilates 7.S and no degree-1 monic polynomial does (T'S = cI applied to

(1,0) forces ¢ = 0, hence T'S = 0), so the minimal polynomial of TS is 2% # 2.

(b) The statement is symmetric in S and 7', so assume S is invertible. For every integer k > 0,
SHST)kS = (STLS)(TS)k = (TS)F,

by regrouping the 2k alternating factors (the case k = 0 being S™'IS = I). Hence, for p(z) =

ag + -+ + a,z™, linearity of A — S~1AS gives the hint:

p(TS) = f: apSTH(ST)FS = S~1p(ST)S.
k=0

Since S is invertible, p(T'S) = 0 if and only if p(ST') = 0; so ST and T'S are annihilated by exactly the
same polynomials. As V is finite-dimensional, each has a minimal polynomial, namely the unique monic
polynomial of smallest degree in that common set (5.22), so the two minimal polynomials coincide.

Problem 5B.8. Suppose 7' € £(R?) is the operator of counterclockwise rotation by 1°. Find the
minimal polynomial of T'.

[Because dimR? = 2, the degree of the minimal polynomial of T is at most 2. Thus the minimal
polynomial of T is not the tempting polynomial 2'¥ + 1, even though 7180 = —1]

Solution. The minimal polynomial of T is
22 — (2cos &) z+ 1.

Write § = m/180. With respect to the standard basis of R?,

sin@ cosf

M(T) = (cose —sin6> 7

which in the notation of Exercise 11 has a = d = cos 0, b = sinf, and ¢ = —sinf. Here b = sin g5 # 0,
so Exercise 11(b) puts us in the second case and the minimal polynomial is
22— (a+d)z+ (ad — be) = 22 — (2cos0)z + (cos® 6 + sin? §),

which is the polynomial displayed above.

Problem 5B.9. Suppose T' € L(V) is such that with respect to some basis of V, all entries of the
matrix of 7" are rational numbers. Explain why all coefficients of the minimal polynomial of T" are
rational numbers.

Solution. Let n = dimV and let A = M(T) with respect to the given basis, so that A and all its
powers have rational entries and, since M is injective, linear, and multiplicative (3.43), a polynomial
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q satisfies ¢(T') = 0 if and only if g(A) = 0. Let p be the minimal polynomial of 7" and m = degp. The
point is that F is R or C, not Q, so the following bridge is needed.

Lemma. If B is a rational matrix with & columns and Bz = 0 has a nonzero solution in F¥, then it
has one in QF. Indeed, row reducing B uses only rational scalars, so its reduced row echelon form R
is rational, and row operations are reversible and hence preserve the solution set over F and over Q
alike. Were every column of R a pivot column, Rx = 0 would force z = 0 over F; so some column is
free, and setting that free variable to 1, the other free variables to 0, and solving for the pivot variables
gives a nonzero solution in QF.

The rational n-by-n matrices form a Q-vector space of dimension n?, so I, A, ... ,A"2 are linearly
dependent over Q; let m’ < n? be smallest with I, A4, ..., A™ dependent over Q, say

bol +b1 A+ -+ by A" =0

with b; € Q not all 0. Minimality of m’ forces by, # 0, so dividing by it produces a monic g € P(Q)
of degree m’ with g(A) = 0 and hence ¢(T) = 0. By 5.29 the nonzero polynomial ¢ is a polynomial
multiple of p, so m’ > m.

For the reverse inequality, p(A) = 0 is an F-linear dependence among I, A, ..., A™; listing the entries
of these m + 1 rational matrices as the columns of a rational matrix B, it is a nonzero solution of
Bz =0 in F™*! so the Lemma yields a rational dependence among I, A, ..., A™ and thus m’ < m.

Hence m’ = m, and ¢ is monic of degree m with ¢(T) = 0, so ¢ = p by the uniqueness in 5.22. All
coefficients of p are therefore rational.

Problem 5B.10. Suppose V is finite-dimensional, T' € L(V'), and v € V. Prove that

span(v, Tv, ..., T"™) = span(v, Tv, ..., TV -1y)

for all integers m > dim V' — 1.

Solution. Let n = dimV and U = span(v, Twv,...,T" ). By Exercise 23, U is invariant under T’
since v € U, induction on k gives

TFv e U for every integer k > 0.
Now fix an integer m > n — 1. Then
U C span(v, Tv,...,T™v) C U,

the first inclusion because v, T, ..., T" v is a sublist of v, Tv,...,T™v, the second because U is a
subspace containing each T*v. Hence the two spans are equal.

Problem 5B.11. Suppose V is a two-dimensional vector space, T € L(V'), and the matrix of T with

b d
(a) Show that T2 — (a + d)T + (ad — be)I = 0.
(b) Show that the minimal polynomial of T" equals

respect to some basis of V' is (a C).

z—a ifb=c=0and a=d,
2?2 — (a+d)z + (ad — bc) otherwise.

Solution. (a) Because M is linear, injective, and multiplicative (3.43), it suffices to check the identity
for A = M(T), and multiplying out gives

42— <a2+cb ac+cd

ab + db bc+d2> = (a+d)A — (ad — be)l
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(compare the four entries). Hence T2 — (a + d)T + (ad — be)I = 0.

(b) Let p be the minimal polynomial of T and g(z) = 22 — (a +d)z + (ad — bc), so g is monic of degree
2 with g(T') = 0 by (a). Then degp > 1, since the constant polynomial 1 gives I # 0 (as dimV = 2).
Because M is injective, T'= Al holds if and only if b=c=0and a =d = A\

(i) If b=c =0 and a = d, then T' = al, so the monic degree-1 polynomial z — a annihilates 7', and
p(2) = z — a by the uniqueness in 5.22.

(ii) Otherwise T' is not a scalar multiple of I, so no monic polynomial of degree 1 annihilates T, forcing
degp = 2; since ¢ is monic of degree 2 with ¢(T") = 0, 5.22 gives

p(z) = 2* — (a+d)z + (ad — bc).

Problem 5B.12. Define T' € L(F") by T(z1,22,23,...,2,) = (z1,222,323,...,nzy,). Find the
minimal polynomial of T'.

Solution. The minimal polynomial of T is
n
z=1(=2)(=3)-(z—n) = [[(z - ).
j=1
For the standard basis eq,...,e, of F" the definition of T" reads T'e; = j e;, so Tkej = jkej and hence
q(T)ej = q(j)e; for every ¢ € P(F). As eq,...,e, is a basis,
q(T) =0 < q(j)=0foreach j=1,...,n.
Thus g(z) = (2 —1)--- (2 — n), monic of degree n, satisfies g(T") = 0. The minimal polynomial p has

the n numbers 1, ..., n among its zeros, which are distinct in F (= R or C), so degp > n by 4.8. Hence
degp = n, and p = g by the uniqueness in 5.22.

Problem 5B.13. Suppose V is finite-dimensional, T € £L(V'), and p € P(F). Prove that there exists
a unique r € P(F) such that p(T') = r(T") and degr is less than the degree of the minimal polynomial
of T

Solution. Take r to be the remainder on dividing p by the minimal polynomial ¢ of T' (which exists by
5.22), and set m = degg.
Existence: by 4.9 there are s,r € P(F) with p = ¢gs+r and degr < m, so applying this to T' and using
q(T) =0,

p(T) = q(T)s(T) + r(T) = r(T).
Uniqueness: if r1, 79 both qualify, then u = 1 — ro satisfies u(7T) = 0 and degu < m. By 5.29, u = gs

for some s € P(F); were s # 0 we would have degu = m + degs > m, a contradiction. Hence s = 0,
sou=0and ry = ro.

Problem 5B.14. Suppose V is finite-dimensional and 7' € £(V') has minimal polynomial 4 + 5z —
622 — 723 4+ 22% 4+ 2°. Find the minimal polynomial of T~!.

Solution. The minimal polynomial of 7~! is the reversal of p(z) = 4 + 5z — 622 — 723 + 22% + 2%, made
monic:
%+%z—£z2—%z3+§z4+25.
(Here T is invertible by 5.32, the constant term 4 of p being nonzero.)
Reversal lemma: if S is invertible, u(z) = by + - - - + bp2" satisfies u(S) = 0, and @(2) = by + bp_12 +
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.o+ + boz*, then

k k
WS =) e ST =85> b ;88
j=0 j=0

k
=S7FY 58" = S7Fu(9) = 0.
=0

Applied with S = T and u = p, it gives p(T~!) = 0 for p(z) = 1+ 2z — 722 — 623 + 52* + 425; dividing
by 4, the monic degree-5 polynomial g = %ﬁ displayed above satisfies g(T~!') = 0, so the minimal
polynomial G of T~! has degree k < 5.

Conversely, T~ is invertible, so the constant term of § is nonzero by 5.32; hence cf has degree exactly
k, and the lemma with S = T~ gives é(T ) = 0. By 5.29 this nonzero polynomial is a multiple of p, so
k > degp = 5.

Thus k = 5, and g is monic of degree 5 with g(T~!) = 0, so g = ¢ by the uniqueness in 5.22.

Problem 5B.15. Suppose V is a finite-dimensional complex vector space with dimV > 0 and
T € L(V). Define f: C — R by

f(A) = dimrange(T — \I).

Prove that f is not continuous.

Solution. The function f fails to be continuous at any eigenvalue Ag of T', one of which exists by 5.19
because V is a nonzero finite-dimensional complex vector space.
Write n = dim V. By 3.21,

f(A) =n —dimnull(T — A\I),

so f(A) = n when X is not an eigenvalue (then 7' — AI is injective) while f(Ag) < n — 1. By 5.12 the
set of eigenvalues of T is finite, so for each k£ > 1 the infinite punctured disk {\ : 0 < |A — X\o| < 1/k}
contains some Ay that is not an eigenvalue. Then A\, — A\g and

Jim f(Ak) =n>n—1> f(h),

so f is not continuous.

Problem 5B.16. Suppose ag,...,a,—1 € F. Let T be the operator on F” whose matrix (with
respect to the standard basis) is

0 —ag
1 0 —aq
1 —an

0 —ap—2

1 —apn—a

Here all entries of the matrix are 0 except for all 1’s on the line under the diagonal and the entries
in the last column (some of which might also be 0). Show that the minimal polynomial of T is the
polynomial

ag+ a1z 4+ an_12" 1 + 2"

The matrix above is called the companion matrix of the polynomial above. This exercise shows
that every monic polynomial is the minimal polynomial of some operator. Hence a formula or an
algorithm that could produce exact eigenvalues for each operator on each F" could then produce
exact zeros for each polynomial [by 5.27(a)]. Thus there is no such formula or algorithm. However,
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efficient numerical methods exist for obtaining very good approximations for the eigenvalues of an
operator.

Solution. Write p(z) = ag + a1z + -+ + a,_12""! + 2". Reading the columns of the displayed matrix
against the standard basis ey, ..., ey,

Tej=ejr1 (1<j<n—-1), Te, = —ape1 — *** — Qp—1€n,

so induction gives T%e; = ext1 for k=0,1,...,n—1.
Hence, rewriting each ej4; as T%e; in the formula for Te,,,

Tre1 =Te, = —(aoel +a1Te; +---+ an—lTn_lel),
that is, p(T)er = 0. Since e; = T?~'e; and powers of T commute with p(7T),
p(T)e; =T (p(T)e1) =0 (j=1,...,n),

so p(T) = 0.
No monic ¢ of degree m < n annihilates T: writing q(z) = by + -+ + bp_12™ "' 4+ 2™ and using
Tke, =epp1 fork<m<n—1,

q(T)er = boer +brea + -+ - + byp—16m + €mq1 # 0,

since the coefficient of e,, 1 in this combination of the linearly independent list eq, ..., epn11 is 1.
So the minimal polynomial has degree n, and being monic of degree n with p(T') = 0, it equals p by
the uniqueness in 5.22.

Problem 5B.17. Suppose V is finite-dimensional, 7' € £(V'), and p is the minimal polynomial of
T. Suppose A € F. Show that the minimal polynomial of T" — Al is the polynomial ¢ defined by

q(z) = p(z + A).

Solution. Everything follows from one shift lemma: for A € L(V), u € F, and r € P(F) monic of
degree m, the polynomial r,(2) = 7(z 4 u) is again monic of degree m, and r,(A) = r(A + ul).
Indeed, write r(2) = co + -+ + ¢m2™ with ¢,, = 1. Expanding r, = Y, cx(z + p)* by the binomial
theorem, the only degree-m contribution is ¢,,z™ = 2™, which gives the first assertion. For the second,
7, = > cks® where s(z) = z + p, and since r > r(A) is linear (5.14) and multiplicative (5.17(a)), so
that (s%)(A) = (A + ul)*,

ru(A) =3 cp(A+ p)F =r(A+ pul).
k=0

Now put m =degp and S =T — A\I. Since ¢ = p), the lemma makes ¢ monic of degree m with
q(S) = p(§+ M) = p(T) = 0.
Hence the minimal polynomial ¢ of S has m’ = degq < m. Conversely, ¢_ is monic of degree m’ and
G-A(T) = q(T = M) = 4(S) = 0,

so minimality of degp (5.22) gives m < m/. Thus m’ = m, and ¢ and ¢ are monic of the same degree
m annihilating S, so ¢ = ¢ by the uniqueness in 5.22.

Problem 5B.18. Suppose V is finite-dimensional, T' € £(V'), and p is the minimal polynomial of
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T. Suppose A € F \ {0}. Show that the minimal polynomial of AT is the polynomial ¢ defined by

q(z) = Adegpp(;) :

Solution. As in Exercise 17, one scaling lemma does all the work: for A € L(V), p € F\ {0},
and r € P(F) monic of degree m, the polynomial r*/(z) = p™r(z/u) is monic of degree m and
rli(pA) = pmr(A).

Indeed, with 7(z) = co + -+ - + 2™ and ¢, = 1,

m m
) = S ik = 3 R,
k=0 k=0

whose coefficient of 2™ is ¢, = 1; and since (uA)* = p* A,

m

Wl (pA) =3 eun™ kAR = e (a).
k=0

Let m = degp, so the exercise’s ¢ is pl", monic of degree m with ¢(AT) = X"p(T) = 0. Hence the
minimal polynomial § of AT has m’ = deg ¢ < m by 5.22. Conversely, applying the lemma with p = 1/\
and A = AT, the polynomial G/* is monic of degree m’ and, since %()\T) =T,

qMN(T) = "™ G(AT) = 0,

so minimality of degp gives m < m/. Thus m’ = m, and ¢ = ¢ by the uniqueness in 5.22.

Problem 5B.19. Suppose V is finite-dimensional and 7" € L£(V). Let £ be the subspace of L(V)
defined by

E={q(T):qeP(F)}.

Prove that dim £ equals the degree of the minimal polynomial of 7.

Solution. The list I,T,...,T™ ! is a basis of £, where p is the minimal polynomial of T"and m = degp;
hence dim & = m.

Each T* lies in & (take q(z) = z¥). The list spans: given ¢ € P(F), divide by p using 4.9 to get
q = ps +r with degr < m, so by 5.17(a) and p(T") = 0,

9(T) = p(T)s(T) +r(T) = 1(T) = bol + 01T + -+ by T,
writing r(2) = by + - -+ + bp_12™ L.
The list is linearly independent: if col + --- + ¢, 1T™ 1 = 0 with some ¢; # 0, let j be the largest
index with ¢; # 0; dividing by ¢; gives

co Ci1 +_ .
T(z):7+...+]7231+zj’
Cj Cj

a monic polynomial of degree j < m — 1 with »(7T") = 0, contradicting the minimality of degp in 5.22.

Problem 5B.20. Suppose T' € £(F*) is such that the eigenvalues of T are 3,5,8. Prove that

(T — 30)%(T — 51)*(T — 8I)? = 0.

Solution. It suffices to show that 7(z) = (z —3)%(z —5)?(z — 8)? is a polynomial multiple of the minimal
polynomial p of T, since then r(T') = 0 by 5.29, and »(T) = (T — 3I)*(T — 5I)*(T — 81)? by 5.17(a).
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By 5.22, degp < dimF* = 4, and by 5.27(a) the zeros of p are exactly the eigenvalues 3,5, 8. Factoring
these out one at a time by 4.6 (legitimate because each successive monic quotient is nonzero and vanishes
at the next of the three numbers: writing p(z) = (2 —3)q(z), the equation 0 = p(5) = (5 —3)q(5) forces
q(5) = 0, and similarly at 8) gives

p(z) = (2 = 3)(z = 5)(z — 8) t(2)

with ¢ monic and degt = degp — 3 < 1.

(i) degt = 0: then p(z) = (2 — 3)(z — 5)(z — 8) and r(2) = p(2)(z — 3)(z — 5)(z — 8).

(ii) degt = 1: then t(z) = z — ¢ with ¢ a zero of p, so ¢ € {3,5,8} by 5.27(a). Writing d, e for the other
two members of {3, 5,8},

p(2) = (z =Pz =d)(z—e),  r(2) =p(2) (z = d)(z ).

Problem 5B.21. Suppose V is finite-dimensional and 7' € L(V'). Prove that the minimal polynomial
of T has degree at most 1 + dimrangeT'.

If dimrangeT < dim V' — 1, then this exercise gives a better upper bound than 5.22 for the degree
of the minimal polynomial of T

Solution. Put U = range T, which is invariant under T' (if uw € U then Tu € rangeT = U), and let ¢ be
the minimal polynomial of T'|;y € L(U), so that ¢ is monic with degq < dim U by 5.22.
Because U is invariant, induction on k gives T%u = (T|7)*u for all u € U and k > 0, hence

qT)u=q(T|y)u=0 for all u € U.

Now s(z) = zq(z) is monic with degs =1+ degqg <1+ dimU, and s(T) = ¢(T") T by 5.17(a), so for
every v € V,
s(T)v = ¢(T)(Tv) = 0,

the last step by the previous display, since Tv € U. Thus s is a monic polynomial annihilating T, so
by the minimality in 5.22 the minimal polynomial p of T" satisfies

degp < degs < 1+ dimrangeT.

Problem 5B.22. Suppose V is finite-dimensional and T" € L£(V'). Prove that T is invertible if and
only if I € span(T,T2,...,T9™V),

Solution. Let n = dim V.
Suppose T is invertible, and let p(z) = co + c12 + - - + ¢m_12™ ! + 2™ be its minimal polynomial, so
m < n by 5.22 and ¢y # 0 by 5.32. Dividing p(T") = 0 by ¢ and rearranging,

C1 Cm—1 _ 1
I=——=T—...-2—pm-l_ —pm
Co €o €o

which lies in span(T,T2,...,T") because m < n. (If m = 0 then p = 1 forces [ = 0 and V = {0},
where I lies in every span.)

Conversely, suppose I = a1T + asT? + - -+ a,T" and set S = a1 + asT + - - - + a, T . Powers of T
commute, so factoring T' out on either side gives

TS =S8T =a T+ ayT?+ -+ + a,T" =1,

so S is an inverse of 7.
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Problem 5B.23. Suppose V is finite-dimensional and 7" € £(V). Let n = dimV. Prove that if
v € V, then span(v, T, ..., T" 'v) is invariant under 7.

Solution. Put U = span(v,Tv, ..., T" 'v). Since T(T*v) = T**'v € U for k < n — 2, the only point
to prove is T™v € U.
Let m be the smallest nonnegative integer with T""v € W, where

W = span(v, T, ..., T™ v).

Such an m < n exists: the list v,Tv,...,T™v has length n + 1 > dim V/, so it is linearly dependent by
2.22, and then 2.19 puts one of its terms in the span of the preceding terms.

Now W is invariant under 7' for j < m—2 we have T(T7v) = T?*1v € W, while T(T™ ) = T™v € W
by the choice of m. Since v € W (when m = 0, W = {0} and v = 0), induction gives T*v € W for
every k > 0.

(i) m < n —1: then W C U because the spanning list of W is a sublist of that of U, and U C W by
the previous display, so U = W is invariant under T'.

(ii) m = n: minimality of m together with 2.19 makes v, Tv,...,T" 'v linearly independent, hence a
basis of V' by 2.38 (its length is n = dim V'), so U = V is invariant under 7.

n

Problem 5B.24. Suppose V is a finite-dimensional complex vector space. Suppose T € L(V) is such
that 5 and 6 are eigenvalues of T and that T has no other eigenvalues. Prove that (7 —57)dmV=1(7—
6I)dim V-1 _ 0.

Solution. Let n = dim V and let p be the minimal polynomial of T', so degp < n by 5.22. Since F = C,
part (b) of 5.27 factors p into linear factors, and by part (a) its zeros are exactly the eigenvalues 5 and

6; hence '
p(z)=(2=5Y(z=6)"  jk>1 j+k=degp<n.

Therefore 7 <n —1 and k <n — 1, so the exponents below are nonnegative and
(z=5)" "z =6)""" =p(z) (= 5)" I (z = 6)" 1",

Being a polynomial multiple of p, this polynomial evaluates to 0 at T by 5.29, that is, (T —5I)" (T —
61)"~1 = 0.

Problem 5B.25. Suppose V is finite-dimensional, 7' € L(V), and U is a subspace of V that is
invariant under T'.
(a) Prove that the minimal polynomial of T is a polynomial multiple of the minimal polynomial of
the quotient operator T'/U.
(b) Prove that

(minimal polynomial of T'|¢y) X (minimal polynomial of T'/U)

is a polynomial multiple of the minimal polynomial of T'.
[The quotient operator T'/U was defined in Exercise 38 in Section 5A.]

Solution. Two computations drive both parts. Since (T'/U)(v 4+ U) = Tv + U (Exercise 38 in Section
5A), induction gives (T/U)*(v + U) = T*v + U, so by linearity of the quotient map (3.104),

qT/U)w+U)=q(T)o+U (¢ P(F), veV) (¥
Likewise T*u = (T|y)*u for v € U (induction, using invariance of U), so
((Tu=q(Tly)u (¢ €P(F), ucl). ()

Both T'| and T'/U have minimal polynomials by 5.22, since U and V' /U are finite-dimensional (3.105).
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(a) Let p be the minimal polynomial of T'. By (x), for every v € V,
p(T/U)(v+U)=p(T)v+U=0+U,
so p(T/U) = 0 and 5.29, applied to T/U, makes p a polynomial multiple of the minimal polynomial of
Zl;/)UI;et r and s be the minimal polynomials of T'|;; and T /U. By 5.29 it suffices to prove (rs)(T") = 0.
Fix v € V. Applying (%) with ¢ = s and using s(T'/U) = 0 gives s(T)v € U, so (xx) yields
(rs)(T)v =r(T)(s(T)v) = r(T|v)(s(T)v) =0,

the first equality by 5.17 and the last because r(T'|y) = 0.

Problem 5B.26. Suppose V is finite-dimensional, T' € L(V), and U is a subspace of V that is
invariant under 1. Prove that the set of eigenvalues of 1" equals the union of the set of eigenvalues
of T'|yy and the set of eigenvalues of T'/U.

Solution. Let p, r, s be the minimal polynomials of T, T'|y, T/U (all exist by 5.22, as V, U, V /U are
finite-dimensional), and write Z(q) for the set of zeros of ¢ in F. By 5.27(a) these zero sets are the
respective sets of eigenvalues, so it suffices to prove Z(p) = Z(r) U Z(s).

By 5.31 and by Exercise 25(a), p is a polynomial multiple of r and of s; hence every zero of r or of s
is a zero of p, giving Z(r) U Z(s) C Z(p).

Conversely, Exercise 25(b) gives rs = pk for some k € P(F), so if A € Z(p) then

and F has no zero divisors, so 7(A) = 0 or s(\) = 0. Hence Z(p) C Z(r)U Z(s).

Problem 5B.27. Suppose F = R, V is finite-dimensional, and 7' € £(V'). Prove that the minimal
polynomial of T equals the minimal polynomial of T'.
[The complexification T was defined in Exercise 33 of Section 3B.]

Solution. Let p € P(R) be the minimal polynomial of T. A basis v1,...,v, of V over R is also a
basis of Vo over C (Check!, using u +iv = >_,(a; + ib;j)v; and coordinatewise equality), so Vg is
finite-dimensional and T¢ has a minimal polynomial ¢ € P(C) by 5.22. We show p and ¢ are multiples
of each other.
For g € P(R),

9(Tc)(u+iv) =g(Mu+ig(Tv  (wveV), (1)

since (Tc)¥(u + iv) = T*u + iT*v by induction and a(x + iy) = ax + iay for real a.

Taking g = p in (}) gives p(T¢) = 0, so p is a polynomial multiple of ¢ by 5.29.

Conversely, write ¢ = q1 + iq2 with ¢1,q2 € P(R) (real and imaginary parts of the coefficients). For
u €V, (1) applied to ¢; and g2 gives

0=q(Tc)(u+1i0) = q(T)u +ig(T)u,

and equality in Vg =V x V is coordinatewise, so ¢1(T') = ¢2(T") = 0. By 5.29 each g; is a polynomial
multiple of p, say ¢; = pg;j, whence ¢ = p(g1 + ig2).

Thus ¢ = ph and p = qg, so p = phg; as p # 0, h is a nonzero constant, and comparing leading
coefficients of the monic p and ¢ gives h = 1. Hence ¢ = p.

Problem 5B.28. Suppose V is finite-dimensional and 7' € L(V'). Prove that the minimal polynomial
of T" € L(V') equals the minimal polynomial of T

121



[The dual map 7" was defined in Section 3F.]

Solution. The two minimal polynomials agree because T and T” are annihilated by exactly the same
polynomials. (Both exist: dim V' = dim V' < oo by 3.111, so 5.22 applies to each.)
First, (T*) = (T')* for every integer k > 0: for k = 0 this is I’(¢) = po I = ¢, and inductively
3.120(c) gives
(Tk—l—l)/ — (TkT)/ — T/ (Tk)/
=T/(T')F = (7).

Since S ++ S’ is linear by 3.120(a) and 3.120(b), applying this termwise to g(z) = ag + a1z + - - - + agz?

yields (g(T))/ = g(T") for every g € P(F).
Next, S = 0 if and only if S” = 0, because dimrange S’ = dimrange S by 3.130(a) and an operator
vanishes exactly when its range has dimension 0. Combining the two facts,

9(T) =0 < (9(1)) =0 < ¢(T') =0.

So if p and p are the minimal polynomials of T"and 7", then p(T") = 0 gives degp < degp and p(T) =0
gives degp < degp. Thus p is monic of degree degp with p(T") = 0, so p = p by the uniqueness in 5.22.

Problem 5B.29. Show that every operator on a finite-dimensional vector space of dimension at
least two has an invariant subspace of dimension two.
[Exercise 6 in Section 5C will give an improvement of this result when F = C|

Solution. Take W = span(w,Tw), where w = h(T)v for the vector v and the factorization ¢ = gh
produced below.

(i) If T'= A1, every subspace of V' is invariant under 7', and dim V' > 2 supplies a two-dimensional one.
(ii) Otherwise some v € V has v, T'v linearly independent. For if not, then every nonzero u € V satisfies
Tu = A\yu for some A\, € F (in a dependence au + bTu = 0 we must have b # 0, else u = 0), and all
these scalars agree: if w = tu with ¢ # 0, then A\,w = tA,u = A\yw, while if u, w is linearly independent,
then comparing coefficients in Ay u + Ayrpw = Ayt + Ayw gives Ay = Ayqpw = Ay Thus T = A, a
contradiction.

Fix such a v and let ¢ be the monic polynomial of smallest degree m with ¢(7")v = 0, which exists by
Exercise 7(a) in Section 5C. Minimality gives the consequence, used twice below, that r(7)v = 0 with
degr < m forces r = 0 (otherwise divide r by its leading coefficient). Also m > 2, since m = 0 would
give v = Iv = 0 and m = 1 would give T'v = Av, contradicting the independence of v, T'v.

Any monic ¢ with deggq = m > 2 factors as ¢ = gh with g, h monic, degg = 2 and degh = m — 2: over
C let g be the product of the first two linear factors supplied by 4.13, and over R let g be a quadratic
factor 2 + bix + ¢1 supplied by 4.16 if one occurs there and otherwise the product of two of the m
linear factors. Write g(z) = 2% + bz + c.

Then w = h(T)v # 0, since h is monic of degree m — 2 < m, hence nonzero. By 5.17,

g(T)w = (gh)(T)v = q(T)v =0, S0 T?w = —bTw — cw,
whence W = span(w, Tw) is invariant under T', because
T(oaw + fTw) = (—fc)w + (a — Bb) Tw € W.
Finally dim W = 2: otherwise W = span(w) with w # 0, so Tw = Aw for some A € F, and then

r(z) = (2 — AM)h(z) is monic of degree m — 1 with »(T)v = (T'— AI)w = 0 by 5.17, contradicting the
minimality of m.
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5.3 Exercises 5C

Problem 5C.1. Prove or give a counterexample: If 7' € £(V) and T2 has an upper-triangular
matrix with respect to some basis of V, then T has an upper-triangular matrix with respect to some
basis of V.

Solution. False: take F = R, V = R?, and T(z,y) = (—y, ), rotation by 90 degrees.
Then T?(x,y) = T(—y,z) = (—x, —y), so T? = —I, whose matrix with respect to every basis of R? is

-1 0
(0 4),
which is upper triangular.
But T has no eigenvalue: if T(x,y) = A(z,y), then —y = Az and © = )y, so = —\2z, hence
(1+X2)x =0 and x = 0, and then y = —\z = 0 too. Were the matrix of T with respect to some basis
upper triangular, its diagonal entries would be eigenvalues of T' by 5.41, a contradiction.

Problem 5C.2. Suppose A and B are upper-triangular matrices of the same size, with aq,...,a,
on the diagonal of A and (1, ..., 3, on the diagonal of B.
o (a) Show that A 4+ B is an upper-triangular matrix with oy + 1, ..., o, + B, on the diagonal.
o (b) Show that AB is an upper-triangular matrix with «;f1, ..., a, 8, on the diagonal.
[The results in this exercise are used in the proof of 5.81.]

Solution. Both claims are entrywise consequences of A, = Bj;;, = 0 whenever j > k (5.38), with
Ak = oy and By = By

(a) (A4 B)jr = Ajr + Bjj, which is 0 when j > k and equals oy, + (1, when j = k.

(b) By 3.41, (AB)x = > .1y AjrBrj, and a nonzero term forces A, # 0 and B, ;, # 0, hence

J<r<k.

If j > k, no such r exists, so (AB),; = 0; if j = k, the only such r is k, so (AB)pr = ApxBrr = arS-

Problem 5C.3. Suppose T' € L(V) is invertible and vy, ..., v, is a basis of V' with respect to which
the matrix of T is upper triangular, with Aq,...,\, on the diagonal. Show that the matrix of 7!

is also upper triangular with respect to the basis v1, ..., v,, with
1 1
N

on the diagonal.

Solution. Fach A # 0, because T is invertible and hence injective, so 0 is not an eigenvalue of T', while
by 5.41 the eigenvalues of T are exactly A1,..., \,.

Fix k and set Uy = span(vy,...,vx), which is invariant under T by 5.39. Injectivity of 7' makes the
operator 7’|y, on the finite-dimensional space Uy injective, hence surjective by 3.65, so T'(Uy) = Uy.
Applying T—! to v, € Uy = T(Uy,) therefore gives

T~ vy, € span(vy, ..., v;) for each k,

so the matrix of T~! with respect to vi,...,v, is upper triangular by the implication (c) = (a) of
5.39.
Let u1, ..., un be its diagonal entries. By 3.43 (all three bases equal to v1,...,v,),

M(T)M(T™H) = M(TT™) = M(I),

whose diagonal entries all equal 1, while Exercise 2(b) says that diagonal is A\jp1, ..., \ppyn. Hence
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At = 1, that is, pp = 1/ .

Problem 5C.4. Give an example of an operator whose matrix with respect to some basis contains
only 0’s on the diagonal, but the operator is invertible.

[This exercise and the exercise below show that 5.41 fails without the hypothesis that an upper-
triangular matrix is under consideration. ]

Solution. Take T € L(F?) with T(x,y) = (y,z). With respect to the standard basis e1, ea,

m = (1 5).

whose diagonal entries are both 0, yet T'(T(z,y)) = T(y,z) = (z,y), so T? = I and T is invertible
with 771 =T.

Problem 5C.5. Give an example of an operator whose matrix with respect to some basis contains
only nonzero numbers on the diagonal, but the operator is not invertible.

Solution. Take T € L(F?) with T'(z,y) = (z +y, = +y). With respect to the standard basis e, ez,

Mo = (1 1),

whose diagonal entries both equal 1, yet T'(1, —1) = (0,0) with (1,—1) # 0, so T" is not injective and
hence not invertible.

Problem 5C.6. Suppose F = C, V is finite-dimensional, and 7" € L(V). Prove that if k €
{1,...,dim V}, then V has a k-dimensional subspace invariant under 7'

Solution. Take U = span(vy,...,vx), where vi,...,v, is a basis of V' with respect to which 7" has an
upper-triangular matrix, supplied by 5.47 because V' is a finite-dimensional complex vector space.
Then U is invariant under 7" by the implication (a) = (b) of 5.39, and vy, ..., v; is a linearly inde-
pendent spanning list of U, being a sublist of a basis; hence dim U = k.

Problem 5C.7. Suppose V is finite-dimensional, T € L(V), and v € V.
o (a) Prove that there exists a unique monic polynomial p,, of smallest degree such that p,(T)v = 0.
o (b) Prove that the minimal polynomial of 7" is a polynomial multiple of p,,.

Solution. (a) Take p, to be a member of smallest degree m of
S ={qe€P(F):qis monic and ¢(T)v =0},

which exists because S contains the minimal polynomial p of T' (as p(T') = 0 by 5.22, V' being finite-
dimensional), so {degq : ¢ € S} is a nonempty set of nonnegative integers.

For uniqueness, suppose g € S also has degree m. The leading terms of the two monic polynomials
cancel, so p, —q = 0 or deg(p, — q) < m, and (p, — ¢)(T")v = 0 by the linearity of r — r(T) (5.14).
Were p, — q # 0 with leading coefficient ¢, the polynomial ¢=!(p, — q) would lie in S with degree less
than m, contradicting minimality. Hence ¢ = p,.

(b) Since p, # 0, the division algorithm 4.9 gives p = sp, +r with degr < degp,. Applying both sides
to v, using 5.14 and 5.17(a) together with p(7") = 0 and p,(T)v =0,

0=p(T)v=s(T) (pv(T)v) +7r(T)v =r(T)v.
If 7 # 0 with leading coefficient ¢, then ¢! is monic of degree degr < degp, with (c~'7)(T)v = 0,
contradicting (a). Sor =0 and p = sp,.
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Problem 5C.8. Suppose V is finite-dimensional, 7" € L£(V'), and there exists a nonzero vector v € V/
such that T?v 4 2Tv = —2v.

(a) Prove that if F = R, then there does not exist a basis of V' with respect to which 7" has an
upper-triangular matrix.

(b) Prove that if F = C and A is an upper-triangular matrix that equals the matrix of 7' with respect
to some basis of V', then —1 44 or —1 — i appears on the diagonal of A.

Solution. Both parts run through the nonzero T-invariant subspace U = span(v, Tv), on which S = T'|¢y
satisfies S? + 25 + 21y = 0.

The hypothesis reads (T2 + 27 + 2I)v = 0 with v # 0, so T(Tv) = —2Tv — 2v € U and U is invariant
under T'; moreover T2 + 2T + 21 also kills Tv (it commutes with T'), hence kills all of U, which is the
displayed identity. So if p € F is an eigenvalue of S, with eigenvector u # 0, then

0=(S?+2S +2Iy)u = (4> + 2 + 2)u,

so (u+1)2=—1.
In either part, an upper-triangular matrix for T with diagonal Ay, ..., A, gives (T'—A1I) --- (T—=A\, 1) =0
by 5.40; since U is invariant under 7" and hence under each T' — A\ I, restricting to U yields

(S — MIy) - (S — AIyr) = 0.

(a) F = R: no real u satisfies (1 + 1) = —1, so S has no eigenvalue and every factor S — \gIy is
injective by 5.7. Then the composition is injective, so the display forces U = {0}, contradicting v # 0.
(b) F = C: here (u+1)? = —1 forces p = —1+1i or u = —1 —i. Since U # {0}, the composition in the
display is not injective, so some factor S — Agly is not injective; by 5.7 that Ag is an eigenvalue of S,
hence equals —1 + ¢ or —1 — ¢, and it lies on the diagonal of A.

Problem 5C.9. Suppose B is a square matrix with complex entries. Prove that there exists an
invertible square matrix A with complex entries such that A~'BA is an upper-triangular matrix.

Solution. Take A = M(I, (ugy. .. up), (€1,..., en)), the change-of-basis matrix described below.

Say B is n-by-n, let e1,...,e, be the standard basis of C™, and let T' € L(C") be the operator with
Te, = Z;‘:l Bjej, so that M(T, (61,...,6n)) = B. Because C" is a finite-dimensional complex
vector space, 5.47 provides a basis uq, ..., u, of C" for which

C:M(T’ (ul,...,un))

is upper triangular.
This A is invertible: with A’ = M(I, (e1,...,en), (ug,... ,un)), the product formula 3.81 gives AA" =
M(I, (e),(e)) and A’A = M(I,(u), (u)), both the identity matrix. The change-of-basis formula 3.84
then gives

A71BA = C,

which is upper triangular.

Problem 5C.10. Suppose T' € L(V) and vy,...,v, is a basis of V. Show that the following are
equivalent.

(a) The matrix of 7" with respect to vy,...,v, is lower triangular.

(b) span(vg, . ..,vy,) is invariant under T for each k = 1,...,n.

(¢) Tvy € span(vg,...,vy,) for each k=1,...,n.

[A square matrix is called lower triangular if all entries above the diagonal are 0.]

Solution. Write A = M (T, (v1,...,vy)), so that Tvy, = Y"1 | A; yv;, and prove (a) = (b) = (c) = (a).
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(a) = (b). Lower triangularity says A; ; = 0 whenever ¢ < j, so

Tvj € span(vy, ..., vp)
C span(vg, ..., vp) for j > k.
Thus T' maps each vector of the spanning list vy, . . ., v, into span(vg, ..., v, ), hence maps that subspace
into itself.
(b) = (c). vy lies in span(vg, ..., vy,), which is invariant under T'.
(c) = (a). Writing T'vj, as a combination of v, ..., v, alone says A; ;, = 0 for all i < k, so every entry

of A above the diagonal is 0.

Problem 5C.11. Suppose F = C and V is finite-dimensional. Prove that if 7' € £(V'), then there
exists a basis of V' with respect to which T" has a lower-triangular matrix.

Solution. Reverse a triangularizing basis: let vy, ..., v, be a basis of V' with respect to which 7" has an
upper-triangular matrix, supplied by 5.47 because V is a finite-dimensional complex vector space, and
put w; = vpp1—5.

Then wi,...,w, is again a basis of V, being the same vectors in a different order, and 5.39 gives
Tvy, € span(vy, ..., vy) for each m. Fix k and set m = n+ 1 — k, so wy = vy,; since span does not
depend on the order of the list,

span(wg, . . ., Wy) = Span(Vp41—k, - - -, V1)
= span(vi, ..., Un).
Hence Twy, = Ty, € span(wy, ..., wy), which is condition (c) of Exercise 10; so by Exercise 10 the
matrix of T with respect to wy,...,w, is lower triangular.

Problem 5C.12. Suppose V is finite-dimensional, 7" € £(V') has an upper-triangular matrix with
respect to some basis of V', and U is a subspace of V that is invariant under 7.

(a) Prove that 7| has an upper-triangular matrix with respect to some basis of U.

(b) Prove that the quotient operator 7'/U has an upper-triangular matrix with respect to some basis
of V/U.

[The quotient operator T'/U was defined in Exercise 38 in Section 5A.]

Solution. Both parts come from the flag V;, = span(vy,...,vx) of a basis v1,...,v, of V with respect
to which T has an upper-triangular matrix: each Vj is invariant under 7" by 5.39 and has dim V, = k,
with Vo = {0} and V,, = V. Part (a) intersects this chain with U; part (b) pushes it into V' /U.
(a) Set Uy = U N Vj, invariant under T because U and Vj, both are, with Uy = {0}, U,, = U, and
Up_1 C Uy. Since U, N V1 = UNVi_y = Up_q while Uy + Vj,_1 C V}, the dimension formula 2.43
gives

dim U —dim U1 + (k — 1) = dim(Uy, + Vi—1) < k,

so each step raises the dimension by 0 or 1. Let m = dimU and let k1 < --- < k;;, be the indices at
which it rises; counting the rises among 1,..., k; gives dim Uy, = j.

Choose u; € Ug; with u; ¢ Ugk;—1, possible since that inclusion is strict. Then span(ui, ..., u;j) = Uk,
for each j, by induction: Uk;—y C© Uk;—1 and u; ¢ Uk;—1 make u1,...,u; linearly independent, and a
linearly independent list of length j in the j-dimensional space Uy, is a basis of it (2.38). Taking j = m
makes w1, ..., un a basis of U, and each span(uy,...,u;) = Uk, is contained in U and invariant under
T, hence under T'|¢7; so the implication (b) = (a) of 5.39, applied to T'|y, makes the matrix of T'|
with respect to uy, ..., u,, upper triangular.

(b) Let m: V' — V /U be the quotient map and Wy = 7(Vi) = span(m(v1),...,m(v;)). Each Wy is
invariant under T'/U, since (T/U)(7(v;)) = n(Tv;) € (Vi) = Wy for i < k. As 7 is surjective,
w(v1),...,m(v,) spans V /U; reduce it to a basis by the procedure of 2.30, deleting 7(vg) whenever it
lies in the span of its predecessors, and let k1 < --- < k;, be the surviving indices, w; = w(vkj).
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Fach deletion leaves the span of every initial segment unchanged, so induction on k gives
span(wj tky < k) = span(ﬂ(vl), .. .,ﬂ(vk)) = W;.

Taking k = k; gives span(wi, ..., w;) = Wy, which is invariant under T/U; so 5.39, applied to T /U
and the basis wy, ..., w, of V /U, makes that matrix upper triangular.

Problem 5C.13. Suppose V is finite-dimensional and 7' € £(V'). Suppose there exists a subspace
U of V that is invariant under 7 such that 7’|y has an upper-triangular matrix with respect to some
basis of U and also T'/U has an upper-triangular matrix with respect to some basis of V' /U. Prove
that T has an upper-triangular matrix with respect to some basis of V.

Solution. Take the concatenated list x1, ..., Tm4p equal to ui,. .., upm, w1, ..., wy, where uy, ..., up, is a
basis of U triangularizing T'|;s, the list wy, . .., w, is a basis of V /U triangularizing 7'/U, and 7(w;) = w;
for the quotient map 7: V' — V /U, which is surjective with nullwr = U and (T/U)onr =woT.

This list is a basis of V.. It spans V: given v € V, write w(v) = c1wi +- - -+ ¢pWyp; then m(v—ciwy —- - - —
cpwp) = 0, so that vector lies in nullm = U = span(uy, ..., uy). It is linearly independent: applying 7
to ajur + - - 4 @y + brwr + - - - + byw, = 0 kills the u; and leaves byw; + - - - 4 byw, = 0, forcing all
b; = 0 and then all a; = 0.

By 5.39 it now suffices to check that T'zy € span(z1,...,xy) for each k.

(i) k =i < m. Applying 5.39 to T'|y gives

Tu; = (T|v)(ui) € span(uy, . .., u;)

= span(z1, ..., ;).

(ii) Kk = m+j with 1 < 5 < p. Applying 5.39 to T'/U gives c1,...,¢; € F with (T/U)(w;) =
011’51 + - +CjUA}/j, SO
m(Tw;) = (T/U) (n(wy)) = w(crwy + - + cjw;),

whence Tw; — (cqw1 + - - - + cjw;) € nullm = U and therefore

Txmts € span(ui, ..., Up, W1, ..., W)

= span(xi, ..., Tmij)-

Problem 5C.14. Suppose V is finite-dimensional and 7" € £(V). Prove that T has an upper-
triangular matrix with respect to some basis of V' if and only if the dual operator 7" has an upper-
triangular matrix with respect to some basis of the dual space V.

Solution. Each side is equivalent, by 5.44, to the minimal polynomial p of T having the form
p(z) =(z=XA) (2= Am)

for some Ai,..., \p € F.

For T itself this is 5.44 applied on V. For T”, the space V' is finite-dimensional with dim V' = dim V'
(3.111), so 5.44 applies on V' as well, and the minimal polynomial of 7" is again p by Exercise 28 in
Section 5B. Hence the two triangularizability statements are equivalent.

5.4 Exercises 5D

Problem 5D.1. Suppose V is a finite-dimensional complex vector space and T € L(V).

(a) Prove that if T* = I, then T is diagonalizable.

(b) Prove that if 7% = T, then T is diagonalizable.

(c) Give an example of an operator T' € £(C?) such that T* = T? and T is not diagonalizable.
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Solution. Parts (a) and (b) both follow from this: if ¢ € P(C) has no repeated zero and ¢(7") = 0, then
T is diagonalizable.
Indeed, the minimal polynomial p of T then divides ¢ by 5.29, say ¢ = ps, and 4.13 lets us write

P(z) = (2 — an)™ - (z — ap)™

with a1,...,a, € C distinct and each m; > 1 (with k = 0 if p = 1). If some m; > 2, then (2 — a;)?
divides ¢, so factoring ¢ into linear factors repeats z — «;, contradicting the uniqueness in 4.13 since
the zeros of ¢ are distinct. Hence every m; = 1, and 5.62 makes T diagonalizable.

(a) T* = I gives q(T) = 0 for q(2) = 2* — 1 = (2 — 1)(2 + 1)(z — i)(z + i), whose zeros 1,—1,i, —i are
distinct.

(b) T* =T gives ¢(T) = 0 for

g2) =2 —z2=2(z— 1)(z —w)(z — w?), w = e2™/3,

whose zeros 0, 1,w,w? are distinct, since w is not real, so w? = @ # w, and neither is 0 or 1.
(c) Take T'(w,2) = (2,0) on C2. Then T2 = 0, so T* = T2, while T(0,1) = (1,0) shows T # 0;
hence the minimal polynomial of T" is 22, which is not a product of distinct linear factors, so T is not
diagonalizable by 5.62.

Problem 5D.2. Suppose T € L(V) has a diagonal matrix A with respect to some basis of V. Prove
that if A € F, then \ appears on the diagonal of A precisely dim E(\,T") times.

Solution. Everything follows from the identity E(\,T) = span(vg : k € S), where v, ..., v, is the basis
giving the diagonal matrix A, the numbers Ay, ..., A\, are its diagonal entries, so that Tvp = Apvg, and

S={ke{l,....n}: =2k

The inclusion D holds because Tvy, = Avy for k € S and E(X\,T) is a subspace (5.52). For C, let
v =aiv] + -+ + apvy lie in E(A\,T); then

aiA v + -+ apApvn = Tv = Av
= a1 \vy + -+ apAvp,

and uniqueness of the expansion in the basis vy, ..., v, gives ap(Ax — ) = 0, so ay = 0 whenever k ¢ S.
Being a sublist of a basis, (vk)kes is linearly independent, hence a basis of E(\,T). Therefore
dim E(\,T) is the number of elements of S, that is, the number of times A appears on the diago-
nal of A.

Problem 5D.3. Suppose V is finite-dimensional and T' € L(V'). Prove that if the operator T is
diagonalizable, then V = nullT ¢ range T'.

Solution. Split a basis of eigenvectors according to whether its eigenvalue vanishes: by 5.55(b) there is
a basis v1,...,v, of V with Tvg = Apvg, and with S = {k : \y =0} and S" = {k : \x # 0} we put

U = span(vg : k € 9),

W = span(vy, : k € S').
Then V = U @& W: the sum contains every vy, hence equals V, and if u + w = 0 with v € U and
w € W, then expanding both in vy, ..., v, and using linear independence gives u = w = 0, so the sum
is direct by 1.45.
Moreover U = E(0,T) = null T, by the identity proved in Exercise 2 of this section taken with A = 0,

and W = rangel" because
range T = span(Tvy, ..., Tvy,)

= span(A\ vy, ..., Apvp) = W,
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the terms with k& € S being 0 and span(Azvy) = span(vg) for k € S’. Hence V = null T & range T'.

Problem 5D.4. Suppose V is finite-dimensional and 7' € £(V). Prove that the following are
equivalent.

(a) V. =nullT @ rangeT.

(b) V =nullT + range T

(¢) nullT NrangeT = {0}.

Solution. Write N = nullT and R = range T, so that dim N + dim R = dim V' by 3.21, and prove (a)
= (b) = (¢) = (a).
(a) = (b). The statement V' = N @& R asserts in particular that V' = N + R.
(b) = (c). By 2.43,
dimV = dim(N + R) = dim N + dim R — dim(N N R),

whose right side is dim V' — dim(N N R) by 3.21. Hence dim(N N R) = 0, that is, N N R = {0}.
(¢) = (a). The sum N + R is direct by 1.46, and by 2.43 and 3.21,

dim(N @ R) = dim N + dim R — dim(N N R) = dim V.

A subspace of V' with the same dimension as V equals V' (2.39), so V =N @ R.

Problem 5D.5. Suppose V is a finite-dimensional complex vector space and T' € L(V'). Prove that
T is diagonalizable if and only if

V =null(T — A\I) @ range(T — \I)

for every A € C.

Solution. If T is diagonalizable, a basis vy, ..., v, of eigenvectors of T' (5.55(b)) consists of eigenvectors
of T — A as well, since (T' — AI)vg, = (A\y — N)vg. So T — Al is diagonalizable by 5.55, and Exercise 3
of this section applied to T' — A\I gives the displayed decomposition for every A.

Conversely, assume that decomposition for every A\ € C, so 1.46 gives

null(7 — M) Nrange(T — AI) = {0}

for every A € C. Because F = C, the factorization 4.13 writes the minimal polynomial of T as
p(z) = (2 = A)™ - (2 — Ap)™ with Aq,..., A distinct and each m; > 1 (with &k = 0 if p = 1).
Suppose some m; > 2; relabel so j = 1 and set

r(z) = (p_(j) 4(z) = (= = M)r(2),

both genuine polynomials since m; > 2. As ¢ # 0 has degree less than degp, it is not a polynomial
multiple of p, so ¢(T) # 0 by 5.29; choose v with ¢(T)v # 0 and set u = (T' — A\ I)r(T)v. By 5.17,

u=q(T)v #0, (T - l)u=p(T)v=0,

so u is a nonzero vector of null(T"— A\ I) Nrange(T — A1), contradicting the display at A = A\;. Hence
every m; = 1, and 5.62 makes T' diagonalizable.

Problem 5D.6. Suppose 7' € L(F?) and dim E(8,T) = 4. Prove that T'—2I or T — 61 is invertible.
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Solution. Suppose neither T' — 21 nor T' — 61 is invertible. Then neither is injective, by 3.65 applied
on the finite-dimensional space F°, so E(2,T) and E(6,T) are nonzero; together with dim E(8,T) = 4
this makes 2,6, 8 three distinct eigenvalues of 7. Then 5.54 gives

6 < dim E(2,T) 4 dim E(6,T) + dim E(8,T) < dimF® = 5,

a contradiction. Hence T — 21 or T — 61 is invertible.

Problem 5D.7. Suppose T' € L(V) is invertible. Prove that

EANT)=E(3,T7Y

for every A € F with A # 0.

Solution. For v € V the conditions Tv = Av and T~ 'v = %v are equivalent, which is the assertion,

since by 5.52 these conditions describe membership in F(A,T") and in E(%, T_l) respectively.
Applying T~! to Tv = v gives v = AT 'v, hence T-'v = %v as A # 0; applying 7 to T~ v = %v
gives v = %Tv, hence Tv = \wv.

Problem 5D.8. Suppose V is finite-dimensional and T' € L(V'). Let A,..., A\, denote the distinct
nonzero eigenvalues of T'. Prove that

dim E(\,T) + -+ -+ dim E(\p,, T) < dimrange T

Solution. Each E(\,T) lies inside rangeT', since Tv = A\pv with A\, # 0 gives v = T(iv); hence so
does their sum U = E(A\1,T) + -+ E(A, T).

That sum is direct, the \; being distinct eigenvalues (5.54), so 3.94 identifies dim U with the sum of
the dimensions and

dim E(A,T) + - +dim E(\y,,T) = dim U
< dimrangeT,

the inequality by 2.37, since U is a subspace of the finite-dimensional space rangeT'.

Problem 5D.9. Suppose R, T € L(F?) each have 2,6,7 as eigenvalues. Prove that there exists an
invertible operator S € £(F?) such that R = S~1TS.

Solution. Take S € L(F3) with Suy, = vy, for k = 1,2,3, where u1, uz, u3 and vy, vs,v3 are bases of F3
with
Ruk = )\kuk and T’Uk = /\kvk

fOI")\1:2, )\2:6, )\3:7.
Such bases exist because R and T each have 3 = dim F? distinct eigenvalues, so each is diagonalizable
by 5.58; picking an eigenvector for each of 2,6,7 in that order gives the matching labels. The map S
exists by 3.4, and its range contains the spanning list v, v, v3, so S is surjective and hence invertible
by 3.65. Finally,

(S_lTS)uk = S_lTUk = )\kS_l’Uk = )\kuk = Ruk

for each k, so STIT'S and R agree on a basis of F? and are therefore equal.

Problem 5D.10. Find R, T € L(F*) such that R and T each have 2,6,7 as eigenvalues, R and
T have no other eigenvalues, and there does not exist an invertible operator S € £(F*) such that

R=S"1TS.
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Solution. Define R, T € L(F*) by
R(Z17Z27Z37Z4) - (2217 62’2, 7237 724)7

T(Zl,22,23,2’4) = (221, 622, T23 + 24, 72’4).

With respect to the standard basis eq, s, e3, e4 both matrices are upper triangular with diagonal entries
2,6,7,7, so by 5.41 each of R and T has eigenvalues exactly 2,6, 7.

The T7-eigenspaces differ in dimension: E(7, R) = span(es,es), whereas Tz = 7z forces z1 = z2 = 0
(from 221 = 7z and 629 = T29) and 24 = 0 (from 7z3 + 24 = 7z3), so E(7,T) = span(eg). Thus
dim E(7,R) =2 and dim E(7,T) = 1.

Suppose S were invertible with R = S~!T'S, that is, SR = T'S. For v € E(7, R),

T(Sv) = (TS)v = (SR)v = S(Tv) = 7(Sv),

so S maps F(7, R) into E(7,T), injectively since S is injective; hence 2 = dim E(7, R) < dim E(7,T) =
1 by 3.21, a contradiction. So no such S exists.

Problem 5D.11. Find T' € £(C?) such that 6 and 7 are eigenvalues of T and such that T’ does not
have a diagonal matrix with respect to any basis of C3.

Solution. Define T € L(C3) by
T (z1,22,23) = (621 + 22, 622, T23).

Its matrix with respect to the standard basis eq, eo, e3 is upper triangular with diagonal entries 6, 6, 7,
so by 5.41 the eigenvalues of T" are exactly 6 and 7.

Both eigenspaces are one-dimensional: Tz = 6z reads 6z1 + zo = 621, Tz3 = 623, forcing z9 = z3 = 0,
so E(6,T) = span(ey); and Tz = 7z reads 622 = Tza, 621 + 20 = 721, forcing zo = 0 and then z; = 0,
so E(7,T) = span(es). Hence

dim E(6,T) + dim E(7,T) =1+ 1 =2 < 3 = dim C?,

so condition (d) of 5.55 fails and T is diagonalizable with respect to no basis of C3.
Method (2): were 1" diagonalizable, 5.62 together with 5.27 (the zeros of the minimal polynomial are
the eigenvalues 6, 7) would make the minimal polynomial (z — 6)(z — 7). But T'ea = e1 + 6ey gives

(T—6I)(T—7I)€2 = (T—6[)(€1 —62) :0—61 = —e€1 750.

Problem 5D.12. Suppose T' € £(C3?) is such that 6 and 7 are eigenvalues of 7. Furthermore,
suppose T does not have a diagonal matrix with respect to any basis of C3. Prove that there exists
(21, 22, 23) € C3 such that

T(z1,22,23) = (6 + 821, 7+ 822, 13 + 8z3).

Solution. The desired equation says exactly that (T'—81I)z = (6,7, 13), so it suffices to show that T'— 81
is surjective.

Were 8 an eigenvalue of T, then 6,7,8 would be 3 = dim C? distinct eigenvalues of T, making T’
diagonalizable by 5.58 and contradicting the hypothesis. Hence null(T" — 8I) = {0}, so T'— 81 is
injective (3.15) and therefore surjective, injectivity and surjectivity being equivalent for an operator
on the finite-dimensional space C3 (3.65). Thus some z = (z1, 29, 23) satisfies (T' — 8I)z = (6,7,13),
which is to say

T(z1,22,23) = (6 + 821, 7+ 829, 13 + 8z3).
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Problem 5D.13. Suppose A is a diagonal matrix with distinct entries on the diagonal and B is a
matrix of the same size as A. Show that AB = BA if and only if B is a diagonal matrix.

Solution. Say A, B are n-by-n with A;; = \; and A;; = 0 for j # k, the A; distinct. Because all but
one term of each sum vanishes, the entry formula 3.47 gives

(AB)jr = AjsBrk = \iBjk,  (BA)jk=>_ BjrArk = MBjk,

r=1 r=1

so, comparing entries,

AB =BA < (\j — M\)B,, =0 forall jk.

(i) If AB = BA and j # k, then \; — A, # 0 by distinctness, so B;j = 0; hence B is diagonal.
(ii) If B is diagonal, then B;j = 0 when j # k and A\j — A\ = 0 when j = k, so the displayed condition
holds and AB = BA.

Problem 5D.14. (a) Give an example of a finite-dimensional complex vector space and an operator
T on that vector space such that T2 is diagonalizable but T is not diagonalizable.

(b) Suppose F = C, k is a positive integer, and T € L£(V') is invertible. Prove that 7" is diagonalizable
if and only if T* is diagonalizable.

Solution. (a) Take V = C? and define T € £L(C?) by
T(’Z17 22) = (227 0)

Then T? = 0, whose matrix is diagonal with respect to every basis. But the matrix of 7" with respect
to the standard basis is upper triangular with both diagonal entries 0, so 0 is the only eigenvalue of T
by 5.41, and
E0,T) =nullT = {(21,20) € C?: 2, = 0}
= span ((1, 0))

has dimension 1 < 2 = dim C?; so condition (d) of 5.55 fails and 7" is not diagonalizable.

(b) If T" is diagonalizable, take a basis v1, ..., v, of eigenvectors, Tv; = Ajv;; then Tkvj = /\fvj, so the
same basis diagonalizes T* (5.55(b)).

Conversely, suppose T* is diagonalizable. By 5.62 the minimal polynomial of T% is (z — 1) - - - (2 — ptm)
with p1,..., s, € C distinct, and each u; # 0, since T* is invertible and the zeros of the minimal
polynomial are the eigenvalues (5.27). Set

p(z) = (Zk - ,ul)(Zk — p2) - (zk — fim)-
Multiplicativity of ¢ — ¢(T) (5.17) gives
p(T) = (T% — 1) - (T — pnI) = 0,

this being the minimal polynomial of T* evaluated at T*. Each nonzero 5 has exactly k distinct k-th
roots in C, and a zero shared by z* — p; and 2k — pj would force pj = pjr; so p, monic of degree km,
has km distinct zeros and its factorization 4.13 is into km distinct linear factors. Hence no (z — «)?
divides p.

Let ¢ be the minimal polynomial of T', so p = gs for some s € P(C) by 5.29. Since F = C, 4.13 gives
q=(z— )% (2= \)% with \p,..., )\, distinct. Any d; > 2 would make (z — );)? a divisor of ¢
and hence of p, which is impossible; so every d; = 1 and T is diagonalizable by 5.62.
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Problem 5D.15. Suppose V is a finite-dimensional complex vector space, T' € L(V'), and p is the
minimal polynomial of T'. Prove that the following are equivalent.

(a) T is diagonalizable.

(b) There does not exist A € C such that p is a polynomial multiple of (z — )2,

(¢) p and its derivative p’ have no zeros in common.

(d) The greatest common divisor of p and p’ is the constant polynomial 1.

The greatest common divisor of p and p’ is the monic polynomial ¢ of largest degree such that p and p’
are both polynomial multiples of q. The Euclidean algorithm for polynomials (look it up) can quickly
determine the greatest common divisor of two polynomials, without requiring any information about
the zeros of the polynomials. Thus the equivalence of (a) and (d) above shows that we can determine
whether T' is diagonalizable without knowing anything about the zeros of p.

Solution. We prove (a) < (b) < (c¢) & (d), each by contraposition. (If V' = {0} then p = 1 and all
four statements hold trivially, so assume V # {0}, whence degp > 1.)

(a) < (b). If (b) fails, say p = (z — A\)?r, and T were diagonalizable, then 5.62 would give p =
(z —p1)-- (2 — pm) with p1, ...,y distinet; from p(A) = 0 we get A = p; for exactly one j, so
p = (2 — A)s with s = [, ;(z — p) satisfying s(A) # 0. Comparing with p = (z — A)((z = M)r) and
cancelling z — A (legitimate since P(C) has no zero divisors) gives s = (z — A\)r and hence s(\) =0, a
contradiction; so (a) fails. Conversely, if (b) holds then 5.27(b) writes p = (z — A1) --- (2 — A\p,) over C,
and a repetition \; = A\, with j # k would exhibit p as a multiple of (z — \;)?; so the \; are distinct
and 5.62 makes T diagonalizable.

(b) & (c). If p= (2 — \)?r, then

P =20z = Nr+(z— N4,

so p(A) = p'(A\) = 0 and (c) fails. Conversely, if p(\) = p/(A) = 0, the factor theorem 4.6 gives
p=(z—MN)g, whence p’ = g+ (2 — \)¢’ and q(\) = p'(\) = 0; as ¢ # 0 (because p # 0), 4.6 applied to
q gives ¢ = (2 — \)r and so p = (2 — \)?r, so (b) fails.

(¢c) & (d). Here p’ # 0, its leading coefficient being degp # 0 in C, so the greatest common divisor
exists. If p(\) = p'(A\) = 0, then z — X divides both p and p’ by 4.6, so their greatest common divisor
has degree at least 1 and (d) fails. Conversely, if that greatest common divisor ¢ has degq > 1, then
4.12 gives it a zero A, and p, p’ being multiples of ¢ yields p(\) = p’(A) = 0, so (c) fails.

Problem 5D.16. Suppose that T' € L£(V) is diagonalizable. Let \1,...,\,, denote the distinct
eigenvalues of T'. Prove that a subspace U of V is invariant under 7T if and only if there exist
subspaces Uy, ..., Uy, of V such that Uy C E(\,T) for each k and U =Uy @ - - - @ Up,.

Solution. In the forward direction the subspaces to take are Uy = U N E(A\;,T). Note V is finite-
dimensional and, by 5.55(c),

V=EMT)& - & EA,T).
(i) Suppose Uy C E(\g,T) for each k and U = Uy @ -+ - @ Uy,. Writing u € U as u = ug + -+ + up,
with ug € Uy, each Tup = A\pug lies in the subspace Uy, so

Tu=Mui+ -+ Apum e Uy +---+U,, =U,

and U is invariant under 7'

(ii) Suppose U is invariant under 7" and put Uy, = U N E(A, T), a subspace of E(\g,T) contained in
U. The sum Uj + - - - + Uy, is direct: if ug + -+ + up, = 0 with uy, € Uy € E(\g, T), then each ug =0
because the sum of the eigenspaces is direct (5.54), so 1.45 applies. Since U is invariant under the
diagonalizable T', the restriction T'|;; is diagonalizable (5.65) on the finite-dimensional space U (2.25),
so by 5.55(b) U has a basis of eigenvectors of T'|7; each such vector is an eigenvector of T', hence lies
in E(Ag,T) for some k and so in Uj. Therefore

UCcU+---+U,CU,
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giving U =U; @ --- & Up,.

Problem 5D.17. Suppose V is finite-dimensional. Prove that £(V') has a basis consisting of diag-
onalizable operators.

Solution. Fix a basis v1,...,v, of V and let E; ;, € L(V') be the operator with Ej yv;, = v; and E; v, = 0
for [ # k (3.4); then the list of n? operators

EjJ’ (j =1,... ,n) and EjJ' + Ej,k (] 75 ki)

is a basis of £(V') consisting of diagonalizable operators. (For n = 0 the empty list serves.)

It is a basis: the F;; have as matrices the n? standard matrix units, which form a basis of F™", and
M is an isomorphism of £(V') onto F™" (3.71), so the E; form a basis of £(V) and dim £(V) = n?;
our list spans them all, since Ej = (E;; + E;x) — Ejj for j # k, and a spanning list of length n? is a
basis (2.42).

Each FEj ; is diagonalizable, since vy, ..., v, is a basis of eigenvectors of it (eigenvalue 1 for v;, eigenvalue
0 for the rest), so 5.55(b) applies. For j # k put S = E;; + Ej, so that Sv; = v;, Svi, = vj, and
Svp =0 for I ¢ {j, k}. Replacing v by v — v; gives a list of length n still spanning V', hence a basis
(2.42), and it consists of eigenvectors of S:

Svj =1-wv;, S(vg —vj) =0 (v — vy), Svp=0-v.

So S too is diagonalizable by 5.55(b).

Problem 5D.18. Suppose that T' € £(V') is diagonalizable and U is a subspace of V' that is invariant
under 7. Prove that the quotient operator T'/U is a diagonalizable operator on V /U.
The quotient operator T'/U was defined in Exercise 38 in Section 5A.

Solution. Push a basis of eigenvectors of T' down to V /U. Since T is diagonalizable, V' is finite-
dimensional and 5.55(b) gives a basis vy,...,v, of V with Tv; = A\wv;. Let w: V. — V /U be the
quotient map mv = v + U, which is linear and surjective and satisfies (7'/U)(nv) = Tv + U = 7(Tv)
by the definition of the quotient operator (Exercise 38 in Section 5A). Hence

(T/U)(m;i) = W(Tvi) = )\i Ty,

so every nonzero mv; is an eigenvector of T7'/U; and mvy,...,mv, spans V /U because 7 is linear and
surjective. Discarding the zero entries leaves a spanning list of eigenvectors of T'/U, which contains a
basis of V /U (2.30). By 5.55(b), T'/U is diagonalizable.

Problem 5D.19. Prove or give a counterexample: If T' € £(V') and there exists a subspace U of V'
that is invariant under 7" such that 7’| and T'/U are both diagonalizable, then T is diagonalizable.
See Exercise 13 in Section 5C for an analogous statement about upper-triangular matrices.

Solution. False: take V = F? with T(z,y) = (y,0) and U = span((1,0)).
Then U is invariant under 7T, since T'(x,0) = (0,0), and T|y = 0 is diagonalizable on the one-
dimensional space U. Also T'/U = 0 on V /U, since for every (z,y) € F?,

(T/U)((x,y)+U) =(y,0)+ U =0+10,

so T'/U is diagonalizable as well.
But T # 0 and T? = 0, so the minimal polynomial of T is 22, which is not a product of distinct linear
factors; hence T' is not diagonalizable by 5.62.
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Problem 5D.20. Suppose V is finite-dimensional and T" € £(V'). Prove that T is diagonalizable if
and only if the dual operator T” is diagonalizable.

Solution. The operators T and T’ have the same minimal polynomial, after which 5.62 settles both
directions at once.
First, (q(T)), = q(T") for every q € P(F). Indeed I’ = I, since I'p = po I = ¢, and (T*) = (T")* by
induction from 3.120(c):
(Tk)/ _ (Tkal)/ _ (kal)/T/
— (T/)k—lT/ — (T/)k
So for q(2) = ag + a1z + - - - + aqz?, linearity of S+ S’ (3.120(a) and (b)) gives
(¢(T)) = aol +ar T’ + -+ aq(T")* = ¢(T").

Second, S’ = 0 forces S = 0: if Sv # 0, extend the linearly independent list Sv to a basis of
V (2.32) and use 3.4 to get ¢ € V/ with ¢(Sv) = 1 and ¢ zero on the other basis vectors; then
(S'¢)(v) = ¢(Sv) =1 #0.

Combining, ¢(T) = 0 <= ¢q(T') = 0 for every ¢, so the monic polynomial of smallest degree
annihilating 7" is the one annihilating 7" (5.24); call it p. Since dimV’ = dimV < oo (3.111), 5.62
applies to each of T and T": each is diagonalizable exactly when p is a product of distinct linear factors.
Hence T is diagonalizable if and only if T is.

Problem 5D.21. The Fibonacci sequence Fy, FY, Fs, ... is defined by
Fh=0, F =1, and F,=F, s+ F, 1 forn > 2.

Define T' € L(R?) by T(x,y) = (y,7 + y).

(a) Show that 7™(0,1) = (Fy, Fj+1) for each nonnegative integer n.

(b) Find the eigenvalues of T'.

(c) Find a basis of R? consisting of eigenvectors of 7.

(d) Use the solution to (c) to compute 77(0,1). Conclude that
R

1+v5)  [(1-vB\
2 2
for each nonnegative integer n.

(e) Use (d) to conclude that if n is a nonnegative integer, then the Fibonacci number F), is the

integer that is closest to
n
1 (145
VAN

Each F), is a nonnegative integer, even though the right side of the formula in (d) does not look like
an integer. The number
1+ 5

1

is called the golden ratio.

Solution. Throughout, write

Note p — 1 = v/5 and A2 = A + 1 for X € {p,}.
(a) Induct on n. For n = 0, T°(0,1) = (0,1) = (Fp, F1); and if T"(0,1) = (Fy, Fy11), then the
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recurrence gives
Tn+1(07 1) = T(Fna Fn+1) = (Fn+17 Fn + Fn—l—l) = (Fn—l—h Fn+2)-

(b) The eigenvalues are o and 1. Indeed T'(z,y) = A\(x,y) says y = Az and x+y = Ay, so (A2 —A—1)z =
0; here 2 = 0 would force y = Az = 0,50 A2 = A —1=0and A = # Conversely each such X is an
eigenvalue, since

T(1,0) = (A 1T+ A) = (A A2%) = A1, \).

(¢) The basis is (1,¢), (1,7): by (b) these are eigenvectors for the distinct eigenvalues ¢ # 1, hence
linearly independent (5.11), and a linearly independent list of length 2 = dim R? is a basis (2.38).
(d) Writing (0,1) = a(1, p)+b(1, %) gives a+b = 0 and ap+by) = 1,50 a(p—1)) = land a = 1/v/5 = —b.
Applying T™, . o

4

Tn(O,l) = ﬁ(lﬁp) \/5

whose first coordinate is (¢™ — ¥™)/v/5 and equals F,, by (a). That is the asserted formula.
(e) Since 2 < v/5 < 3 we have —1 < ¢ < 0, so || < 1 and (d) gives
g1

1
F,-— <—=< -
VAR VIV AN
An integer m with [t —m| < % is the unique closest integer to ¢, since any other m’ € Z has |t — m/| >
lm —m/| — [t —m| > 3 > |t — m|. Hence F), is the integer closest to ¢"/v/5.

(17 w)?

1

n

Problem 5D.22. Suppose T' € L£(V) and A is an n-by-n matrix that is the matrix of 7" with respect
to some basis of V. Prove that if .
14551 > " 1Ajgl

k=1
k#j

for each 7 € {1,...,n}, then T is invertible.
This exercise states that if the diagonal entries of the matriz of T are large compared to the nondi-
agonal entries, then T is invertible.

Solution. Apply the Gershgorin disk theorem 5.67 to the basis vy,...,v, of V with respect to which
A = M(T); note dimV =n < oo, so T is invertible if and only if it is injective (3.63 with 3.65), that
is, exactly when 0 is not an eigenvalue of 7'

If T were not invertible, then 0 would be an eigenvalue of T" and hence, by 5.67, lie in some Gershgorin
disk: for some j,

)

n

[Aj il = 10— A5 < Az
k=1
k#j

contradicting the strict inequality assumed for every j. Hence T is invertible.

Problem 5D.23. Suppose the definition of the Gershgorin disks is changed so that the radius of
the k' disk is the sum of the absolute values of the entries in column (instead of row) k of A,
excluding the diagonal entry. Show that the Gershgorin disk theorem (5.67) still holds with this
changed definition.

Solution. Write A for the matrix of T with respect to a basis v, ..., v, of V; the changed k*" disk is

n
Dp={2€F:|z—Apy| <mi}, rk:Z‘ALk‘?
j=1

ik
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and the claim is that every eigenvalue of T lies in some Dy.

Let Tw = Aw with w = c1v1+- - -+cpv, # 0. Exactly as in the proof of 5.67, expanding Tvy, = Zj Aj vj
and using uniqueness of the basis representation of Aw gives A¢; =), A, rci, for each j, hence by the
triangle inequality

n
A= Azllel <D 1Akl lel-
k=1
k#j
Rather than single out a largest |c;|, sum over j and interchange the order of summation in the resulting
finite double sum over {(j, k) : j # k}:

n n n
DI = Al < lerl D 1Akl
j#k

n
= lexl i
k=1

If X lay in no Dy, then |\ — Ay 1| > 7y, for every k; multiplying by |c;| > 0 and summing gives a strict
inequality, since ¢ # 0 for at least one k, and hence

n
< Z ekl e
k=1

n
< ekl IA = Agl,
k=1

Z k] A — Ag i
k=1

a finite number strictly less than itself. Hence A € Dy, for some k.

5.5 Exercises S5E

Problem 5E.1. Give an example of two commuting operators S,7 on F* such that there is a
subspace of F* that is invariant under S but not under 7' and there is a subspace of F* that is
invariant under 7" but not under S.

Solution. With eq, es, e3, e4 the standard basis of F?, take
S(xlv r2,x3, $4) = (.%'2, 07 07 0)7 T(xlu x2,TI3, .%'4) == (07 07 T4, O>7

so Sey = e1 and Teq = e3, while each kills the remaining standard basis vectors.

These commute, since ST = 0 = T'S: the second coordinate of T'(z1, z2, z3,z4) = (0,0, x4,0) is 0, and
the fourth coordinate of S(x1,z2,x3,24) = (22,0,0,0) is 0.

(i) U = span(eq, e4) is invariant under S, as Se; = Seq = 0, but not under T, as Tey = e3 ¢ U.

(ii) W = span(eqg, e3) is invariant under T, as Tea = Te3 = 0, but not under S, as Ses = e; ¢ W.

Problem 5E.2. Suppose £ is a subset of £(V') and every element of £ is diagonalizable. Prove that
there exists a basis of V' with respect to which every element of £ has a diagonal matrix if and only
if every pair of elements of £ commutes.

[This exercise extends 5.76, which considers the case in which £ contains only two elements. For this
exercise, £ may contain any number of elements, and £ may even be an infinite set.]

Solution. Here V is finite-dimensional, since a diagonalizable operator has a matrix with respect to a
(finite) basis.

(=) If every element of £ has a diagonal matrix with respect to one basis, then for S,7" € £ the
matrices M(S) and M(T') are diagonal of the same size and so commute, whence ST = T'S by 5.74.
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(<) Suppose every pair in £ commutes. We show by strong induction on dim V' that V' has a basis
of vectors that are eigenvectors of every element of £; with respect to such a basis each T' € £ has
a diagonal matrix, since Tv; = ugvr makes the k™ column i times the kM standard column. If
dim V < 1, every operator on V is a scalar multiple of I and any basis works. So let dimV =n > 2.
(i) If every element of £ is a scalar multiple of I, any basis of V' consists of common eigenvectors.

(ii) Otherwise choose S € £ that is not a scalar multiple of I, with distinct eigenvalues Aq,..., Ap,.
Since S is diagonalizable, 5.55(c) gives

V:E()\l,S)@@E()\m,S),

where m > 2 (else V. = E(A1,S), i.e. S = A1I); the summands being nonzero, each dim E()\g, S) < n.
Fix k and set U = E(\g, S). Every T € £ commutes with S, so U is invariant under 7' (5.75) and T'|¢s
is diagonalizable (5.65); any two such restrictions commute, since

(Tl)(Rlp)u = (TR)u = (RT)u = (Rly)(Tlv)u  (ucU).

By the induction hypothesis applied to U and {T|y : T € £}, the eigenspace E()\g,S) has a basis of
common eigenvectors of the restrictions, and each such vector u is an eigenvector of every T' € & itself,
as u # 0 and Tu = (T'|y)u is a scalar multiple of w.

Concatenating these bases over k = 1,...,m gives a list spanning V' of length ), dim F (), S) =
dim V', hence a basis of V', consisting of common eigenvectors of every element of £. The induction is
on dim V', so £ may be infinite.

Problem 5E.3. Suppose S,T € L(V) are such that ST = T'S. Suppose p € P(F).
(a) Prove that null p(S) is invariant under 7.

(b) Prove that range p(S) is invariant under 7'.

[See 5.18 for the special case S = T']

Solution. Both parts follow from p(S)T = Tp(S). Indeed S¥T' = T'S* for every k > 0, by induction
from ST =1TS:
SFHIT = S(S*T) = S(TS*) = (ST)S* = (TS)S* = TSF,

so writing p(S) = aol + a1S + --- + anS" gives
N N
pST = apS*T = apTS" = Tp(S).
k=0 k=0

(a) If p(S)v = 0, then p(S)(Tv) = (Tp(S))v =T0 =0, so Tv € nullp(S).
(b) If v = p(S)u, then Tv = (Tp(S))u = p(S)(Tw) € range p(S).

Problem 5E.4. Prove or give a counterexample: If A is a diagonal matrix and B is an upper-
triangular matrix of the same size as A, then A and B commute.

Solution. The statement is false. Here is a counterexample of size 2-by-2:

() o)

Here A is diagonal and B is upper triangular of the same size, yet

w0 )-0a) m=C06-08

so AB # BA.
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Problem 5E.5. Prove that a pair of operators on a finite-dimensional vector space commute if and
only if their dual operators commute.
[See 3.118 for the definition of the dual of an operator.]

Solution. Both directions rest on the order reversal (RT)" = T'R’ of 3.120(c). Let S,T € L(V) with V
finite-dimensional.
If ST =TS, then

T'S' = (8T) = (TS) = S'T".

Conversely, if ST =T'S’, then (T'S)" = (ST)', so R = ST —T'S satisfies R’ = 0 by linearity of R — R’
(3.120(a) and (b)). Hence (range R)? = null R’ = V' by 3.128(a), and 3.127(b), applicable since V is
finite-dimensional, gives range R = {0}. Thus R = 0, that is, ST =T'S.

Method (2): with A = M(S), B = M(T') with respect to a basis of V' and the dual basis, 3.132 makes
the matrices of S’,T” equal to A*, BY, so by 5.74 twice, (XY)' = Y*X*' and injectivity of transposition,

S'T' =TS < (BA)' = (AB)" +— BA=AB <= ST =TS.

Problem 5E.6. Suppose that V is a nonzero finite-dimensional complex vector space and S,T €
L(V) commute. Prove that there exist a, A € C such that

range(S — af) + range(T — A\I) # V.

Solution. Take a = A, , and A = By, ,,, where (using that V is a nonzero finite-dimensional complex
vector space and S, T commute) 5.80 supplies a basis v1,...,v, of V making both A = M(S) and
B = M(T) upper triangular. Both ranges then lie in U = span(vy, ..., Un—1), a subspace with dim U =
n—1<n.

Indeed, for k < n — 1, upper-triangularity of A gives Svy € span(vi,...,vx) C U by 5.39, and avy € U,
so (S — al)v; € U; while for k = n,

n n—1
(S —al)v, = Z Ajpvj — Ay vy = Z Ajnv; € U.
j=1 j=1

Since v1,...,v, spans V, the vectors (S — al)v; span range(S — al), so that range lies in U; the
identical argument with B, A puts range(7" — AI) in U. Hence

range(S — al) +range(T — A\I) CU # V.

Problem 5E.7. Suppose V' is a complex vector space, S € L(V) is diagonalizable, and T' € L(V)
commutes with S. Prove that there is a basis of V' such that S has a diagonal matrix with respect
to this basis and T has an upper-triangular matrix with respect to this basis.

Solution. Concatenate, over the distinct eigenvalues A1,..., Ay, of S, bases of the eigenspaces E (g, S)
with respect to which T is upper triangular there.
Since S is diagonalizable, V' is finite-dimensional and 5.55(c) gives

V=EM\,S)® - ®E\n,S9).

As S and T' commute, each E(\;,S) is invariant under 7' by 5.75, so T'|g(y, s) is an operator on a
finite-dimensional complex vector space and 5.47 gives a basis ugk), ceey ugz) of E(\g, S) making it upper
triangular; equivalently (5.39),

Tug,k) € Span(ugk), . ,ug.k)) (1 <34 <dy).

Concatenating these lists in the order £ = 1,...,m gives a list v1,...,v, spanning V of length
> dim E(X\g, S) = dim V, hence a basis of V.
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Each v; lies in some E(\g,S), so Sv; = Agv; and M(S, (v1,...,v,)) is diagonal. And if v; = u(.k),

J
then ugk), ey ugk) occupy positions at most ¢ in the concatenation, so the display above gives Tv; €

span(vy, ..., v;); by 5.39 the matrix of 7" is upper triangular.

Problem 5E.8. Suppose m = 3 in Example 5.72 and D,,, D, are the commuting partial differenti-
ation operators on P3(C?, C) from that example. Find a basis of P3(C?, C) with respect to which
D,, and D, each have an upper-triangular matrix.

Solution. Take the monomials w/z* with j + k < 3, listed in order of increasing total degree:

v =1; v =w, v3=2; v4:w2, V5 = WZ, 116:,22;

VU7 = w3, Vg = w2z, Vg = ’(UZ2, V10 = 2’3.

These span P3(C2,C) by 5.73 and are linearly independent, since a polynomial in two variables van-
ishing on all of C? has every coefficient 0 (Check!); so they form a basis.
Both operators strictly lower total degree: for j + k < 3,

Dw(wjzk) = jwjflzk, Dz(wjzk) = kwjzkfl,

each a scalar multiple of a monomial of total degree j + k — 1, or 0 (when j = 0, respectively k = 0).
Since the list places every monomial of total degree d — 1 before every monomial of total degree d,

Dvi, D,v; € span(vy,...,v_1)

for each i, which lies in span(vy,...,v;); so by 5.39 both D,, and D, have upper-triangular matrices
with respect to vi,...,v1g.

Problem 5E.9. Suppose V is a finite-dimensional nonzero complex vector space. Suppose that
E C L(V) is such that S and T commute for all S,T € £.
o (a) Prove that there is a vector in V that is an eigenvector for every element of &.
o (b) Prove that there is a basis of V' with respect to which every element of £ has an upper-
triangular matrix.
[This exercise extends 5.78 and 5.80, which consider the case in which £ contains only two elements.
For this exercise, £ may contain any number of elements, and £ may even be an infinite set.]

Solution. (a) Induct on n = dimV > 1. For n = 1, any nonzero v spans V', so Tv € span(v) makes v
an eigenvector of every T € £. Let n > 1.

(i) If every element of £ is a scalar multiple of I, any nonzero v € V' serves.

(ii) Otherwise choose S € £ that is not a scalar multiple of I. Since V' is a nonzero finite-dimensional
complex vector space, S has an eigenvalue A (5.19); put U = E(\,S), so U # {0}, and U # V since
U =V would mean S = Al. Hence 1 < dimU < n —1. Every T € £ commutes with S, so U is
invariant under 7' (5.75), and the restrictions again commute pairwise, since

(Th|0)(Te|v)u = T1Tou = ToThu = (Loly)(Ti|lv)u - (weU).

By the induction hypothesis some nonzero v € U is an eigenvector of every T'|¢7, hence of every T € &,
as Tv = (T'|y)v. (The eigenvalues depend on T'; the vector does not.)

(b) Induct on n = dimV > 1; for n = 1 every 1-by-1 matrix is upper triangular. Let n > 1. By (a)
there is a nonzero v; that is an eigenvector of every element of £, so U = span(v;) is invariant under
every element of £ and the quotient operators T'/U, (T'/U)(v + U) = Tv + U (Exercise 38 in Section
5A), are defined on V' /U, where dim V /U =n — 1 > 1 by 3.105. They commute pairwise:

(Tl/U>(T2/U)<’U+ U) =TiTho+U=TTiv+U= (TQ/U)(Tl/U>(U+ U)
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So the induction hypothesis gives a basis ug + U, ..., u, + U of V /U with respect to which every T/U
is upper triangular.

Then vy, us,...,u, is a basis of V: it has length n, and if ajv; 4+ asus + - - - + a,u, = 0, applying the
quotient map (which sends v; to 0 + U) forces ag = --- = a, = 0 by independence in V /U, whence
aivy = 0 and a; = 0; now 2.38 applies.

Fix T € €. Then Tv; € span(vy), and for k > 2 upper-triangularity of M(T'/U) gives, by 5.39, scalars
as, . ..,a; with

k k
Tuk—l—U:Zaj(Uj—i-U) = (Zajuj> + U,
Jj=2 J=2

so Tuy, — Z?:Q ajuj € U = span(vy) and Tuy € span(vy,ug,...,u;). By 5.39 again, every T' € £ has
an upper-triangular matrix with respect to vy, uo, ..., u,. Both inductions are on dim V', so £ may be
infinite.

Problem 5E.10. Give an example of two commuting operators S,7T on a finite-dimensional real
vector space such that S 4+ 7T has an eigenvalue that does not equal an eigenvalue of S plus an
eigenvalue of T and ST has an eigenvalue that does not equal an eigenvalue of S times an eigenvalue
of T.

[This exercise shows that 5.81 does not hold on real vector spaces.]

Solution. Take V = R? and define S, T € L(R?) by

S(x’y) = (—y,:c), T(.T,y) = (y7 *CL‘)'

Thus T = —S, and S, T commute: ST = —S% =T8.

Neither has an eigenvalue: S(z,y) = A(z,y) says —y = Az and x = Ay, so (A2 + 1)y = 0, forcing y = 0
(as A € R) and then z = Ay = 0; and T'(z,y) = A(x,y) is the equation S(z,y) = (=A)(z,y).

But S+ T = 0 has eigenvalue 0, and ST = I has eigenvalue 1, since

(ST)(%’,y) = S(y7 —1’) = (l’,y)

Since S and T have no eigenvalues at all, no number whatsoever is an eigenvalue of S plus an eigenvalue
of T', or an eigenvalue of S times an eigenvalue of T'; in particular 0 and 1 are not.
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6 Inner Product Spaces
Contents

6.1 Exercises 6A . . . . e
6.2 Exercises 6B . . . L e e
6.3 Exercises 6C . . . . e
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6.1 Exercises 6A

Problem 6A.1. Prove or give a counterexample: If v1,..., v, € V, then
m m
5 S0 20
7j=1 k=1

Solution. True: the double sum equals ||vy + - - + vy |2
Put v = vy + - -+ + vp,. Additivity in the second slot (6.6(d)) gives >, (v;, vx) = (v;,v), and additivity
in the first slot (6.2) then gives

m

SO who) =D (v, 0) = (v,0) = ||vl* > 0,

j=1 k=1 j=1

the norm by 6.7 and the inequality by positivity in 6.2, which also makes the sum a nonnegative real
number when F = C.

Problem 6A.2. Suppose S € L(V). Define (-, )1 by
<U, v)l = <S7J,, SU>

for all u,v € V. Show that (-,-); is an inner product on V if and only if S is injective.

Solution. Of the five properties in 6.2, all but definiteness hold for (-,-); regardless of S: positivity is
(v,v)1 = (Sv, Sv) > 0, conjugate symmetry is inherited from (-,-), and linearity of S turns additivity
and homogeneity of (-,-) in the first slot into the same for (-,-)1, as in

(A + w,v)1 = (ASu + Sw, Sv)
= AMu,v)1 + (w, v)1.

So (-,+)1 is an inner product if and only if it is definite. By definiteness of (-, -),
(v,v)1 =0 <= (Sv,Sv) =0 <= Sv =0,

so {v €V : (v,v); =0} =nullS. Hence (-,-); is definite if and only if null. S = {0}, which by 3.15
holds if and only if S is injective.

Problem 6A.3. (a) Show that the function taking an ordered pair ((z1,2), (y1,y2)) of elements of
R? to |x1y1| + |w2y2| is not an inner product on R2.

(b) Show that the function taking an ordered pair ((z1,2,3), (y1,y2,v3)) of elements of R? to
x1y1 + x3y3 is not an inner product on R3.

Solution. (a) Homogeneity in the first slot fails at A = —1, u = v = (1,0): writing ¢ for the function,

p(—u,0) = [(=1)(M)|+0=1# -1 = —p(u,v).

So ¢ is not an inner product on R2.
(b) Definiteness fails at v = (0, 1,0) # 0: writing 1 for the function,

Y(v,v)=0-04+0-0=0.

So % is not an inner product on R3.
Method (2) for (b): v (u,v) = (Su,Sv) for the Euclidean inner product and S € L(R3) given by
S(x1, w2, x3) = (r1,0,23), which is not injective; apply Exercise 6A.2.
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Problem 6A.4. Suppose T € £(V) is such that ||Tw| < ||v|| for every v € V.. Prove that T — /21
is injective.

Solution. By 3.15 it suffices to show null(T' — /2 1) = {0}. If (T — v/21)v = 0, then Tv = v/2v, so by
6.9(b) and the hypothesis
V2ol = V20 = T < [lol,

whence (v/2 — 1)|Jv|| < 0. Since v/2 — 1 > 0 and norms are nonnegative, ||v|| = 0 and thus v = 0 by
6.9(a).

Problem 6A.5. Suppose V is a real inner product space.

(a) Show that (u+ v,u — v) = |lu||*> — ||v||? for every u,v € V.

(b) Show that if u,v € V have the same norm, then u + v is orthogonal to u — v.

(c) Use (b) to show that the diagonals of a rhombus are perpendicular to each other.

Solution. (a) Expanding by additivity in each slot (6.2 and 6.6(d), with 6.6(e) at A = —1),

(u+v,u—v) = (u,u) — (u,v)

and the middle terms cancel because F = R makes conjugate symmetry plain symmetry. So (u+v,u—
v) = [|ul® — [[v]|* by 6.7.

(b) If ||lu|| = ||v||, then (u+ v,u —v) = |lu||* — ||v||* = 0 by (a), which is orthogonality by 6.10.

(c) Place the rhombus in R? with a vertex at the origin, and let u, v be the sides emanating from it; being
a parallelogram, its vertices are 0,u,u + v, v, its four sides are f+u, tv with lengths |[ull, [|v]|, ||u|, ||v||
by 6.9(b), and u, v are linearly independent. Equal side lengths thus say exactly |[u|| = ||v||, while the
diagonals are the vectors u + v and u — v, both nonzero by independence. By (b) they are orthogonal,
hence perpendicular (Exercise 6A.15).

Problem 6A.6. Suppose u,v € V. Prove that (u,v) =0 < |Ju|| < ||u+ av|| for all a € F.

Solution. = If (u,v) = 0and a € F, then (u, av) = a(u,v) = 0 by 6.6(e), so u L av and the Pythagorean
theorem 6.12 gives
lu+ av|® = [lull + flav]* > ||ul|*.

< Suppose ||u]] < ||u+ av|| for all a € F. If v = 0 then (u,v) = 0 by 6.6(c). Otherwise the orthogonal
decomposition 6.13 gives u = cv + w with

and then (cv, w) = c{w,v) =0, so 6.12 and 6.9(b) give
lull* = llevl® + lw]]* = [el*[[v]]* + [fwl]|*.

The hypothesis at a = —c reads ||u| < ||u — ev|| = ||w||; squaring and substituting yields |c|?|v||? < 0.
Since ||v]| # 0 by 6.9(a), we get ¢ = 0 and hence (u,v) = 0.

Problem 6A.7. Suppose u,v € V. Prove that |lau + bv|| = ||bu + av|| for all a,b € R if and only if
[ull = [o]-

Solution. Everything follows from the identity

llaw + bol|* — [bu + av]|* = (a® = 0*)(|ul® = [lv]*) ~ (a,0 € R).
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To prove it, expand by additivity in both slots (6.2, 6.6(d)) and use @ = a, b = b together with 6.6(e),
6.9(b) and conjugate symmetry, so that the cross terms ab(u,v) + ab{u,v) combine:

lau + bv||* = a?||ul|* + b*||v]|* + 2abRe(u, v).

Swapping a and b fixes the cross term and exchanges the first two, giving the identity.
If ||u|| = ||v]|, the right side vanishes for all real a, b, so ||au+ bv|| = ||bu+ av||. Conversely, a =1,b =0
gives ||ul| = ||v]| directly.

Problem 6A.8. Suppose a,b,c,z,y € R and a® + b? + ¢ + 22 + y? < 1. Prove that

a+ b+ c+4x+ 9y < 10.

Solution. Apply Cauchy-Schwarz (6.14) in R® with its Euclidean inner product to

u=(a,b,c,z,y), w=(1,1,1,4,9).

Here ||w|| = v/1+ 1+ 1+ 16 + 81 = 10, while the hypothesis says [Ju||?> < 1, so ||u|| < 1. Hence

a+b+ctdz+ 9y = (u,w) < uf v < 10.

Problem 6A.9. Suppose u,v € V and ||ul]| = ||v|]| =1 and (u,v) = 1. Prove that u = v.

Solution. Conjugate symmetry gives (v,u) = (u,v) = 1, so expanding ||u — v||? by 6.7 and 6.6(a), (d),

(),

lu—2|? = (u—v,u—v)
= (u,u) — (u,v) — (v,u) + (v, v)
= flull* = (u,v) = (v, u) + |Jo]®
=1-1-1+1
=0.
By 6.9(a), ||lu — v|| = 0 implies u — v = 0, that is, u = v.

Problem 6A.10. Suppose u,v € V and |lu|| <1 and [jv|| < 1. Prove that

V1= [ulP? V1~ [ll? <1~ [{u,v)].

Solution. Write a = |lu|| € [0,1] and b = |jv|| € [0,1]. Cauchy—Schwarz (6.14) gives |(u,v)| < ab, so
1 —ab<1-—|{u,v)] and it suffices to prove the numerical inequality

V1—a?V1-b+ab<1.

Apply 6.14 again, in R? with the Euclidean inner product, to

s=(V1-a?a), t=(V1-020),

both of which are unit vectors, since ||s|| = /(1 — a?) + a? = 1 and likewise ||t|| = 1. Hence

V1-a2V1-b2+ab=(s,t) <] |l¢] = 1.

Method (2) for the numerical step: both sides of v/1 — a?v/1 — b2 < 1—ab are nonnegative since ab < 1,
so squaring is equivalent, and (1 — a?)(1 — %) < (1 — ab)? reduces to 0 < (a — b).
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Problem 6A.11. Find vectors u,v € R? such that u is a scalar multiple of (1,3), v is orthogonal to
(1,3), and (1,2) = u+v.

Solution. Take
_ (1 21 3 _ 1
u=(110) = (16> —10)
These come from the orthogonal decomposition 6.13 with ¢ = ((1
u=c¢(1,3) and v = (1,2) —u. Then wu is a multiple of (1, 3), (v, (1, 3))
(Check!)

12),(1,3))/]I(1,3)]2 = 7/10, so that
:%—%—O and u+v = (1,2).

Problem 6A.12. Suppose a, b, ¢, d are positive numbers.

1 1 1 1
(a)Provethat(a+b+c+d)(a+b+c+d>216-

(b) For which positive numbers a, b, ¢, d is the inequality above an equality?

Solution. Apply Cauchy—Schwarz (6.14) in R* to
s = (va,vb.ve Vi),

= (oo )

which are defined because a, b, ¢, d > 0, and satisfy (s, t) = 4, ||s||? = a+b+c+d, and [[¢]? = L +F+1 41,

(a) Sauaring |(s,t)] < || ]| gives
2 2
16 = (5,6) < sl )2 = (@ +b+e+d) (E+E+1+1).

(b) Exactly when a = b = ¢ = d. If so, the product is (4a)(4/a) = 16. Conversely, equality forces
equality in 6.14, so by its equality condition one of s,t is a scalar multiple of the other; both are
nonzero, so t = As for some A € R. Comparing coordinates,

and positivity gives a = b= c=d.

Problem 6A.13. Show that the square of an average is less than or equal to the average of the

squares. More precisely, show that if a1,...,a, € R, then the square of the average of aq,...,a, is

less than or equal to the average of a?,...,a2.

Solution. Apply Cauchy-Schwarz (6.14) in R" to a = (ai,...,a,) and e = (1,...,1), for which (a,e) =
a1+ +ap, [lal* = af + - +a7, and [le]|* = n. Squaring [(a,e)| < [lal| e] gives

(a1 +-4a)? <n(a? +---+a2),
and dividing by n? > 0 gives

)

a1t tan\ _af+---ta]
n o n

the square of the average bounded by the average of the squares.

Problem 6A.14. Suppose v € V and v # 0. Prove that v/||v|| is the unique closest element on the
unit sphere of V' to v. More precisely, prove that if w € V and |lu|| = 1, then

v
v— H <l|v—u
o]
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with equality only if u = v/|v].

Solution. The left side equals | [Jv]| — 1 ’: since ||v]| > 0 by 6.9(a), 6.9(b) gives

v 1
o= ol == el = el - 1]
H o]l ‘ ’ HUH‘ | |
Now let ||u|| = 1. Expanding by 6.7 and using conjugate symmetry to write the cross terms as 2 Re(v, u),

lv = ul? = [lv]* = 2Re(v, u) +1,
while Re(v, u) < [{(v,u)| < ||v||||u] = ||v|] by Cauchy—Schwarz (6.14). Hence
2
lo = ul® = [lo]® = 2fjoll + 1 = (Jlo]] = 1)7,

and taking nonnegative square roots gives the asserted inequality.

Equality forces Re(v,u) = |[v]| = ||v||||u]|, so both inequalities above are equalities. In particular
Cauchy—Schwarz is an equality, so by the equality condition in 6.14 one of v, u is a multiple of the
other; as both are nonzero, v = Au with A # 0. Then (v,u) = A||u|> = X and ||v|| = |A|, so Re A = ||

forces A > 0, whence \ = ||v|| and
v v

A ol

u =

Problem 6A.15. Suppose u,v are nonzero vectors in R?. Prove that
(u,v) = [[ull ||v]| cos 6,

where 6 is the angle between u and v (thinking of u and v as arrows with initial point at the origin).
Hint: Use the law of cosines on the triangle formed by u, v, and u — v.

Solution. Expanding in the (symmetric, since real) Euclidean inner product gives the identity
lu—ol? = [ull® + [[v]|* = 2(u, v),

in which [Jul], ||v]|, |Ju — v|| are the ordinary Euclidean lengths. Let 6 € [0, 7] be the angle between u
and v.
(i) u,v not scalar multiples of each other. Then 0, u,v form a genuine triangle, with sides ||ul], ||v]| at
the vertex 0, included angle 6, and opposite side ||[u — v||, so the law of cosines gives

lu = wl|* = [lull® + [o]|* = 2[lu] [[v]| cos .
Comparing with the identity yields (u,v) = ||lu|| ||v|| cos 6.
(ii) v = tu with ¢ # 0 (both vectors being nonzero). Then ||v| = |t|||u| by 6.9(b) and cos = sign(t),
since § =0 for t > 0 and 0 = « for ¢ < 0; hence

(u, v) = tl|ul]* = sign(?) [l [¢] [lu]l = Jul o] cos6.

Problem 6A.16. The angle between two vectors (thought of as arrows with initial point at the
origin) in R? or R? can be defined geometrically. However, geometry is not as clear in R" for n > 3.
Thus the angle between two nonzero vectors x,y € R"™ is defined to be

(z,y)
(| lyll’

arccos

where the motivation for this definition comes from Exercise 15. Explain why the Cauchy—Schwarz
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inequality is needed to show that this definition makes sense.

Solution. Because arccos has domain exactly [—1, 1], being the inverse of cos restricted to [0, 7], the
definition means nothing unless

@y o).
[l Iyl

The denominator is positive because =,y # 0 gives ||z||,|y|| # 0 by 6.9(a); and it is exactly the

Cauchy—Schwarz inequality (6.14), |(z,y)| < ||z|||ly||, that puts the quotient in [—1,1] after dividing

by ||z|| |ly|]| > 0. Nothing in the definitions of (-,-) and || - || alone gives that bound, so without 6.14 the

arccosine could be undefined.

Problem 6A.17. Prove that

W‘?ﬂo

(Som) = (£+4) (£7)

for all real numbers aq,...,a, and by, ..., b,.

Solution. Split ayby, = (Vkay)(by/Vk), legitimate since k > 1 > 0, and apply Cauchy-Schwarz in
coordinate form 6.16(a) to

e (VR v ()L

for which zpyr = apbg, a:k kak, and yk = b? i/ k. Substituting into (x1y1 +--- + Tpyn)? < (23 + -+

22)(yi + -+ yp) gives ,
(o () 9)
k=1 k=1 k=1

Problem 6A.18. (a) Suppose f: [1,00) — [0,00) is continuous. Show that

(/100 f)2 < /100 22 (f(x))* da.

(b) For which continuous functions f: [1,00) — [0, 00) is the inequality in (a) an equality with both
sides finite?

Solution. Write F'(b) = flb fand G(b) = flb 22 f(2)? dx; both integrands are continuous and nonnegative,
so F, G are nondecreasing and the improper integrals L = limy_,o, F'(b) and M = lim;_,, G(b) exist in
[0, c0].
(a) Apply Cauchy—Schwarz in the integral form 6.16(b) on [1,b] to g(z) = 1/z and h(z) = zf(z), both
continuous there, with gh = f:
b
d
F(b)? < </ xf) Gb) = (1—- 1) G(b) < G(b) < M.
1
Letting b — oo gives L? < M, which is the claim (trivially so if M = c0).
(b) Exactly the functions f( ) = ¢/2? with ¢ > 0 constant. For such f,

/f—c /100x2f(x)2da;:c2/1 %:CQ,

both finite and equal after squarlng the ﬁrst Conversely suppose L? = M < oo, and set ¢ = L > 0.
Expanding the square in ®(b fl (:cf ) dz, using zf(x) - £ = cf(x),

®(b) = G(b) —2cF(b)+c* (1—3) — M — 2L2 +L?=0.
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Since & is nondecreasing and nonnegative with limit 0, it vanishes identically. A continuous nonnegative
function with zero integral over [1,b] is identically 0 there, so f(z) = ¢/x, that is, f(x) = c¢/2?, for all
x> 1.

Problem 6A.19. Suppose vy, ...,v, is a basis of V and T' € L(V'). Prove that if \ is an eigenvalue

of T, then
AP <D M)

j=1k=1

2
)

where M(T); . denotes the entry in row j, column k of the matrix of 7' with respect to the basis
Viy.-.yUn.

Solution. Write Aj = M(T);, so Tvy = Z]- A pvj by 3.31, and let v = ), ¢y be an eigenvector
for A, so that >, |cx|> > 0 since v # 0. Expanding Tv = v in the basis and comparing coefficients
(the representation being unique) gives

n
Y Ajper=Xe;  forj=1,...,n.
k=1

Fix j and apply Cauchy-Schwarz (6.14) in F" with (z,y) = >, 24Uk to z = (c1,...,¢,) and y =

(AM, ... ,Ajyn), for which (z,y) = >, Ajrci and lylI? = >k |Aj,k|2:

IAPPlejf* < (ZAj,k!2> <Z!Ck\2)-
k=1

k=1

Summing over j and dividing by >, |cx|> > 0 gives [A\]? < ik |Aj k]

Problem 6A.20. Prove that if u,v € V, then |[|u] — |jv]|| < [u —v].
The inequality above is called the reverse triangle inequality. For the reverse triangle inequality when
V = C, see Exercise 2 in Chapter 4.

Solution. It suffices to bound =£(||lu|| — |[v||) by |lu — v||. The triangle inequality (6.17) applied to
u=(u—v)+v gives
lull < flu =l + [lvl;

so ||lu]| = [|v|| < ||lu — v||; interchanging u and v gives ||v|| — ||u|| < ||v — u|| = ||u — v||, the last equality
by 6.9(b) with A = —1. Hence |[|ul| — [Jv||| < [|u — v]|.

Problem 6A.21. Suppose u,v € V are such that
ull =3,  flut+vll=4  [u—v]|=6.

What number does ||v|| equal?

Solution. ||v|]| = v/17. The parallelogram equality (6.21) gives
42 +6% =2(32+ |Jv]?),

s0 2||v]|? = 52 — 18 = 34 and |Jv||* = 17.
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Problem 6A.22. Show that if u,v € V, then

lu + vl lu =l < flull® + fJol|*.

a?4b2

= (from 0 < (a — b)?) at a = ||u+ v||, b = ||u — v|| with the parallelogram

Solution. Combine ab <

equality (6.21):

Ju+ o> + [Ju—v|?
2

lu+ ol lu =] < = [lull® + [lv]I*.

Problem 6A.23. Suppose vy, ..., v, € V are such that ||vg|| <1 for each k =1,...,m. Show that
there exist ai,...,am € {1, —1} such that

larvr + -+ + amvm|| < V.

Solution. Average over all 2™ sign vectors. Put A = {1, —1}"™ and N(a) = ||ayv1 + - - + @mvm||?* for
a € A. Since each ay, is real, expanding by 6.6 in each slot gives

The inner sum is 2 when j = k (each term is a? = 1) and 0 when j # k, because flipping the ;"

coordinate is a fixed-point-free involution of A that negates aja;. Hence
m
> O N(a)=2"> |lugl* < 2™m.
acA k=1

So some N(a) < m, since otherwise the sum of the 2™ terms would exceed 2™m; for that a, ||ajv1 +
+amvm|| S AUz

Problem 6A.24. Prove or give a counterexample: If || - || is the norm associated with an inner
product on R?, then there exists (x,y) € R? such that ||(z,y)| # max{|z|, |y|}.

Solution. True: no inner product on R? has max{|z|, |y|} as its norm, since that function violates the
parallelogram equality (6.21) at w = (1,0), v = (0,1). Indeed u+v = (1,1) and u — v = (1, —1), so all
four of [[ul], [|v[|, lu 4 v], [[u = v]| equal 1 and

lu+l® + llu = v]* =2 # 4 = 2(JJul® + [|v]?).

Hence for any inner product norm on R?, at least one of these four vectors has norm different from the
maximum of its coordinates absolute values.

Problem 6A.25. Suppose p > 0. Prove that there is an inner product on R? such that the associated
norm is given by

|(z, )|l = (|x|p + ‘y|p)1/p

for all (z,y) € R? if and only if p = 2.
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Solution. Write Np(x,y) = (|z|? + |y[?)'/.
<« For p = 2, the Euclidean inner product on R? (an inner product by 6.3(a)) has associated norm

V22 +y% = No(z,y) by 6.7.
= If N, comes from an inner product, the parallelogram equality (6.21) applies to u = (1,0) and
v = (0,1), for which |ju| = ||v|| = 1 and |ju + v|| = |ju — v|| = 2V/P:

2.2YP = o42/p — 9(1 4 1) = 2%,

Injectivity of t +— 2t gives 1 +2/p =2, so p = 2.

Problem 6A.26. Suppose V is a real inner product space. Prove that

_ ol = flu = vl
4

(u,v)

for all u,v € V.

Solution. Expanding by additivity in both slots (6.2, 6.6(d), 6.6(e)) and using (v,u) = (u,v), which is
conjugate symmetry over R,
lu £ 0l* = J[ul® + Joll* + 2(u, v).

Subtracting cancels ||ul|? + ||v]|? and leaves |Ju + v||? — |lu — v||? = 4(u, v).

Problem 6A.27. Suppose V is a complex inner product space. Prove that

lu+ vl = flu = ol* + [lu+ ]| — |lu — iv|%

<u? U> = 4

for all u,v € V.

Solution. Everything follows from the expansion
lu+wl? = fluf)? + wlf® + (u,w) + {u,w) = [Jul® + [w]]? + 2 Re(u, w),

valid for all u,w € V by conjugate symmetry and z +z = 2Rez. Taking w = v and w = —v (using
| = ol = llvl| and {(u, —v) = —(u,v), by 6.6(c)) gives

u+v[|? = |Ju—v||* = 4Re(u, v).
Taking w = iv and w = —iv instead, and using ||£iv| = |%i| ||v]| = ||v|| together with

(u, Fiv) = +i (u,v) = Filu,v),
Re(—i(u,v)) = Im(u, v)

(by 6.6(e), and writing (u,v) = a + bi, so —i(a + bi) = b — ai), gives
u+ iv||? — ||u — iv||* = 4Im(u, v).

Hence the numerator on the right side of the asserted formula is
4Re(u,v) + 4(Im(u, v>)z = 4(u,v),

and dividing by 4 gives the identity.
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Problem 6A.28. A norm on a vector space U is a function
| -1: U = [0,00)

such that |Ju|| = 0 if and only if u = 0, ||au|| = |a|||u| for all @ € F and all uw € U, and |ju + v|| <
|lu|| 4+ ||v|| for all u,v € U. Prove that a norm satisfying the parallelogram equality comes from an
inner product (in other words, show that if || - || is a norm on U satisfying the parallelogram equality,
then there is an inner product (-,-) on U such that |ju| = (u,u)"/? for all u € U).

Solution. Take ) )
_ w4l = flu—of
p(u,v) = 1 ,
which is the required inner product when F = R; when F = C, take (u,v) = ¢(u,v) + ¢(u,iv) i, the

expression of Exercise 27. Write (P) for the parallelogram equality. Two consequences of the norm

axioms are used repeatedly: || — u|| = ||u|| (homogeneity with o = —1), and the reverse triangle
inequality
| llall = N8l < fla = bl (R)
(from ||a]| < ||a — b]| + ||b|| and the same with a, b interchanged).
(i) Symmetry, positivity, definiteness. Since [|[v — u|| = ||Ju — v| we get p(v,u) = ¢(u,v), and
12u]|* — [|o]*
o) = 2O e >

which vanishes exactly when u = 0. Also ¢(u,0) = ¢(0,u) = 0 and p(—u,v) = —p(u,v). (Check!)
(ii) Additivity in the first slot. Apply (P) to the pair v + w,v + w and to the pair u — w,v — w; both
pairs have difference u — v, so subtracting cancels ||u — v||? and leaves

w4 v 4 2w||? = ||Ju+ v — 2w|]* = 2(f|lu+ wl]? = |lu — wHQ)
+2(|lv + w|* = [Jv — w|]?),

that is, ¢(u + v,2w) = 2(p(u, w) + p(v,w)). Setting v = 0 here gives ¢(u,2w) = 2¢(u, w); applying
that with v replaced by v + v and comparing yields

p(u+v,w) = p(u, w) + (v, w), (4)

and by symmetry ¢ is additive in the second slot too.

(iii) Real homogeneity. From (4) by induction, together with ¢(0,v) = 0 and ¢(—u,v) = —p(u,v), we
get p(kw,v) = ke(w,v) for every k € Z. Taking w = %u and k = n gives cp(%u,v) = %tp(u,v), SO
(ru,v) = Tp(u,v) for all m € Z and positive integers n. By (R),

[t o] = llsu £ ol | < ||t = s)ull = [t — s][|ull,

so t — @(tu,v) is continuous; agreeing with the continuous function ¢t — t¢(u,v) on the dense set Q,
it agrees on all of R:

o(tu,v) =t p(u,v) for all t € R. (5)
For F = R this completes the proof: (i), (ii), (iii) are the five conditions of 6.2, and p(u,u)"/? = ||ul|.
(iv) The complex case. Restricting scalars to R leaves || - || a norm satisfying (P), so (i), (ii), (iii) apply
verbatim and ¢ is a symmetric R-bilinear form with ¢(u,u) = ||ul|?>. Complex homogeneity of the
norm gives
N 0 et U il
o(iu,iv) = 1 = ¢(u,v), (6)
whence, using i - iu = —u, then (5) in the second slot, then symmetry,
(v, iu) = @(iv, i - iu) = p(iv, —u) = —p(iv,u) = —p(u, iv). (7)
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Since ||u % iul| = |1 + 14| ||ul| = V2 ||ul|, we get p(u,iu) = 0 and hence

(u,u) = p(u,u) = Jul?,

giving positivity, definiteness, and the required identity ||u| = (u,u)'/2. Additivity in the first slot is
immediate from (4) applied to both terms, and conjugate symmetry follows from symmetry of ¢, (7),
and the fact that ¢ is real valued:

(v,u) = p(u,v) — p(u, )i = (u,v).
Finally (5) gives (tu,v) = t(u,v) for t € R, while (6), symmetry and (7) give
(tu,v) = @(iu,v) + p(u,v)i = —p(u, iv) + e(u,v) i = i{u,v),
so for a = a + bi with a,b € R, additivity yields
(o, vy = alu,v) + bliu,v) = (a + bi)(u,v) = a{u,v).

All five conditions of 6.2 hold.

Problem 6A.29. Suppose Vi,...,V,, are inner product spaces. Show that the equation
<(U1, o000 7um)7 (vla 000 ’Um)> = <U1,U1> T+t <Um, Um>

defines an inner product on V3 X - - X V.

In the expression above on the right, for each £k = 1,...,m, the inner product (ux,v) denotes the
inner product on Vj. Each of the spaces Vi, ..., V,, may have a different inner product, even though
the same notation is used here.

Solution. Each of the five conditions of 6.2 holds coordinatewise. Write (-, -); for the inner product on
Vi (all over the same field F, as is implicit in forming the product), so that for u = (uq,...,u,) and
v=(V1,...,Up) In V=V, x - x V, the asserted formula reads (u,v) = > " (uk, vi)i € F.
Positivity and definiteness: (v,v) = Y ;" (v, vg)x is a finite sum of nonnegative real numbers, hence
is nonnegative, and it equals 0 exactly when every term does, which by definiteness in each V}, happens
exactly when every v = 0, that is, when v = 0.

Additivity and homogeneity in the first slot: because the operations on V' are coordinatewise, u + v

has k-th coordinate ug + vy and Au has k-th coordinate Aug, so for w = (wy,...,wy) and X € F,
<U + U,’U)> = Z((ukvwk>k + </Uk)wk>k) = <U,U)> + <’U, U}>,
k=1
(A, v) = Mug, vi)x = Mu, v).

b
Il

1

Conjugate symmetry: since conjugation is additive,

m m
=S Tom s = 3 (g ug) = (o, ).
k=1 k=1

Problem 6A.30. Suppose V is a real inner product space. For u,v,w,z € V, define
(u+ v, w +iz)c = (u,w) + (v,z) + ((v,w) — (u,z))i.

(a) Show that (-,-)c makes Vi into a complex inner product space.
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(b) Show that if u,v € V, then
(u,v)c = (u,0) and |lu+iv)|lg = [[ull® + ||v]>

See Exercise 8 in Section 1B for the definition of the complexification V.

Solution. (a) The five conditions of 6.2 all reduce to symmetry and bilinearity of (-,-) on the real space
V. Throughout, elements of V¢ are written uniquely as u + iv with u,v € V' (Exercise 1B.8), with

(a+ bi)(u+iv) = (au — bv) + i(av + bu), a,b € R.

Positivity and definiteness. For z = w + iv, the defining formula with w = u, * = v gives, since
(v,u) = (u,v) kills the imaginary part,

(z.2)c = (u,u) + (v,0) = |Jul* +[lv]|* > 0,

which equals 0 if and only if u = v =0 (by 6.9(a)), that is, if and only if z = 0.

Additivity in the first slot. Since z1 + z2 = (u1 + u2) + i(vi + v2), applying additivity of (-,-) to each
of the four terms and regrouping gives (21 + 22, 2)c = (21, 2)c + (22, 2)c. (Check!)

Homogeneity in the first slot. For a € R we have az = (au) + i(av), so all four terms of the defining
formula scale by a and (az, z')c = a(z, 2’)c. For i, note iz = (—v) + iu, so with 2/ = w + iz,

(iz,2"yc = (—(v,w) + (u,z)) + ((u, w) + (v, z))i
= i<Z,Z/>C,

since multiplying « + B¢ by i gives —( + «i. Hence for A = a + bi, writing Az = az + b(iz) and using
the additivity just proved, (A\z,z")c = A\ (z,2')¢c.

Conjugate symmetry. Conjugating the defining formula for {2/, z)¢ flips the sign of (x,u) — (w,v), and
symmetry of (-,-) in all four terms then turns the result into (z,2’)c. (Check!)

(b) Identifying u € V' with u + ¢0, the defining formula and (0, y) = (y,0) = 0 (6.6(b), 6.6(c)) give

(u,v)c = (u,v) + (0,0) + (<O,U> — (u,O})i = (u,v),

and the positivity computation in (a) is exactly |lu + iv[|& = |lul|® + [|v]>.

Problem 6A.31. Suppose u,v,w € V. Prove that

_ o=l 4 llw = ol Jlu =l
2 4

) 2
Hw = §(u+v)H

Solution. This is the parallelogram equality 6.21 applied to a = w — u and b = w — v, for which
a+b:2(w—%(u+v)> and a—b=v—u.

By homogeneity of the norm (6.9(b)), |la + b||* = 4Hw —2(u+ U)H2 and [ja — b||? = |lu — v|?, so
lla + BlJ* + [la — bl = 2(]|a][* + [[b]]*) reads

2
Allw = 3w+ o)+l = vl = 2(lw — ) + - o]?).

Dividing by 4 and rearranging gives the asserted identity.

Problem 6A.32. Suppose that FE is a subset of V' with the property that u,v € E implies %(u+v) €
E. Let w € V. Show that there is at most one point in F that is closest to w. In other words, show
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that there is at most one v € E such that

lw = ul] < flw — |

for all x € E.

Solution. Suppose u1,us € E both minimize the distance to w; the midpoint of u; and wuy then beats
them unless they coincide. Indeed, taking x = uo in the minimizing property of u; and x = u; in that
of uy gives ||w — w1 = |[w — uol|; call this common value d. The hypothesis puts (ui + u2) in E,
so the minimizing property of u; applied to it gives d* < ||w — 2(ur + uz)HZ, while Exercise 31 (with
u = uj, v = uy) evaluates that right side:

Ed o=l _ s~ ]
2 4 4 )

2
< o s o -

Hence ||Ju; — uz||? <0, so ||ug — ua|| = 0 and u; = ug by 6.9(a).

Problem 6A.33. Suppose f, g are differentiable functions from R to R™.
(a) Show that

(f®),9(t)" = {f'(V),9()) + (f (), 4'(2)).

(b) Suppose c is a positive number and || f(¢)|| = ¢ for every ¢ € R. Show that (f’(¢), f(¢)) = 0 for
every t € R.

(c) Interpret the result in (b) geometrically in terms of the tangent vector to a curve lying on a
sphere in R" centered at the origin.

A function f: R — R is called differentiable if there exist differentiable functions fi, ..., f, from R
to R such that f(t) = (fi(t),..., fu(t)) for each t € R. Furthermore, for each ¢t € R, the derivative

f'(t) € R™ is defined by f'(t) = (f1'(t),. .., fa'(¥)).

Solution. (a) This is the one-variable product rule applied coordinatewise. With the Euclidean inner
product of 6.3(a) on R™ we have (f(t), g(t)) = > p_; fu(t)gx(t), a finite sum of products of differentiable
real-valued functions, so

by the definitions of f’(t) and ¢'(t).

(b) The function t + (f(t), f(t)) = ||f(t)||> = c? is constant, so its derivative is 0; by (a) with g = f,
and the symmetry of the inner product on the real space R"™, that derivative equals 2(f'(t), f(t)).
Hence (f'(t), f(t)) = 0.

(c) The curve traced by f lies on the sphere of radius ¢ centered at the origin, and (b) says its tangent
vector f’(t) is orthogonal (6.10) to the radius vector f(t) at every point.

Problem 6A.34. Use inner products to prove Apollonius’s identity: In a triangle with sides of
length a, b, and ¢, let d be the length of the line segment from the midpoint of the side of length ¢
to the opposite vertex. Then

a? +b% = 12 + 242

Solution. Apollonius’s identity is Exercise 31 rewritten. Label the vertices u,v,w in R? (with the
Euclidean inner product of 6.3(a)) so that the side of length ¢ joins u and v and w is the opposite
vertex:

c=lu=vl, a=lw-vf, b=lw-ul
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(the identity is symmetric in a and b, so this naming loses no generality). The midpoint of the side of
length c is §(u 4 v), since by 6.9(b) it lies on that segment at distance 1|ju — v|| from each endpoint;

hence d = ||w — 3 (u + v)||. Exercise 31 now reads

B b2+ a2 2

d2
2 4’

which rearranges to a® + b?> = %cz + 2d2.
Method (2): translate so the midpoint is the origin, that is, v = —u; then ¢ = ||2u|| = 2||ul|, d = ||w]|,
and the parallelogram equality 6.21 gives

@+ 02 = [lw -+ ul + [l = ul> = 2(|[w]? + u]]?) = 2% + L.

Problem 6A.35. Fix a positive integer n. The Laplacian Ap of a twice differentiable real-valued
function p on R is the function on R™ defined by
0?p 0?p

to s

Ap=—
P Ox} ox?

The function p is called harmonic if Ap = 0.

A polynomial on R™ is a linear combination (with coefficients in R) of functions of the form
xy"™ - xpn, where myq, ..., m, are nonnegative integers.

Suppose ¢ is a polynomial on R™. Prove that there exists a harmonic polynomial p on R™ such that
p(x) = q(z) for every z € R"™ with ||z| = 1.

The only fact about harmonic functions that you need for this exercise is that if p is a harmonic
function on R™ and p(z) = 0 for all z € R" with ||z|| = 1, then p = 0.

Hint: A reasonable guess is that the desired harmonic polynomial p is of the form g+ (1 — ||z|?)r for
some polynomial 7. Prove that there is a polynomial » on R™ such that g + (1 — ||z|?)r is harmonic
by defining an operator 7" on a suitable vector space by

Tr=A((1 - [l=[*)r)

and then showing that 7' is injective and hence surjective.

Solution. Take p = q + (1 — ||x||?)r with r produced below. Since 1 — ||z||?> =1 — 22 — ... — 22 is itself
a polynomial, p is a polynomial, and p = ¢ on the unit sphere because that factor vanishes there; only
Ap = 0 needs work.

For k > 0 let Py be the span of the monomials z"* - -z with my + --- + m,, < k, and let P = {0}
for k < 0; each Py, is finite-dimensional (finitely many such monomials) and every polynomial lies in
some P. Fix m with ¢ € P,,. Since

82

a2

mi

oo pMn
Tq T

m]'72 Mmn

):mj(mj—l)xam--'aﬁj n
is 0 when m; < 1 and otherwise a scalar times a monomial of total degree two lower, the linear map
A sends Py, into Pj_s; and multiplication by 1 — ||z||? sends Py, into Pjyo. Hence

Tr = A((1— [jz]*)r)

defines an operator 1" on the finite-dimensional space P,,_2, linear as a composition of those two linear
maps.

T is injective. If Tr = 0, then h = (1 — ||z||?*)r is a polynomial with Ah = 0 and h = 0 on the unit
sphere, so h = 0 by the fact quoted in the statement. Thus r(z) = 0 whenever ||z|| # 1, and r, being a
polynomial and hence continuous, vanishes on the unit sphere too (for ||z|| = 1, the points (1 + 1/k)z
converge to z and have norm # 1). So nullT = {0}, giving injectivity by 3.15 and therefore surjectivity
by 3.65.
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Since q € Py, gives —Aq € P9, surjectivity supplies r € Pp,—o with Tr = —Agq, and then linearity

of A gives
Ap=Ag+ A((1 - ”ZL‘HQ)T) =Aq—Aq=0.

6.2 Exercises 6B

Problem 6B.1. Suppose e, ..., e, is a list of vectors in V' such that
larer + -+ amen> = [a1|* + -+ + |am|®

for all ay,...,a, € F. Show that eq,...,e, is an orthonormal list.
This exercise provides a converse to 6.24.

Solution. Apply the hypothesis with one, then two, nonzero coefficients. Taking a; = 1 and all other
coefficients 0 gives |ex||* = 1 for each k.

Now fix j # k, let a € I, and take coefficient 1 on e;, coefficient a on ey, and 0 elsewhere. The
hypothesis gives |le; + aex||> = 1 + |a|?, while expanding by 6.6 and using |lej|| = |ex] = 1 and

(ex, ej) = (ej, ex) gives

lej + aexll* =1+ |al* + ale;, ex) + alej,ex) = 1+ |af® + 2Re(ale;, ex)).
Hence Re(a(e;,e;)) = 0 for every a € F.
(i) F =R: taking a = 1 gives (e;, ex) = Re(e;, ex) = 0.
(ii) F = C: write (e, er) = x + iy with x,y € R. Then a =1 gives = 0, and a = ¢ gives
0 = Re(—i(z + iy)) = Re(y —iz) = y.

So the list is orthonormal.

Problem 6B.2. (a) Suppose 6 € R. Show that both
(cosB,sinf), (—sinb,cosb) and (cos@,sinf), (sinf,— cosbh)

are orthonormal bases of R2.
(b) Show that each orthonormal basis of R? is of the form given by one of the two possibilities in

().

Solution. Throughout, R? carries the Euclidean inner product.
(a) By cos? @ +sin? @ = 1 each of the three vectors has norm 1, and

{(cosB,sinf), (—sinf,cosf)) = 0 = ((cosf,sinf), (sin b, — cosb)).

(Check!) So both lists are orthonormal of length 2 = dim R?, hence orthonormal bases by 6.28.
(b) Let u = (a,b), w = (c,d) be an orthonormal basis of R? (every basis has length 2), so that

a2+ b2 =1, A+d*=1, ac+bd = 0.

Since |a| < 1, set § = arccosa if b > 0 and § = —arccosa if b < 0; then cosf = a and sinf =
+v/1—a?2 =b, so u = (cosf,sinf). Put s = bc — ad. Multiplying ac + bd = 0 by a gives abd = —a’c,
and multiplying it by b gives abc = —b%d, so

bs = b’c — abd = (a® + b*)c = c,

as = abc — a*d = —(a® + b*)d = —d.
Thus w = s(b, —a), and 1 = ¢ + d? = s?(a® + b?) = 52, 50 s = 1.
(i) s = —1: then w = (—b,a) = (—sinf, cos ), the first list in (a).
(ii) s = 1: then w = (b, —a) = (sinf, — cos #), the second list in (a).
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Problem 6B.3. Suppose €1, ..., e, is an orthonormal list in V and v € V. Prove that

||UH2 = ‘<U,61>|2+~-+ |<v,em>‘2 <= v € span(ey,...,en).

Solution. Both sides of the equivalence say that w = 0, where, as in the proof of Bessel’s inequality
6.26,

U:<U,61>61+"'+<U,€m>€m, wW=7v—1u.

Orthonormality gives (w,er) = (v,ex) — (v,ex) = 0 for each k, so by linearity in the first slot w is
orthogonal to every vector of span(ey,...,e,), in particular to u. Hence the Pythagorean theorem
6.12 and 6.24 give

2 2
loll® = lul® + lwll* = [(v,en)|” + - + [v, em) |” + 0],

so the asserted equality holds if and only if w = 0, that is, if and only if v = w.
If the equality holds, then v = u € span(ey, ..., e, ). Conversely, if v € span(ey, ..., ey), then w =v—u
lies in that span too, and w is orthogonal to it, so (w,w) = 0 and w = 0.

Problem 6B.4. Suppose n is a positive integer. Prove that

1 COST COS2x cosnx Ssinx sin2x sin nx
\/ﬂ? ﬁ? ﬁ y ﬁ ) \/77_7 \/77_ ) ﬁ

is an orthonormal list of vectors in C[—m, 7|, the vector space of continuous real-valued functions on
[—7, 7] with inner product

™
(f.9)=[ [fg
—T
Hint: The following formulas should help.

sin(z — y) + sin(z + y)

(sin)(cosy) = :
(sinx)(siny) = cos(z — y) ; cos(z +y)
(cos z)(cosy) = cos(z — y) —2F cos(z +y)

Solution. Everything reduces to the two vanishing integrals

/ sin(ma) dz = 0, / cos(mz)dx =0 if m #0,

—T -7

valid for every integer m; call them (x). Indeed, for m = 0 the first integrand vanishes identically,

while for m # 0,
[—cos(mx)] _0 and [sm(mx)] _0

m 77T m

because cosine is even and sin(mm) = 0. Below j,k € {1,...,n},s0 j+k # 0, and j — k = 0 exactly
when j = k.

Norms. First Hl/\/ﬂH2 = [T _(2m)"'dx = 1. Next, the third and second hint formulas with both x
and y taken to be kx give cos®(kz) = (1 + cos2kz) and sin?(kz) = (1 — cos2kz), so by (x) with

m =2k # 0,

2 2

cos kx sin kx
N NG

Orthogonality. The inner products of 1/v/27 with cos(kx)/+/m and with sin(kx)/+/m are multiples of
J7_cos(kx)dx and ["_sin(kx)dz, hence 0 by (x). For the remaining pairs the hint formulas turn each

2T

2

1
o
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inner product into a combination of two integrals covered by (x). By the first hint formula, for all j, k
(including j = k), since (x) kills every sine integral,

. . 1 e ™
<C(zj7%x, 31\11/;x> =3 (/_7r sin((k — j)z)dz + /_Tr sin((k Jrj):c)dl‘) =0,
and by the third and second hint formulas, for j # k (so that both j — k and j + k are nonzero),
cosjz coskz\ 1 /7T cos(('—k)oc)da:—k/Tr cos((j + k)z)dz ) =0
ﬁ I \/77_ - 27‘( 77‘- j 777 j - ¥
. ink 1 ™ ™
<sm\/§r’ s1n\/7?:v> =5 (/7r cos((j — k)z)dx — /7r cos((j + k)x)dm) =0.

So all 2n + 1 functions have norm 1 and are pairwise orthogonal.

Problem 6B.5. Suppose f: [—m, 7] — R is continuous. For each nonnegative integer k, define

1 g 1 T
ar = 7= f(z) cos(kx) dx and by, = 7= f(z)sin(kzx) dx.
Prove that
2 ce 0
4o Z 2 32 2
?‘Fk_l(ak‘Fbk)S —7rf .

The inequality above is actually an equality for all continuous functions f: [—7, 7] — R. However,
proving that this inequality is an equality involves Fourier series techniques beyond the scope of this
book.

Solution. This is Bessel’s inequality 6.26 for the orthonormal list of Exercise 6B.4, followed by n — oc.
Work in V = C[—m,7] with (g,h) = ["_gh, an inner product by the verification of 6.3(c) (stated
there for [—1, 1]; the one nonformal point is that a continuous g # 0 is bounded away from 0 on some
subinterval, so [ g¢* > 0). Thus || f||* = ["_f2.

Fix a positive integer n. By Exercise 6B.4 the list eg = 1/v/27, ¢, = cos(kx)//T, sp = sin(kz)/\/7 for
k=1,...,n is orthonormal in V', and

<f,eo>=\}§-\/1% ifzj%, Frew) =aw  (frsn) = b,

since cos(0 - z) = 1. So 6.26 applied to f and this list gives
ag - 2 | 12 2 T2
Sn:§+2(ak+bk)§||f|| =/ /.
k=1 -

The terms ai + b% are nonnegative, so (S,) is increasing and bounded above by ffﬁ f?; hence it
converges, and the sum of the infinite series is lim,,_,~ Sy, = sup,, Sp, < fjﬂ 12

Problem 6B.6. Suppose €1, ..., e, is an orthonormal basis of V.
(a) Prove that if vy,. .., v, are vectors in V such that

1
lex — okl < —=

NG

for each k, then v1,...,v, is a basis of V.
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(b) Show that there exist vy, ...,v, € V such that

1
lex — vl < 7n

for each k, but v1,...,v, is not linearly independent.

This exercise states in (a) that an appropriately small perturbation of an orthonormal basis is a
basis. Then (b) shows that the number 1/y/n on the right side of the inequality in (a) cannot be
higher.

Solution. (a) It is enough to prove vy,...,v, linearly independent, since dimV = n and a linearly
independent list of that length is a basis by 2.38. Suppose a1v; + - - - + a,v, = 0 with not all a; equal

to 0, and set ¢ = (>, ]ak]2)1/2 > 0. Subtracting that relation,

n
arer + o+ anen = > ap(ex — vg).
k=1

Now chain 6.24 (for the left side), the triangle inequality 6.17 with homogeneity, the bound |ax|||ex —
gl < lag|/+/n (strict for the indices with ay # 0, of which there is at least one), and the Cauchy—
Schwarz inequality 6.14 in R™ applied to (|a1],...,|an|) and (1,...,1):

n
¢=llater + -+ + anenl| < k| [ler — vkl
k=1

1 « 1
< — < —. =c,
ﬁkz_l‘a’“‘ < Jm Vme=e

which is impossible. Hence every aj equals 0.
(b) Take e = €1 + -+ + ey, and v, = e — Le. By 6.24 (all coefficients equal 1) we have |e|| = /n, so

Jew =il = [ el = £ = 2
8 Vn

n

for each k,

while v1+---+v, = e—n-%

is not linearly independent.

e = 0 is a linear combination equal to 0 with all coefficients 1. So v1,...,v,

Problem 6B.7. Suppose T € £(R?) has an upper-triangular matrix with respect to the basis (1, 0, 0),
(1,1,1), (1,1,2). Find an orthonormal basis of R? with respect to which 7" has an upper-triangular
matrix.

Solution. The answer is

€1 :(1707())7 €2 = (07%7%)7 €3 = <07_%7%>7
the output of the Gram—Schmidt procedure 6.32 applied to v; = (1,0,0), vo = (1,1,1), v3 = (1,1,2)
with the Euclidean inner product: using (v, f1) = 1, (vs, f1) = 1, (vs, f2) = 3 and ex = fi/|| fxll
f1:(17070)7 ||f1H2:17
f2:(17171)_(17070):(071?1)7 ||f2H2:2>
f3 = (17 172) - (13070) - %(07 1? 1) = (Ov _%a %) ) ||f3||2 %
This is an orthonormal list of length 3 = dim R?, hence an orthonormal basis by 6.28.
It has the required property because 6.32 gives span(ey,...,e) = span(vy,...,v;) for k = 1,2,3:
these subspaces are invariant under 7' by 5.39 (since T' has an upper-triangular matrix with respect

to v1,v92,v3), so 5.39 applied to the basis ej, ea, e3 makes the matrix of T with respect to it upper
triangular.

160



Problem 6B.8. Make P2(R) into an inner product space by defining (p,q) = fol pq for all p,q €
P2(R).

(a) Apply the Gram-Schmidt procedure to the basis 1,z,2? to produce an orthonormal basis of
P2(R).

(b) The differentiation operator (the operator that takes p to p’) on P2(R) has an upper-triangular
matrix with respect to the basis 1, z, 2%, which is not an orthonormal basis. Find the matrix of the
differentiation operator on P2(R) with respect to the orthonormal basis produced in (a) and verify
that this matrix is upper triangular, as expected from the proof of 6.37.

Solution. (a) The Gram-Schmidt procedure 6.32 applied to v; = 1, vy = x, v3 = x? produces
e1=1,  e=v32x-1), e3=+5(6z>—6x+1).

Indeed f; = 1 with || f1]|*> = fo 1dt = 1; since (va, f1) foltdt =1,

1
2
fomz L, Hf2|!2:/0 (t—1)%dt= 1L,

so || f2]l = 1/(2v/3) and e; = 2V/3 (z — 3). Since (v3, f1) = % and (v3, f2) = 1 — ¢ = 15,

=t -f- (=) =a ot

and expanding (t2 —t+ %)2 =+ — 213 + %tQ — %t + % gives

1

2_ 1 1,4 1,1 _
| f3]l _3_§+§_6+%_@7

so || f3]| = 1/(6v/5) and e3 = 64/5f3. This orthonormal list has length 3 = dim P»(R), hence is an
orthonormal basis by 6.28.
(b) The matrix is
0 2v3 0
M(D, (61, €9, 63)) = 0 0 2\/ﬁ y
0 0

which is upper triangular. Indeed De; = 0, Dey = 23 =23 e1, and

6v'5
D63:6\/5(2x—1) = \/\gegz%/ﬁez.

This is what the proof of 6.37 predicts: span(vy,...,vx) is D-invariant by 5.39, it equals span(ey, ..., ex)
by 6.32, and 5.39 then applies to e1, ez, e3.

Problem 6B.9. Suppose eq,..., e, is the result of applying the Gram—Schmidt procedure to a
linearly independent list vq, ..., v, in V. Prove that (vg,eg) > 0 for each k =1,...,m.

Solution. In fact (v, er) = || fx| > 0, where fi,..., fn, are the vectors of the Gram—Schmidt formulas
6.32 and e, = fi/|| fx|l; here fi # 0 for each k, as shown in the proof of 6.32 from the linear independence
of v1,...,vy. Rearranging the formula for f; (and reading it as v; = f1 when k = 1) gives vy = fr +ug
with . 1

kafj
NE

the last equality because each e; is a nonzero scalar multiple of f;. Since e,..., ey, is orthonormal by

fj € span(fi, ..., fr—1) = span(ei, ..., ex-1),
j:
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6.32, the vector ey, is orthogonal to that span, so (ug,er) = 0 and
1
(Vg, er) = (frrex) = m<fk7fk> = |l fxll >0,

the middle step by homogeneity in the second slot (the conjugate is harmless, the scalar 1/|| fx|| being
real).

Problem 6B.10. Suppose vy, ..., v, is a linearly independent list in V. Explain why the orthonor-
mal list produced by the formulas of the Gram—Schmidt procedure (6.32) is the only orthonormal list
e1,...,em in V such that (vg,er) > 0 and span(vy,...,v;) = span(ey,...,ex) for each k =1,...,m.
[The result in this exercise is used in the proof of 7.58.]

Solution. The Gram—Schmidt list ey, ..., e, of 6.32 has both properties (the span identities by 6.32,
and (v, ex) > 0 by Exercise 6B.9), and any orthonormal list g1, ..., g with both properties equals it,
by induction on k.

Let 1 < k < m and suppose g; = e; for all j < k. Since

span(gi, ..., gx) = span(vy,...,v;) = span(ey, ..., eg),

the vector gy lies in span(ey,...,ex), of which ej,..., e is an orthonormal basis, so 6.30(a) applied
inside that subspace gives
gk = (gr,e1)er + -+ + (gk, ) ek

For j < k the induction hypothesis gives e; = g;, and (gx, g;) = 0 by orthonormality of g1, ..., gm; so
the expansion collapses to gx = aey, with a = (g, ex), and 1 = ||gx|| = |a|. Finally

<Uk7 gk) =a <Uk7 ek>a

where (vk, gx) > 0 by hypothesis and (vg, ex) > 0 by 6B.9, so @ > 0; with |a| = 1 this forces a = 1 and
gr = eg. (For k =1 the induction hypothesis is vacuous and the same argument applies.)

Problem 6B.11. Find a polynomial ¢ € P5(R) such that p(3) = fol pq for every p € Po(R).

Solution. The answer is g(z) = —152% + 152 — %

Give P2(R) the inner product (p,q) = fol pq. The functional ¢(p) = p(%) is linear on this finite-
dimensional space, so the Riesz representation theorem 6.42 supplies the required ¢, and 6.43 computes
it as ¢ = @(e1)er + p(e2)ea + p(es)es for any orthonormal basis (no conjugates, the field being R).
Take the basis of Exercise 6B.8(a), namely e; = 1, ea = v/3(2x — 1), e3 = v/5 (622 — 62 + 1), and

evaluate at z = %:

| S

ple) =1, ple2)=v3(1-1)=0, es)=V5(3-3+1) =~

Hence Y
5
q:1—7-\/5(6952—6954—1):—15:624—1595—%.

Problem 6B.12. Find a polynomial ¢ € P2(R) such that

/Olp(fc) cos(mx) dw = /Olpq

for every p € Po(R).
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12(1 -2
Solution. The answer is ¢(z) = M
s
Give P2(R) the inner product (p, q) fo pq. The functional ¢(p fo ) cos(mx) dz is linear on this
finite-dimensional space, so 6.42 supplies the required ¢ and 6. 43 gives ¢ = 4,0(61)61 + p(ez)ea + p(es)es
(no conjugates, the field being R) for the orthonormal basis e; = 1, e3 = /3 (22 — 1), e3 = V/5 (622 —

6x + 1) of Exercise 6B.8(a). The integrals needed are

/OICOS(W:E)d:E: [Sm(”)]l =0, /Olsin(m)dx: [—cos(mc)]l _ %
0

T 0 0
! 11 1 1 1 2 2
/ zsin(rx) dr = f—l-f 0=—, / zeos(mr)dr =0— = = = ——;,
0 ™ o 0 m™ s
! 2 1 2
/ x2cos(7rzn)d:c_0—— —=-=,
0 ™ T T
the last three by parts. Hence
4 43
P =0, ele)=V3(--0) =27 el =0,

the last because 6 (—%) —6 (—%) + 0 =0, and therefore

f V32 —1) = %(1—23;).

Problem 6B.13. Show that a list vy, ..., v, of vectors in V is linearly dependent if and only if the
Gram—Schmidt formula in 6.32 produces fr = 0 for some k € {1,...,m}.

[This exercise gives an alternative to Gaussian elimination techniques for determining whether a list
of vectors in an inner product space is linearly dependent.]

Solution. The formula 6.32 for f; makes sense only while f1,..., fr_1 are all nonzero, since || f;||? sits
in a denominator; so the procedure produces f; = v1, fo,... in turn and halts at the first index with
output 0, and the assertion “produces fr = 0 for some k < m” means that it halts at or before index
m.

Two facts hold whenever f1,..., fi are defined in this sense, both by induction on k and neither using
linear independence of vy, ..., vpy,.

(i) The list fi,..., fx is orthogonal: for j < k, the inductive hypothesis kills every term of the sum but
the ¢ = j one, so

(frs £5) = (ks f5) — L fiy £3) = (ks ) — (g, ) = 0

(ii) span(vy, . .., vx) = span(fi,..., fx): here fi = vy, while the formula puts f in span(vg, f1,..., fr—1)
and, rearranged, puts vg in span(fy,..., fi).

Suppose first that fr = 0, with &k least. If £ = 1 then v; = 0 and the list is linearly dependent. If
k > 1, the formula rearranges to

k1
/Uk)f
Z 2= fj € span(fi,. .., fe—1) = span(vy, ..., vg_1)

2 TP
by (ii), so v1,..., v, is linearly dependent (move vy across, with coefficient —1).
Conversely, suppose fi,..., f,, are all defined and nonzero. By (i) they form an orthogonal list of

nonzero vectors, so the ey = fi/||fx|| form an orthonormal, hence by 6.25 linearly independent, list;
thus span(fi,..., fi,) has dimension m, and by (ii) so does U = span(vy,...,vy). A list of length
dim U spanning U is a basis of U by 2.42, so v1, ..., v, is linearly independent.
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Problem 6B.14. Suppose V is a real inner product space and vy, ..., v, is a linearly independent
list of vectors in V. Prove that there exist exactly 2" orthonormal lists ey, ..., e, of vectors in V'
such that

span(vy, ..., vx) = span(eq, ..., ek)

for all k € {1,...,m}.

Solution. The lists in question are exactly €191,...,&mgm with e1,...,e, € {1,—1}, where g1,...,9m
is the Gram—Schmidt list 6.32 for vy, ..., v,,; there are 2 of these.

Each such list works: ||exgx|| = 1 and (€95, ergr) = €jex(g;, gx) = 0 for j # k, so the list is orthonormal,
and since each e # 0,

span(e191, ... ,€k9k) = span(gi, ..., gx) = span(vy, ..., V),

the last equality by 6.32.
There are no others. Let ey, ..., e, be orthonormal with the stated span property and fix k; then

span(el, te 7e]€) - Span(vla s ,’Uk) - Span(gla e 7gk>7

so ey, lies in the last span, of which ¢i,..., g is an orthonormal basis, and 6.30(a) applied inside it
expands e, in gq,...,gx. For j < k we have g; € span(g1,...,gx—1) = span(ey,...,ex_1), to which ey
is orthogonal, so (e, g;) = 0 (vacuous when k = 1) and the expansion collapses to e, = apgy with
ar = (ex, gx) € R. Then 1 = ||eg|| = |ag|, and the field being R forces a;, = £1.

Finally the 2™ sign choices give distinct lists: if two sign vectors differ at index k, the k-th entries
differ by £2g; # 0. So these lists are in bijection with {1, —1}".

Problem 6B.15. Suppose (-,-); and (-, -)2 are inner products on V such that (u,v); = 0 if and only
if (u,v)2 = 0. Prove that there is a positive number ¢ such that (u,v); = ¢{u,v)s for every u,v € V.
This exercise shows that if two inner products have the same pairs of orthogonal vectors, then each
of the inner products is a scalar multiple of the other inner product.

Solution. Take ¢ = f(x) for any nonzero x € V, where

(x,x)q
(x,x)9’

fz) =

a positive real number by positive definiteness of both inner products; the work is to show that f is
constant. (If V= {0}, both inner products vanish identically and ¢ = 1 works.)

Two-dimensional subspaces. Let U be a two-dimensional subspace of V. Restricting (-, )2 to U makes
U an inner product space, so 6.35 gives a basis ej, ez of U orthonormal for (-,-)e. From (e1,ez)2 =0
the hypothesis gives (e, e2)1 = 0, hence (ez,e1)1 = 0 by conjugate symmetry; and from

<€1+62,61—€2>2:1—0+0—1:O

the hypothesis gives (e; +e2,e1 —e2)1 = 0, which expands (the two cross terms vanishing) to (e1,e1)1 =
(e9,€2)1. Writing ¢y > 0 for this common value and expanding z = aje; + ages, y = biey + baes gives

(z,y)1 = cy(arby + azba) = cy(x,y)o

for all z,y € U; call this (i). In particular, with y =z # 0, we get f = ¢y on U \ {0}; call this (ii).

f is constant on V' \ {0}. Let x,y be nonzero. If y = Az with A # 0 (or x = Ay, the same argument),
the factors |A|? cancel in f(y) and f(y) = f(z); otherwise x,y is linearly independent and (ii) applied
to U = span(zx,y) gives f(z) = f(y). Call the common value ¢ > 0.

Conclusion. If w = 0 or v = 0, both sides vanish. If v = Au with A # 0 (the case u = Av being
symmetric), then (u,u); = c(u,u)2 gives

(u,v)1 = Mu, u)1 = c{u, Mu)s = c{u,v)s.
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If u,v is linearly independent, (i) for U = span(u,v) gives (u,v)1 = cy(u,v)e, and cy = f(u) = ¢ by

(i)

Problem 6B.16. Suppose V is finite-dimensional. Suppose (-,}1, (-, )2 are inner products on V'
with corresponding norms || - ||; and || - ||2. Prove that there exists a positive number ¢ such that
lv]l1 < clv||2 for every v € V.

Solution. Take ¢ = /n M, where n = dimV, the basis ey, ..., e, of V is orthonormal for (-,-)s (such
a basis exists by 6.35, V being finite-dimensional), and M = max{||e1||1,...,|len]l1} > 0. (If V = {0}
then ¢ = 1 works.)

Write v = aje; + -+ - + ape,. By 6.24 applied in (-, -)2, by the triangle inequality 6.17 and homogeneity
6.9 for ||-||1, and by the Cauchy—Schwarz inequality 6.14 in R™ applied to (|a1],...,|an|) and (1,...,1),

lol3 = laaf* + - + lan]?,
[olly < laalflexlls + -+~ + lan| lenlls < M (Jar] +--- +[anl)

1/2
lar] + -+ Jan] < VA (Jar2 4 - + |anl?) " = Vi vl

Combining the last two lines gives ||v||1 < My/n ||v|l2 = ¢||v||2.

Problem 6B.17. Suppose F = C and V is finite-dimensional. Prove that if 7" is an operator on V'
such that 1 is the only eigenvalue of T" and ||Tv|| < ||v|| for all v € V, then T is the identity operator.

Solution. Triangularize and read off the columns. The case V' = {0} is trivial, so let n = dimV' > 1;
since F = C and V is finite-dimensional, Schur’s theorem (6.38) gives an orthonormal basis ey, ..., e,
of V for which A = M(T, (e1, ..., en)) is upper triangular, so T'ey, = 3,4 Ajre;. By 5.41 the diagonal
entries are the eigenvalues of T', whence Ay j, = 1 for every k.

Fix k. By 6.24 (the e; are orthonormal) and the hypothesis applied to v = ey,

LY AR = Akl = || Tex)
j<k i<k
< lex]* = 1.

So each \Aj’k.IQ =0 for j < k, giving T'ej, = Ay per = ex. Two linear maps agreeing on a basis are equal
(34),s0 T =1.

Problem 6B.18. Suppose uq,..., Uy, is a linearly independent list in V. Show that there exists
v € V such that (ug,v) =1 for all k € {1,...,m}.

Solution. Take v to be the Riesz vector of the functional on U = span(u, ..., u,,) sending each uy to
1.

Indeed, uq,...,uy, is a basis of U (it spans U, and it is linearly independent by hypothesis), so U is a
finite-dimensional inner product space under the inner product inherited from V', and the linear map
lemma (3.4) gives a linear functional ¢: U — F with ¢(u) = 1 for each k. By the Riesz representation
theorem (6.42), applicable since dimU = m < oo, there is v € U C V with ¢(u) = (u,v) for all u € U.
Taking u = ug,

(ug,v) = (ug) =1 (k=1,...,m).

Problem 6B.19. Suppose v1,...,v, is a basis of V. Prove that there exists a basis uy,...,u, of V
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such that

g = [0 EIER
Vi, U) =
PERTY it =k

Solution. Take u to be the Riesz vector of the k-th dual-basis functional. Here dim V' = n, and the
linear map lemma (3.4) gives, for each k, a linear functional ¢; on V' with ¢ (v;) = 0 for j # k and
¢vr(vg) = 1; the Riesz representation theorem (6.42), applicable since V is finite-dimensional, then
supplies uy, € V' with ¢r(u) = (u, ug) for all w € V. Taking u = v; gives

0 ifj=#k,

(vj, uk) = pr(v;) = {1 it k.

For linear independence, suppose ajuj + - - - + anu, = 0 and fix j. Pairing with v; and using conjugate
linearity in the second slot [6.6(d), 6.6(e)],

0= (vj,aru1 + - + anty)
n
= @), w) = .
k=1

Thus a; = --- = a, = 0, and a linearly independent list of length n = dim V' is a basis (2.38).

Problem 6B.20. Suppose F = C, V is finite-dimensional, and £ C L(V) is such that
ST =TS

for all S, T € £. Prove that there is an orthonormal basis of V' with respect to which every element
of £ has an upper-triangular matrix.

This exercise strengthens Ezercise 9(b) in Section 5E (in the context of inner product spaces) by
asserting that the basis in that exercise can be chosen to be orthonormal.

Solution. Gram—Schmidt the basis supplied by Exercise 9(b) in Section 5E: the resulting orthonormal
basis has the same partial spans, hence still triangularizes all of £. The case V' = {0} is trivial, so
set n = dimV > 1. That exercise, applied to the nonzero finite-dimensional complex space V and the
commuting family &, gives a basis vy, ...,v, of V with respect to which every element of £ is upper
triangular; equivalently, by 5.39,

span(vy, ..., v) is invariant under T

for every T' € € and every k € {1,...,n}.
Applying the Gram—Schmidt procedure (6.32) to vy,...,v, produces an orthonormal list ej,..., e,

with span(eq,...,ex) = span(vy,...,vx) for each k; having length n = dimV, it is an orthonormal
basis of V' (6.28). So each span(ey,...,e) is invariant under every 7" € &, and 5.39 in the other
direction makes every T € £ upper triangular with respect to eq,...,e,.

Problem 6B.21. Suppose F = C, V is finite-dimensional, T" € L(V'), and all eigenvalues of T'
have absolute value less than 1. Let € > 0. Prove that there exists a positive integer m such that
IT™v]| < €||v|| for every v € V.

Solution. Rescale a Schur basis so that T" becomes a strict contraction for a new inner product, then
transfer back by Exercise 16 of this section. The case V = {0} is trivial, so let n = dimV > 1. By
Schur’s theorem (6.38), applicable since F = C and V is finite-dimensional, there is an orthonormal
basis eg,...,e, with A = M(T,(e1,...,e,)) upper triangular; by 5.41 its diagonal entries are the
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eigenvalues of T, so
r=max{|A11],...,[Ann|} < 1.

Let M = max{|A;x| : j <k} (with M =0 if n=1), and put

1—r

t = mi {1, o
R ST VN

} S (0,1], fk:tkek.

Each f;, is a nonzero multiple of ey, so fi,..., f, is a basis, and substituting e; = t_jfj into Tep, =
ngk Ajre; gives Tfy, = ngk Ajpt*=If;. Thus B = M(T,(f1,..., fa)) is upper triangular with
Bj i = Ap i and |Bj | < Mt for j < k (since k —j > 1 and t < 1). Let (-,-)" be the inner product on
V making f1,..., f, orthonormal, obtained by transporting the standard inner product of C” through
the isomorphism > ay fx — (a1, ..., ay), and write || - ||’ for its norm.

Write T'= S + N, where S and N have matrices with respect to fi,..., fn equal to the diagonal and
the strictly upper-triangular parts of B. For v = >, ay fi we get Sv =Y, Ay pak fi, so ||Sv||" < r|v]|,
while the j-th coordinate of Nv is > ;. ; Bjkay, of modulus at most Mt} [ax| < Mty/n|v||" by
Cauchy—Schwarz (6.14); squaring and summing over the n values of j gives || Nv||" < nMt||v|’. Since

nMt < 12;7" . MLH < 157, the triangle inequality (6.17) yields

7ol < ISoll" + INv]" < plloll',  p =4

where p € [1,1) because 0 < r < 1; iterating gives ||[T™v]|" < p™||v||" for every positive integer m.
Finally, Exercise 16 of this section, applied to the two inner products on the finite-dimensional space
V in each order, supplies c¢1,co > 0 with ||w|| < ¢1|lw]]” and [Jw||" < ez||w]| for all w € V', whence

177 0] < e[ T™ ]| < exrp™ o]l < ereap™|[v]-

As 0 < p <1 we have p™ — 0, so any m with cjcop™ < € satisfies ||[T™v| < €||v|| for every v € V.

Problem 6B.22. Suppose C[—1,1] is the vector space of continuous real-valued functions on the
interval [—1, 1] with inner product given by

(f,9) 2/_11 fg

for all f,g € C[—1,1]. Let ¢ be the linear functional on C[—1,1] defined by ¢(f) = f(0). Show that
there does not exist g € C[—1,1] such that

o(f) =(f.9)

for every f e C[—-1,1].
This exercise shows that the Riesz representation theorem (6.42) does not hold on infinite-dimensional
vector spaces without additional hypotheses on V and ¢.

Solution. Test a putative g against f(x) = 22g(x). Suppose g € C[—1,1] satisfies f(0) = fil fg for
every f € C[—1,1]. This f is continuous with f(0) =0, so

0=10)= [ so= [ 2otar v

The integrand is continuous and nonnegative, and a continuous nonnegative h on [—1, 1] with f_ll h=0
vanishes identically: if h(c) > 0, continuity gives a subinterval [, 8] C [—1, 1] of positive length on
which h > $h(c), whence fil h > 2h(c)(B—a) > 0. So z%g(x)? = 0 throughout [—1,1], giving g(z) = 0
for  # 0 and then ¢(0) = lim,_,¢ g(z) = 0 by continuity.

Thus g =0, so f(0) = (f,0) = 0 for every f € C[—1, 1] — contradicted by the constant function f = 1.
Hence no such g exists.
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Problem 6B.23. For all u,v € V, define d(u,v) = ||u — v||.
e (a) Show that d is a metric on V.
o (b) Show that if V' is finite-dimensional, then d is a complete metric on V' (meaning that every
Cauchy sequence converges).
o (c) Show that every finite-dimensional subspace of V' is a closed subset of V' (with respect to the
metric d).
This exercise requires familiarity with metric spaces.

Solution. (a) The three axioms come straight from the norm. Nonnegativity holds since (w,w) > 0;
d(u,v) = 0 forces u — v = 0 by 6.9(a), and conversely ||0|| = 0; symmetry is 6.9(b) with A\ = —1; and
with u — w = (u — v) + (v — w) the triangle inequality for the norm (6.17) gives

d(u, w) < flu= vl + o = w[| = d(u, v) + d(v, w),

(b) Coordinates with respect to an orthonormal basis turn a Cauchy sequence in V' into n Cauchy
sequences of scalars. The case V = {0} is trivial, so let ey, ..., e, be an orthonormal basis of V' (6.35)
and let (vy,) be Cauchy, with aj m, = (Um, eg). Cauchy-Schwarz (6.14) and |leg|| = 1 give

lakm — akj| = [(vm — vj, ex)| < d(vm, vj),

so each (agm)m is Cauchy in F, hence converges to some a; by completeness of R and C. Put
v=aie; + -+ anep, 50 (U, — v, ex) = ag,m — ai and 6.30(b) gives

n
d(Vm, 0)* = [[om = V> =Y larm — axl> — 0
k=1

as m — oo, the sum being one of finitely many terms each tending to 0. Thus v, — v and d is
complete.

(c) A finite-dimensional subspace U is complete, and a complete subspace of a metric space is closed.
Precisely, U inherits the inner product of V', hence the metric d restricted to U, so (U,d) is complete
by (b). If v lies in the closure of U, pick u,, € U with d(um,,v) < 1/m; then (u,,) is Cauchy by the
triangle inequality, so u,, — u for some u € U, and

d(u,v) < d(u, up) + d(tm,v) — 0,

forcing d(u,v) = 0 and hence v =u € U by (a). So U is closed in V.

6.3 Exercises 6C

Problem 6C.1. Suppose vy, ...,v, € V. Prove that

i

{vi,... ,vm}J‘ = (span(vl, e vm)) .
Solution. Both inclusions are one line. Write U = span(vy,...,vy). Since {vi,...,v,} C U, 6.48(e)
gives UL C {vy,..., v, }+. Conversely, if (vg, w) = 0 for each k and u = ayv1 + - - + amvm, € U, then

additivity and homogeneity in the first slot give
(u,w) = ar{vi,w) + -+ + am(vm, w) =0,

so w € UL. Hence the two sets are equal.

Problem 6C.2. Suppose U is a subspace of V with basis uq, ..., u,, and

Uly-+eyUm,V1y...,Un
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is a basis of V. Prove that if the Gram—Schmidt procedure is applied to the basis of V' above,
producing a list eq,...,em, f1,..., fn, then e1,..., e, is an orthonormal basis of U and fi,..., f, is
an orthonormal basis of U+.

Solution. Gram—Schmidt preserves partial spans, which pins down both halves of the list. Here dim V' =
m +n and dimU = m. Writing the given basis as wy, ..., Wn4+, and the output as gi,...,gm+n (s0
gr = e for k < m and gny; = f;), 6.32 gives span(gi,...,gx) = span(wi,...,wy) for every k; at
k = m this reads

span(eq, ..., emy) = span(uy, ..., uy) = U.

So eq,...,€en is an orthonormal spanning list of U, hence (being linearly independent by 6.25) an
orthonormal basis of U.

Orthonormality of g1, ..., gm+n gives (ex, fj) = 0 for all £ < m, so by Exercise 6C.1 and the displayed
span,

fi € {e1,.. Lem}t = (span(el,...,em))J‘
=U"+,
Thus fi,..., f, is an orthonormal list in U+, whose dimension is dim V' — dim U = n by 6.51; a list of

that length is an orthonormal basis of UL by 6.28.

Problem 6C.3. Suppose U is the subspace of R* defined by
U= span((1,2,3, —4), (—5,4,3,2)).

Find an orthonormal basis of U and an orthonormal basis of U~+.

Solution. The answers are
—1.(1,2,3,—-4), L_(—77,56,39,38)

V30 V12030
for U, and
1 1
755(3,9,-7,0),  ===(151,36,111,139)

for U+. Here is the computation, with v; = (1,2,3, —4) and ve = (—5,4, 3, 2); neither is a multiple of
the other, so dimU = 2 and dim U+ = 2 by 6.51.
For U, Gram-Schmidt (6.32) uses ||v1]|?> = 30 and (vg,vy) = 4:
vy — sbv1 = (77,56, 39, 38),
(=77, 56,39, 38)]|2 = 12030,

and scaling by a positive constant is harmless, giving the first display. For U+, Exercise 6C.1 turns
membership into the two equations (vy,x) = (ve, z) = 0, that is,

x1 + 229 + 3x3 — 424 = 0, —bx1 + 4x9 + 323 + 224 = 0.

Subtracting gives xs = 3x1 — 3x4, and then the first equation gives 3zs = 10x4 — 7x1; writing 1 = 3a,
x4 = 3b yields
x =a(3,9,-7,0) + b(0, -9, 10, 3).

So U+ = span(wy,wz) for these two independent vectors. Gram-Schmidt again, with |jw;||? = 139 and
(wg,w1> = —151:
wy + 135wy = 755(151,36,111,139),

(151, 36,111,139)|* = 55739.

Each pair is orthonormal of length 2 inside a 2-dimensional space, hence a basis of it by 6.28. (Check!)
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Problem 6C.4. Suppose e, ..., e, is a list of vectors in V with |ex|| =1 for each k =1,...,n and
2 2
[0]|* = (v, ex)|” + - 4 [{v, en)]

for all v € V. Prove that eq,...,e, is an orthonormal basis of V.
[This exercise provides a converse to 6.30(b).]

Solution. Orthogonality falls out of the hypothesis at v = e;, and spanning from U + = {0}. Fix j and

take v = e;:
n
L=llej? =) lej e
k=1
=14+ [ej e,
kg
using (e;,e;) = |le;[|> = 1. Every term of the remaining nonnegative sum is 0, so (ej, ex) = 0 for k # j

and the list is orthonormal.
Let U = span(ey, ..., e,), a finite-dimensional subspace of V. If v € U then (e, v) = 0 for each k by
Exercise 6C.1, hence (v, e;) = 0 by conjugate symmetry, and the hypothesis gives

loll* = [(v,ex)|* = 0,
k=1

so v = 0. Thus U+ = {0}, and 6.54 (applicable as U is finite-dimensional) gives U = V. An
orthonormal spanning list is linearly independent (6.25), so eq, ..., e, is an orthonormal basis of V.

Problem 6C.5. Suppose that V is finite-dimensional and U is a subspace of V. Show that P;. =
I — Py, where [ is the identity operator on V.

Solution. The decomposition v = u+w works for both projections at once, read in the two orders. Both
U and U+ are finite-dimensional (2.25), so Py and Py are defined (6.55). Given v € V, write v = u-+w
with u € U and w € U+ (6.49), so Pyv = u. Since (UL)* = U by 6.52 (U is finite-dimensional), the
rewriting v = w + u is the decomposition of v along U+ @ (U+)+, whence

Prpiv=w=v—u=v— Pyv=(I—- Py)v.

As v was arbitrary, Py =1 — Py.

Problem 6C.6. Suppose V is finite-dimensional and 7' € £(V, W). Show that

T = TP(nuH )L = PrangeT T.

Solution. Both identities say a projection changes nothing that 7" sees. Since V is finite-dimensional,
so are null 7', (null 7)*, and rangeT' (3.21), so both projections are defined.

For the first, let v € V and write v = u + x with « € nullT and = € (nullT)* (6.49); by Exercise 6C.5
with U = null T, or equivalently by 6.52, this gives P, 7)1v = z. Since T'u = 0,

T(P(nunT)i"U) =T =T(x+u)=To.

For the second, Tw € range T, 80 Fanger(Tv) =T by 6.57(b). As v was arbitrary, T' = T F7)1 =
Prange TT-
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Problem 6C.7. Suppose that X and Y are finite-dimensional subspaces of V. Prove that Px Py = 0
if and only if (z,y) =0forallz € X and all y € Y.

Solution. Both directions run through null Px = X [6.57(e)], the orthogonality condition being exactly
Y C X*. Here Py, Py are defined since X,Y are finite-dimensional (6.55).

(i) If (x,y) = 0forallz € X,y € Y, then for every v € V we have Pyv € range Py =Y C X+ = null Px
by 657(d), (e), SO (PXpy)U =0 and Pxpy =0.

(ii) If Px Py = 0, then for y € Y we have Pyy =y by 6.57(b), so

Pxy = Px(Pyy) = (PxPy)y =0,

putting y € null Py = X*; that is, (z,y) =0 forallz € X,y €Y.

Problem 6C.8. Suppose U is a finite-dimensional subspace of V and v € V. Define a linear
functional ¢: U — F by

p(u) = (u,0)

for all u € U. By the Riesz representation theorem (6.42) as applied to the inner product space U,
there exists a unique vector w € U such that

p(u) = (u,w)

for all w € U. Show that w = Pyv.

Solution. The vector v — w is orthogonal to U, which identifies w as the U-component of v. Indeed,
for every u € U, using additivity and conjugate homogeneity in the second slot [6.6(d), 6.6(e)],

(u,v —w) = (u,v) — (u, w)

sov—w € Ut. Thus v = w + (v — w) with w € U and v — w € U™, which is the unique such
decomposition since V = U @ U+ (6.49, applicable as U is finite-dimensional). By the definition 6.55
of the orthogonal projection, Pyv = w.

Problem 6C.9. Suppose V is finite-dimensional. Suppose P € £(V) is such that P2 = P and every
vector in null P is orthogonal to every vector in range P. Prove that there exists a subspace U of V'
such that P = Py.

Solution. Take U = range P, a finite-dimensional subspace of V, so Py is defined (6.55). For v € V,
write v = Pv 4 (v — Pv). The first term lies in U, while

P(v — Pv) = Pv — P?v =0,

so v — Pv € null P, which by hypothesis is orthogonal to range P = U; hence v — Pv € Ut. As
V =U@U" (6.49), this decomposition is the unique one, so Pyv = Pv by 6.55. Since v was arbitrary,
P = Py.

Problem 6C.10. Suppose V is finite-dimensional and P € £(V) is such that P? = P and
[Pol| < [lvl]

for every v € V. Prove that there exists a subspace U of V' such that P = Py.
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Solution. By Exercise 6C.9 it suffices to show range P | null P; then P = Py with U = range P. So
let u € range P and 0 # w € null P (the case w = 0 being trivial by 6.6(c)). Writing v = Px gives
Pu = P?z = Pz = u, so P(u+ \w) = u for every A € F and the hypothesis applied to v = u + Aw
yields ||u]| < [Ju + Aw||. Expanding,

lu+dw]|? = [lul® + A |w]|?
+ 2Re(Mu, w)).

Now take A = —{u,w)/||w||?, legitimate since w # 0, so that A\(u,w) = —|{u,w)|?/|w]||* is real and
IN?||lwl]|? = |{(u, w)|?/||w]||?. The expansion becomes

2
ol < o+ Do = 2 — L2220
[Jw]
forcing the nonnegative quantity |(u,w)|?/||w]||? to vanish. Hence (u,w) = 0, and Exercise 6C.9 gives
P = PrangeP-

Problem 6C.11. Suppose T' € £(V) and U is a finite-dimensional subspace of V. Prove that

U is invariant under T' <— PyT Py = TPFy.

Solution. Both directions are 6.57(b) and 6.57(d) applied once each; Py is defined since U is finite-
dimensional (6.55).

(i) If U is invariant under 7', then for v € V' we have Pyv € range Py = U [6.57(d)], so TPyv € U and
Py fixes it [6.57(b)]: PyT Pyv =T Pyv.

(ii) If PyT Py = TPy, then for u € U we have Pyu = u [6.57(b)], so

Tu=TPyu= PyTPyu= PU(TU) € range Py = U,

so U is invariant under T'.

Problem 6C.12. Suppose V is finite-dimensional, T' € L(V'), and U is a subspace of V. Prove that

U and U™ are both invariant under 7' < PyT = TPy.

Solution. Both directions come from V = U@ U (6.49) together with range Py = U and null Py = U+
[6.57(d), (e)]; U is finite-dimensional since V is.
(i) Suppose U and U™ are invariant under 7. Writing v = u + w with v € U, w € Ut, we get
T Pyv = Tu, while Tv = Tu + Tw with Tu € U and Tw € U*' is the decomposition defining PyTv, so
PyTv =Tu=TPyv.
(ii) Suppose PyT = TPy. For u € U, Pyu = u [6.57(b)] gives Tu = TPyu = PyTu € U; for
w € U+ = null Py,

PU(Tw) = TPUw =T0= O,

so Tw € null Py = U+, Thus both U and U+ are invariant under 7.

Problem 6C.13. Suppose F = R and V is finite-dimensional. For each v € V, let ¢, denote the
linear functional on V defined by

po(u) = (u,v)
for all u € V.
(a) Show that v — ¢, is an injective linear map from V to V'.

(b) Use (a) and a dimension-counting argument to show that v — ¢, is an isomorphism from V'
onto V.
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[The purpose of this exercise is to give an alternative proof of the Riesz representation theorem (6.42
and 6.58) when F = R. Thus you should not use the Riesz representation theorem as a tool in your
solution.]

Solution. (a) Write ®(v) = ¢,; each ¢, lies in V' by 6.6(a). Linearity of ® is additivity and homogeneity
in the second slot [6.6(d), 6.6(e)]: for all u € V,

Poi+va (u) = <u7 v1> + <uv 1)2), Prv (u) = )‘<u7 v> = A@v(u)v

the last step using A = A as F = R. For injectivity, ¢, = 0 evaluated at u = v gives ||v||? = (v,v) =0,
so v =0 and null® = {0} (3.15).
(b) By 3.111, dim V’/ = dim V' < oo, so the fundamental theorem of linear maps (3.21) applied to ®
with dimnull ® = 0 gives

dimrange ® = dim V = dim V’.

A subspace of V' of full dimension is V’ (2.39), so ® is surjective, hence an isomorphism.

Problem 6C.14. Suppose that e1,..., e, is an orthonormal basis of V. Explain why the dual basis
(see 3.112) of ey,...,e, is e1,..., e, under the identification of V'’ with V provided by the Riesz
representation theorem (6.58).

Solution. Because ¢.; and the j-th dual-basis functional ¢; of 3.112 agree on the basis ey,. .., en:
orthonormality gives
1 ifk =7,

Pe, (k) = (ex, €5) = {0 ik

which is exactly the defining property of ;. Two linear maps agreeing on a basis are equal, so p; = @,
for each j; that is, under the correspondence v <+ ¢, of 6.58 the dual basis of e1,...,e, is e1,...,en.

Problem 6C.15. In R?, let
U = span ((1,1,0,0),(1,1,1,2)).

Find u € U such that ||u — (1,2,3,4)|| is as small as possible.

Solution. The answer is u = (%, ;’, 31 %) since by 6.61 the minimizer is u = Pyv with v = (1,2, 3,4).
Gram-Schmidt (6.32) on the basis (1,1,0,0),(1,1,1,2) of U gives
7(1, 1,0,0), es = %(0,0, 1,2),

because (1,1,1,2) — v2e; = (0,0,1,2), of norm /5. Then (v,e1) = 3/v/2 and (v,e3) = 11/y/5, so
6.57(i) gives

Pyv

§LQ
7255

w\oo /-\

3(1,1,0,0) + £(0,0,1,2)
(3, )-

The minimum distance is ||v — u|| = y/13/10.

Problem 6C.16. Suppose C[—1,1] is the vector space of continuous real-valued functions on the
interval [—1, 1] with inner product given by
1
= / fg
=il

for all f,g € C[—1,1]. Let U be the subspace of C[—1, 1] defined by
U={feC]-1,1]: f(0) =0}.
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(a) Show that U+ = {0}.
(b) Show that 6.49 and 6.52 do not hold without the finite-dimensional hypothesis.

Solution. (a) Test g € Ut against f(z) = 22g(x), which is continuous with f(0) = 0, hence in U:

1
0=Uy%=/ 2g(x)? da.

-1

The integrand is continuous and nonnegative, and such a function with zero integral vanishes identically
(if h(xg) > 0, continuity gives a nondegenerate subinterval on which h > %h(l’o), forcing f_ll h > 0).
So g(x) =0 for = # 0, and g(0) = lim, .o g(z) = 0 by continuity. Hence U+ = {0}.

(b) This U is infinite-dimensional (it contains z, 22,23, ..., polynomials of distinct degrees), and the
constant function 1 lies in C[—1,1]\ U. By (a),

U+Ut=UcCC[-1,1],
Ut = {0} =C[-1,1] # 1,

so the conclusions of 6.49 and of 6.52 both fail for this U.

Problem 6C.17. Find p € P3(R) such that p(0) =0, p’(0) =0, and

1
/ |2+ 3z —p(w)‘Qd:L'
0

is as small as possible.

Solution. The answer is p(z) = 2422 — 2823, Work in C[0, 1] with (f, g) = fol fg and set v(z) = 2+ 3.
The conditions p(0) = p/(0) = 0 kill the constant and linear coefficients, so the admissible set is

U = span(z?, 2),
and by 6.61 the minimizer of ||v — p||? over p € U is p = Pyv, characterized by p € U with v —p € U+,
which by Exercise 6C.1 means (v — p,z?) = (v — p,23) = 0. Since

11

(v, 2?) = =17 <v,x3>=%+%zﬁ,

win
+
[
=
Sl

writing p = ax? 4 bx? gives the normal equations

a b _ 17
5""6*127
a b _ 11
st 7= 10

whose solution is a = 24, b = —2%2. (Check!)

Problem 6C.18. Find p € P5(R) that makes

™
/ ! sinz —p(x)|2 dz
—T

as small as possible.

The polynomial 6.65 is an excellent approximation to the answer to this exercise, but here you are
asked to find the exact solution, which involves powers of w. A computer that can perform symbolic
integration should help.

174




Solution. The answer is
_105(w* — 1537 + 1485)

315(m* — 12572 + 1155) 4
— T
478
693(m* — 10572 + 945)
X .
{710

Work in C[—7, 7] with the inner product 6.64, let v(z) = sinz, and let U = P5(R). By 6.61 the
minimizer is p = Pyo, characterized by p € U with v —p € UL [6.49 and 6.57(f)], which by Exercise
6C.1 applied to the spanning list 1,x,...,2° reads

s
/ xk(sinx—p(x))dxzo, k=0,1,...,5.
—Tr

Parity supplies the integrals: [7 z™dz is 0 for m odd and 27™'/(m + 1) for m even, while
flr xF sin z dz is 0 for k even and 21}, for k odd, where I,, = fow x" sin x dx satisfies I,, = 7" —n(n—1)I,—
by parts twice, with Iy = 7, hence

I =, Iy =7 — 6m, Is = 7° — 2073 4 120m.

Write p(x) = ag + a1z + --- + asz®. For k even the equation collapses to ffﬂ zFq = 0 with ¢(z) =
ag + asx? 4+ asxt; thus ¢ is orthogonal to 1,22, 2%, hence to ¢ itself, so ¢ = 0 and ag = as = a4 = 0.
For k odd, setting a = a1, b = a3, ¢ = a5 and dividing the k = 1, 3,5 equations by 273, 27°, 27", the
substitution ¢t = 72, A = a, B = 72b, C = 7c gives

A, B, C_1
T3 +7=1

A, B, C_1_6
stTTt9 =%~

Ay B, C_1_ 20,12
Tty taTi -2t B

. . . 256 o .
The coefficient matrix has determinant 555556-= # 0, and elimination gives

A= 105 _ 16065 + 155925

8t 8t2 8t
_ 315 | 39375 _ 363825
B=—%+% — "
_ 693 _ 72765 | 654885
C=% %= 1t 7%
(Check! — substitute and collect powers of 1/t.) Undoing a = A, b = B/n?, ¢ = C/n*, t = 72 gives the
displayed p, whose coefficients are 0.987862 ..., —0.155271 ..., 0.00564312..., matching 6.65.

Problem 6C.19. Suppose V is finite-dimensional and P € £(V') is an orthogonal projection of V'
onto some subspace of V. Prove that Pf = P.

Solution. Write P = Py, where U is a (necessarily finite-dimensional) subspace of V. By 6.57(d) and
6.57(e),

range P = U, (null P)* = (UHt =1,
the last equality by 6.52, which applies since U is finite-dimensional. By 6.57(b), P|y is the identity
map of U, hence so is its inverse (P\(nunp)L)_l: range P — (null P)*. Thus 6.68 gives, for every

veV, 1 1
Pl = (P|(nullP)i)_ PrangeP'U = (P|U)_ (P’U) = Pu,

using Prange p = Py = P and Pv € U. Hence Pt =P.
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Problem 6C.20. Suppose V is finite-dimensional and 7' € £(V, W). Show that

null 77 = (range T')* and range 7T = (null 7))+

Solution. Set S = T|yynr)L, which by 6.67 is an invertible map of (null T)* onto rangeT (both
finite-dimensional, as V' is), so that 6.68 reads Ttw =S8 *1PrangeTw for w e W.
(i) Because S~ is injective,

Thw =0 < PrangeTw =0 <= w € (rangeT)L,
the second equivalence by 6.57(e). Hence null 7T = (range T)*.
(ii) Every TTw = S~ (PrangeTw) lies in range S~! = (null T')*, giving C. Conversely, for v € (null 7)+
put w = Twv = Sv € rangeT’; then Prangerw = w by 6.57(b), so
TTw = S"1w = 5"1(Sv) = v.

Hence range T = (null T)*.

Problem 6C.21. Suppose T € L(F3,F?) is defined by
T(a,b,c) = (a+b+c, 2b+ 3c).

(a) For (z,y) € F2, find a formula for TT(z,y).

(b) Verify that the equation 77T = Pranger from 6.69(b) holds with the formula for T’ t obtained in
(a).

(c) Verify that the equation 77T = Pyt from 6.69(c) holds with the formula for T T obtained in
(a).

Solution. (a) TT(z,y) = & (13z — 5y, 3z +y, —2z + 4y).
Here F" carries the Euclidean inner product. Since 7°(1,0,0) = (1,0) and 7°(0,1,0) = (1, 2) are linearly
independent, range T = F? and so Pranger = I; solving a + b+ ¢ = 0 = 2b + 3c gives

null 7" = span ((1, —3,2)), (null T)* = {(a,b,¢) : a — 3b+ 2c = 0},
the description of the orthogonal complement using that (1,—3,2) has real entries. By 6.67 and 6.68,
T (z,y) = S~ (x,y) with S = T'|mun )+ that is, TT(z,y) is the unique (a,b,c) with
a+b+c=ux, 2b 4+ 3c =y, a—3b+2c=0.
Subtracting the third equation from the first gives ¢ = 4b — x; then the second gives 14b = 3x + y, and

3z +y —2x + 4y b 132 — by
= c= —— a=r—b—c=—"F7"7-"
14 7 14 7 ’

14
which is the stated formula. (Check! the three equations.)
(b) By the three equations of (a), TT'(z,y) = (z,y), so TT" = I; and Panger = I since range T = F2.

Hence TTT = PrangeT-
(c) For (a,b,c) € F3 put x =a+b+cand y = 2b+ 3¢, so T(a,b,c) = (z,y) and, by (a),

b

T'T(a,b,c) = £ (132 — 5y, 3z +y, —22 + 4y)
=1 (13(a Fb+¢)—5(2b+3¢), 3(a+b+c)+ (2b+3¢), —2(a+b+c)+42b+ 3c))
= 5 (13a +3b - 2¢, 3a+ 5b+ 6c, —2a + 6b+ 10c).

[y

|
—

By Exercise 6C.5, Prunryr =1 — Pounr, and since [|(1, =3, 2)||? = 14, formula 6.56 gives

((a,b,¢),(1,-3,2)) _a—3b+2c

Prar(a,b,c) =
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Hence
a—38b+2c
14
_ L4<14a — (a—3b+2¢), 14b+ 3(a — 3b + 2¢), 14c — 2(a — 3b + 20))

P(nullT)J-(a’ b,c) = (a,b,c) (1,-3,2)

—

- ﬁ(13a+36—20, 3a + 5b + 6¢, —2a + 6b + 10c),

The two displays agree for every (a,b,c), so T1T = Pt

Problem 6C.22. Suppose V is finite-dimensional and 7' € L(V, W). Prove that
TT'T=T and TITT' =T

Both formulas above clearly hold if T is invertible because in that case we can replace T with 7.

Solution. Both identities come from 6.69 together with T'P,, )+ = T, which is Exercise 6C.6: writing
v =1+ u with € (nullT)* and u € null T (possible by 6.49, since null T is finite-dimensional, and
this is the decomposition defining P, 7). in 6.55 because ((null T)L)J' =null T by 6.52), we get

TPyaryrv=Te=Te+Tu="Tv.
(i) By 6.69(c), T'T = Pyuy)L, 50
TTT = TPuypy =T.

(ii) By 6.69(b), TTT = Prange T, s0 for every w € W the definition 6.68 and the idempotence P,
PrangeT (657(g)) give

2 _
angeT —

T

—1
TTT 'w = (T qunryr)  Pranger @

-1
= (T|(nu11T)J-) PrangeT w = TTw.

Problem 6C.23. Suppose V and W are finite-dimensional and 7' € £(V, W). Prove that
(thi =1

The equation above is analogous to the equation (T~1!)~! = T that holds if T is invertible.

Solution. Write N = nullT, R = range T, and S = T'| 5., which by 6.67 is invertible from N1 onto R,
so that 6.68 reads TTw = S~!Prw. By Exercise 6C.20,

null 71 = RL, range Th = N+,

and since R is finite-dimensional, 6.52 gives (null T‘L)l = (RL)L = R. So 6.68 applied to T € L(W, V)
(legitimate because W is finite-dimensional) reads

(TT)TU = (TT‘R)_:LPNJ_ v for every v € V.

1

For w € R we have Prw = w by 6.57(b), so T'|g = S~! as a map of R onto N+, whence (Tf|g) " = S.

Therefore
(TT)TU = S(Py1v) =T(Pyiv) =T,

the second equality because Py.iv € N+ and the third by Exercise 6C.6. Hence (T T)T =1T.

177



7 Operators on Inner Product Spaces

Contents
7.1 Exercises TA . . . . e 179
7.2 Exercises TB . . . . e e 190
7.3 Exercises TC . . . . e 200
7.4 Exercises TD . . . . L e e s 208
7.5 Exercises TE . . . . . o e e e e e e e e 217
7.6 Exercises TE . . . . o 224

178



7.1 Exercises TA

Problem 7A.1. Suppose n is a positive integer. Define T' € L(F™) by
T(Zl, ceey Zn) = (0, FARRRE ,Zn_l).

Find a formula for T*(z1,..., zp).

Solution. The adjoint of the forward shift is the backward shift:
T* (21, y2n) = (22, ..., 2, 0).

Indeed, with F" carrying the Euclidean inner product, for z,w € F"

n—1
(Tz,w) = Z 2p W1 = <z, (wa, ..., wn,0)>,
k=1

the second equality because the omitted term 2,0 vanishes. Comparing with the definition 7.1 of
the adjoint gives (z, T*w — (wa,...,wy,0)) = 0 for every z; taking z to be that second slot forces
T*w = (wa, ..., Wn,0).

Problem 7A.2. Suppose T' € L(V,W). Prove that

T=0 < T"=0 <<= T'T=0 << TT*=0.

Solution. (i) T =0 <= T* =0: if T = 0 then |T*w|? = (T*w, T*w) = (T(T*w),w) = 0 for every
w € W by 7.1, so T* = 0; applying this to 7™ and using (7%)* =T (7.5(c)) gives the converse.
(i) T =0 <= T*T = 0: the forward direction is immediate, and conversely, for v € V, 7.1 gives

||| = (Tv, Tv) = (v, (T*T)v) =0,
soT =0.

(iii) T* =0 <= TT* = 0: this is (ii) applied to T*, again using (7%)* = T.
Combining (i), (ii), (iii) gives the four stated equivalences.

Problem 7A.3. Suppose 7' € L(V') and A € F. Prove that

A is an eigenvalue of T <= X is an eigenvalue of T™*.

Solution. By 7.5(a), 7.5(b), and 7.5(e), (T — M )* = T* — X I. Hence, V being finite-dimensional,

A is an eigenvalue of T' <= T — Al is not injective
T — M is not surjective
range(T' — \I) #V
(range(T — )\I))L # {0}
null (T — AI)*) # {0}
null(T* — A1) # {0}

A is an eigenvalue of T*.

rrirr

Here the second equivalence is 3.65 (applicable as T'— AI is an operator on the finite-dimensional V),
the fourth is the contrapositive of 6.54 applied to the subspace range(T — AI), the fifth is 7.6(a), and
the sixth is the identity above.
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Problem 7A.4. Suppose T' € L(V') and U is a subspace of V. Prove that

U is invariant under T <= U~ is invariant under T*.

Solution. (=) Suppose U is invariant under 7' and w € U~+. For every u € U, the definition 7.1 of
the adjoint gives
(u, T*w) = (Tu,w) =0,

since Tu € U and w € UL, Hence T*w € UL, so U' is invariant under T*.

(<=) Apply the implication just proved to the subspace U+ and the operator T*: it gives that (U+)"
is invariant under (7*)*. Now (U+)t = U by 6.52 (valid as U is finite-dimensional) and (T*)* = T by
7.5(c), so U is invariant under 7.

Problem 7A.5. Suppose T' € L(V,W). Suppose eq,...,e, is an orthonormal basis of V' and
fi,--., fm is an orthonormal basis of W. Prove that

ITe])? + - + [ Tenl® = IT* A1ll* + - + 1T fn .

[The numbers ||Te1||?,...,||Texs|/? in the equation above depend on the orthonormal basis e, . . ., ey,
but the right side of the equation does not depend on ey, ..., e,. Thus the equation above shows
that the sum on the left side does not depend on which orthonormal basis eq, ..., e, is used.]

Solution. Both sides equal >, [(T'e;, fx)|2. Indeed, 6.30(b) applied in W and then in V gives

n n m 9
SoNTe P =D [(Tey, fi)|
j=1 =1 k=1
m m n 9

STl =D (T frre)|
k=1 k=1 j=1

while the definition 7.1 of the adjoint and conjugate symmetry give

(T fr,e5) = (&5, T* fx) = (Tej, fx),

so the two double sums have identical terms. Hence the two sides are equal.

Problem 7A.6. Suppose T € L(V,W). Prove that
(a) T is injective <= T™* is surjective;
(b) T is surjective <= T* is injective.

Solution. We use twice, for a subspace U of a finite-dimensional inner product space X, that
Ut=X <= U={0} and Ut={0} < U=X.

The second is 6.54; the first follows from dim U+ = dim X — dim U (6.51) together with 2.39.
(a) By 7.6(b), range T* = (null T')*, so
T* is surjective <= rangeT* =V
— ullT)t=V
< nullT = {0}
<= T is injective,

the third equivalence by the first displayed fact with X =V, U = null T, and the fourth by 3.15.
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(b) By 7.6(a), null T* = (range T)*, so

T* is injective <= nullT* = {0}
— (rangeT)* = {0}
<= rangel =W
<= T is surjective,

the first equivalence by 3.15 and the third by the second displayed fact with X = W, U = rangeT.

Problem 7A.7. Prove that if '€ L(V, W), then
(a) dimnull7* = dimnull 7'+ dim W — dim V;
(b) dimrange T* = dimrange T'.

Solution. Both parts come from 7.6 combined with 6.51 and the fundamental theorem of linear maps
3.21 (applicable since V' and W are finite-dimensional).
(a) By 7.6(a) and 6.51 inside W, then 3.21 applied to T,

dim null 7% = dim(range T)* = dim W — dim range T
=dimW — (dim V —dimnull T)
=dimnull7 +dim W — dim V.

(b) By 7.6(b) and 6.51 inside V, then 3.21 applied to T,

dimrange T* = dim(null 7)* = dim V — dimnull 7' = dim range T.

Problem 7A.8. Suppose A is an m-by-n matrix with entries in F. Use (b) in Exercise 7 to prove
that the row rank of A equals the column rank of A.

[This exercise asks for yet another alternative proof of a result that was previously proved in 3.57
and 3.133.]

Solution. Define T: F™! — F™! by Tz = Ax, where both spaces carry their standard inner products,
for which the standard bases are orthonormal. Then M(T) = A with respect to those bases (the k!
column of A is Aep = Tey), so 7.9 gives M(T™*) = A*, the conjugate transpose. Hence

column rank of A = column rank of M(T")
= dimrange T
= dimrange T*
= column rank of M(T™)

= column rank of A,

where the second and fourth equalities come from 3.78 and the third equality comes from (b) in Exercise
7.

Finally, the column rank of A* equals the row rank of A: writing rq,...,r, for the rows of A, the
definition 7.7 makes the columns of A* equal to 77%,...,7, ", and since entrywise conjugation carries a
relation > Agrr = 0 to Y A\ 7 = 0 and back, while transposition is an isomorphism of FL™ onto F™1,

column rank of A* = dimspan(77,...,7,,) = dimspan(ry, ..., rm,),

which is the row rank of A. Hence the row and column ranks of A agree.
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Problem 7A.9. Prove that the product of two self-adjoint operators on V is self-adjoint if and only
if the two operators commute.

Solution. Suppose S,T € L(V) are self-adjoint, so S* = S and T* = T. By 7.5(d),
(ST)* =T*S*=TS.

Hence ST = (ST)* if and only if ST = T'S; that is, ST is self-adjoint exactly when S and 7" commute.

Problem 7A.10. Suppose F = C and T' € L(V). Prove that T is self-adjoint if and only if
(Tv,v) = (T*v,v)

forallv e V.

Solution. By additivity of the inner product in its first slot,
(Tv,v) — (T*v,v) = (T — T*)v, v)

for every v € V. Since F = C, result 7.13 applied to T — T says that the right side vanishes for all
v e Vifandonly if T'— T = 0. Hence (Tv,v) = (T™v,v) for all v € V if and only if T* =T
Method (2): by 7.15, (T"*v,v) = (Tv,v), so the displayed condition says (T'v,v) € R for every v, which
by 7.14 (valid as F = C) holds exactly when T is self-adjoint.

Problem 7A.11. Define an operator S: F2 — F? by S(w, 2) = (—z,w).

(a) Find a formula for S*.

(b) Show that S is normal but not self-adjoint.

(c) Find all eigenvalues of S.

[If F = R, then S is the operator on R? of counterclockwise rotation by 90°.]

Solution. (a) S*(w, z) = (z, —w).
Indeed, with F? carrying its standard inner product (for which the standard basis is orthonormal),
M(S) has columns Se; = eg and Seq = —ey, so 7.9 gives

o (0 =1\" [0 1
M= (5 5) = (4 o)
the matrix of (w, z) — (z, —w).
(b) S is normal because

SS*(w, z) = S(z,—w) = (w, z) = S*(—z,w) = S*S(w, 2),

so §S* =1 =8*S; it is not self-adjoint because S(1,0) = (0,1) while S*(1,0) = (0, —1).

(c) S(w, z) = AMw, z) means —z = Mw and w = Az, whence —z = A\?z; an eigenvector must have z # 0
(else w = Az = 0 too), so A2 = —1.

(i) If F = R, then S has no eigenvalues.

(ii) If F = C, then the eigenvalues are ¢ and —i, realized by

S(i,1) =i(i,1),  S(—i,1) = —i(—i,1).

Problem 7A.12. An operator B € L(V) is called skew if

B* = —B.
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Suppose that T € L£(V). Prove that T" is normal if and only if there exist commuting operators A
and B such that A is self-adjoint, B is a skew operator, and T = A + B.

Solution. (=) Take

T+T* T-T*
A: + s B:

so that A+ B =T, and by 7.5(a), 7.5(b), 7.5(c) (the scalars +1 being real), A* = A and B* = —B.
They commute: expanding,

(T+T*(T-T%) T?>—TT"+T*T — (T%)?

AB = =
4 4 ’
BA— (T—-T*(T+T*) T*+TT*—TT—(T*)?
B 4 B 4 '

so that AB — BA = (T*T —TT*)/2 = 0 by normality.
(<=) Suppose T'= A + B with A* = A, B* = —B, and AB = BA. Then T* = A — B by 7.5(a) and
7.5(b), so

TT* = (A+ B)(A— B) = A> - AB+ BA— B> = A% - B?,

T*T =(A—B)(A+ B) = A’ + AB— BA — B> = A% - B?,

the middle terms cancelling in both lines because AB = BA. Hence TT* = T*T, so T is normal.

Problem 7A.13. Suppose F = R. Define A € L(L(V)) by AT =T for all T € L(V).
(a) Find all eigenvalues of A.
(b) Find the minimal polynomial of A.

Solution. (a) The eigenvalues are 1 and —1 if dim V' > 2, and only 1 if dim V' = 1.
Here A is linear because F = R (7.5(a) and 7.5(b), the conjugation in the latter being trivial), and
7.5(c) gives A% = I. So if AT = AT with T # 0, then

T = A>T = \°T,

forcing A € {1, —1}; the corresponding eigenvectors are the nonzero self-adjoint and the nonzero skew
operators.

(i) dim V' > 2. Both occur: Iy is self-adjoint and nonzero, and for an orthonormal basis ey, ..., e, of V
the nonzero operator B with Be; = eg, Bes = —eq, Bep = 0 for k > 3 has M(B)* = —M(B), hence
B*=—B by 7.9.

(ii) dimV = 1. Every T € L(V) is M with A € R, hence self-adjoint by 7.5(b) and 7.5(e); so A =1
and the only eigenvalue is 1.

(b) The minimal polynomial is 22 — 1 if dimV > 2, and z — 1 if dim V' = 1.

Since A% — I = 0, by 5.29 the minimal polynomial divides (z — 1)(z + 1). In case (i), 5.27 makes both
1 and —1 zeros of it, so it is 22 — 1; in case (ii), A = I gives z — 1.

Problem 7A.14. Define an inner product on Py(R) by (p,q) = fol pq. Define an operator T €
L(P2(R)) by
T(az?® + bx + c) = bx.

(a) Show that with this inner product, the operator 7" is not self-adjoint.
(b) The matrix of 7' with respect to the basis 1, z, 22 is

o O O

0
1
0

o O O
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This matrix equals its conjugate transpose, even though 7' is not self-adjoint. Explain why this is
not a contradiction.

Solution. (a) Take p =z and ¢ =1, so Tp = x and T'q¢ = 0. Then

1
(Tp,q) —/0 rdr = % #0=(p,Tq),

so (T'p,q) # (p,Tq) and T is not self-adjoint (7.10 with 7.1).
(b) Because 7.9 requires an orthonormal basis, and 1,z, 22 is not orthonormal for this inner product:

(1,x>:/1xd:v:;7é0.
0

With respect to a nonorthonormal basis the matrix of 7" need not be the conjugate transpose of the
matrix of T, so the symmetry of the displayed matrix carries no information about self-adjointness.

Problem 7A.15. Suppose T' € L(V) is invertible. Prove that
e (a) T is self-adjoint <= T~ ! is self-adjoint;
e (b) T is normal <= T~! is normal.

Solution. Both parts rest on 7.5(f): T* is invertible with (7*)~! = (T—1)*. In each part the converse
follows by applying the forward implication to the invertible operator T}, since (T~!)~1 = T.
(a) If T* =T, then

(T =) =17,

so T! is self-adjoint.
(b) If TT* = T*T, then taking inverses of these (invertible) operators and using (AB)~! = B~1A~!
and 7.5(f) gives

(Tfl)*Tfl — (T*)flel _ Tfl(T*)fl — Tfl(Tfl)*7

so T~1 is normal.

Problem 7A.16. Suppose F = R.
o (a) Show that the set of self-adjoint operators on V is a subspace of L(V).
o (b) What is the dimension of the subspace of £(V') in (a) [in terms of dim V]?

Solution. Write n =dimV and S ={T' € L(V) : T* =T}.
(a) S contains 0, and for S,T € S and X € R, results 7.5(a) and 7.5(b) give

(S+T)=S"+T"=5+T, (A\I)*=AT*=)T,

the last equality because A is real. Hence S is a subspace.

o (dimV)(dimV + 1)
(b) dimS = 5 .

Fix an orthonormal basis of V' (6.35) and take all matrices with respect to it. Then M is an isomorphism
of L(V) onto R™™ (3.71), and 7.9 gives M(T*) = M(T)" (conjugation being trivial over R), so M
restricts to an isomorphism of S onto the space of symmetric n-by-n real matrices. That space has

basis
Ejj (1<j<n), Ejp+E (1<j<k<n)

(spanning and independence: read off entries; Check!), a list of length

() =25
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Problem 7A.17. Suppose F = C. Show that the set of self-adjoint operators on V' is not a subspace
of L(V).

Solution. The set is not closed under scalar multiplication: I is self-adjoint by 7.5(e), while by 7.5(b)
and 7.5(e)

GI)* = 71" = —il #il,
the inequality because I # 0 (as V' # {0}). So il is not self-adjoint, and the set of self-adjoint operators
is not a subspace of L(V).

Problem 7A.18. Suppose dim V' > 2. Show that the set of normal operators on V' is not a subspace
of L(V).

Solution. Fix an orthonormal basis e1, ..., e, of V (6.35) and let S,T € L(V') be the operators killing
ej for j > 3 whose matrices with respect to this basis have upper-left 2-by-2 blocks

M= (3 o) mo=(1 ).

all other entries 0. Both are normal: since the basis is orthonormal, 7.9 and the injectivity of M (3.71)
give S* = S (the matrix is real symmetric) and 7% = -7, and

TT* = -T* = T*T.
But S + T is not normal: (S + T')e; = 0 while M((S +T)*) = M(S + T)* gives (S + T)*e; = 2e3, so
[(S+Teal| =0#2=[(S+T)el,

and 7.20 applies. Hence the set of normal operators is not closed under addition, so it is not a subspace
of L(V).

Problem 7A.19. Suppose T € L(V) and ||T*v|| < ||Tv|| for every v € V. Prove that T is normal.
[This exercise fails on infinite-dimensional inner product spaces, leading to what are called hyponor-
mal operators, which have a well-developed theory.]

Solution. By 7.20 it suffices to prove ||Tv|| = ||T™v|| for every v € V; the hypothesis becomes an equality
because no slack is available over an orthonormal basis.
Let ey,...,e, be any orthonormal basis of V. Exercise 7TA.5 (with W = V and both bases equal to

€1,...,€n) gives
n n
D o ATerl® =D 1T exl.
k=1 k=1

Each term || Tex||?> — || T*ex||? is nonnegative by hypothesis and they sum to 0, so
I Tex| = | T"ex]| for each k.

Now let v € V be nonzero (the case v = 0 being trivial) and put e = v/||v||, a unit vector, which by 6.36
extends to an orthonormal basis of V. The previous display applied to that basis gives ||Te|| = ||T*e||,
and by homogeneity of the norm

[Tvll = l[ol I Tell = ol 1Tl = [|T"|.

Hence T is normal by 7.20.
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Problem 7A.20. Suppose P € £(V) is such that P2 = P. Prove that the following are equivalent.
o (a) P is self-adjoint.

o (b) P is normal.

o (c) There is a subspace U of V such that P = Py.

Solution. We prove (a) = (b) = (c) = (a).
(a) = (b). If P* = P, then PP* = P? = P*P, so P is normal.
(b) = (c). Take U = range P. By 7.21(a) and 7.6(a),

null P = null P* = (range P)* = U+,

while P2 = P makes P the identity on U: each u € U is u = Pz, so Pu = P?x = Px = u. Writing
veEV asv=u+wwithu € U, w € Ut (6.49), which is the decomposition defining Pyv = u in 6.55,
we get

Pv=Pu+ Pw=u+0= Pyv.

(c) = (a). With v; = u; + w; and ve = ug + wy decomposed as above,
(Pyvi,ve) = (u1,u2) = (v1, Pyva),

since (u1,w2) = 0 = (wy,uz). Comparing with (Pyvi,va) = (v, Pve) gives (v1, (Pf; — Py)va) = 0 for
all v1,v9; taking vi = (P} — Py)vs yields Py = Py.

Problem 7A.21. Suppose D: Pg(R) — Ps(R) is the differentiation operator defined by Dp = p'.
Prove that there does not exist an inner product on Pg(R) that makes D a normal operator.

Solution. The constant polynomial 1 lies in both null D and range D, and these two subspaces are
defined without reference to any inner product.
Indeed D1 =0 and Dx =1, so

1 € (null D) N (range D).

If some inner product on Pg(R) (a nonzero finite-dimensional real vector space, so the standing hy-
potheses of this chapter hold) made D normal, then 7.21(c) would give

Ps(R) = null D & range D,

forcing (null D) N (range D) = {0} by 1.46, contradicting 1 # 0.

Problem 7A.22. Give an example of an operator T € L£(R?) such that T is normal but not self-
adjoint.

Solution. Take T'(z,y,z) = (—y, x, z), rotation by 90° in the x, y-plane.
Its matrix with respect to the standard basis eq, ea, e3, which is orthonormal, is

0 —1
MT)=[1 0
0

0
0
0 1

By 7.9 the matrix of 7™ in this orthonormal basis is the conjugate transpose, which here is the transpose,
so T*(x,y,2) = (y,—x, z). Hence
TT*($, Y, Z) = T(yv -, Z) = ($, Y, Z) - T*(_ya Zz, Z) - T*T(.CE, Y, Z)a

so TT* =1=T*T and T is normal (7.18). But Te; = ea while T%e; = —eg, so T # T*.
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Problem 7A.23. Suppose T is a normal operator on V. Suppose also that v,w € V satisfy the

equations
ol = |lwl| =2, Tv=3v, Tw=4w.

Show that ||T'(v + w)|| = 10.

Solution. Since v, w are nonzero (their norms are 2), they are eigenvectors of the normal operator T
for the distinct eigenvalues 3 and 4, so (v,w) = 0 by 7.22. Hence 3v and 4w are orthogonal, and the
Pythagorean theorem (6.12) gives

170+ w)|2 = 30+ 4w = 9][v]]* + 16]1w]|” = 36 + 64 = 100,

so [|[T'(v 4+ w)]|| = 10.

Problem 7A.24. Suppose T' € L(V) and
ag+ a1z +ag2® + -+ ap_12™ L+ 2™

is the minimal polynomial of T'. Prove that the minimal polynomial of T is
@G+ az+azz’+ -+ a1+ 2™

[This exercise shows that the minimal polynomial of T equals the minimal polynomial of T if
F=R]

Solution. Write g for the polynomial obtained by conjugating each coefficient of ¢; thus ¢ = ¢, degq =
deg g, and § is monic exactly when g is.

The key identity is that (¢(S))" = g(S*) for all S € £(V) and q € P(F). Indeed (S*)* = (S*)* by
induction from I* = I (7.5(e)) and 7.5(d), so with g(z) = Y, cxz¥, parts (a) and (b) of 7.5 give

(a(9)" =D @ (s = a(s)" =a(s").
k

k

Let p be the minimal polynomial of 7 (monic of degree m) and ¢ that of T*; by 5.22 each is the monic
polynomial of smallest degree annihilating its operator. Since 0* = 0, the identity with S = T gives
p(T™) = (p(T))* = 0, whence degq < m; and with S = T™, using (T™)* =T from 7.5(c),

a(T) = (a(T7)" =0,

whence m < degq = deggq. So g is monic of degree m with g(7") = 0, and the uniqueness in 5.22 forces
g = p. Conjugating coeflicients,

q(2) =@+ iz + -+ AGmor2™ T 2™

Problem 7A.25. Suppose T' € L(V'). Prove that T is diagonalizable if and only if 7% is diagonal-
izable.

Solution. Diagonalizability is detected by the minimal polynomial (5.62), and coefficient-conjugation
preserves the shape that 5.62 requires.

Write g for the coefficientwise conjugate, as in Exercise 7A.24. Conjugation is multiplicative, gr = T,
since the coefficient szrk:n bjcy, of 2™ in qr conjugates to Zﬁk:nbij@.

Suppose T is diagonalizable. By 5.62 its minimal polynomial is p(z) = (z — A1) --- (2 — Ap,) with
A, ..., A\ € F distinct, so

]7)(2):<Z_)\71)"’(2_Am)7
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whose roots )i, again lie in F (automatic for F = C; for F = R they equal \;) and are still distinct,
conjugation being injective. By Exercise 7A.24 the minimal polynomial of 7™ is p, so 5.62 makes T
diagonalizable.

Conversely, if T* is diagonalizable, apply this to T and use (T*)* =T (7.5(c)).

Problem 7A.26. Fix u,x € V. Define T' € L(V) by Tv = (v, u)z for every v € V.

(a) Prove that if V' is a real vector space, then T is self-adjoint if and only if the list u,z is linearly
dependent.

(b) Prove that T' is normal if and only if the list u,x is linearly dependent.

Solution. The adjoint is T*w = (w, x)u, because for all v,w € V
(Tv,w) = (v,u){z,w) = (v, (W, T)u).

Also u, x is linearly dependent if and only if w = 0 or = cu for some ¢ € F. (Check!)
(a) f u=0then T=0="T" If u # 0 and x = cu with ¢ € R, then for every v € V

Tv = c(v,u)u = (v, cu)yu = T*v

(here ¢ real is what lets ¢ pass out of the second slot), so T is self-adjoint. Conversely, if 7" = 7% and
u # 0, then evaluating at u gives ||lul|?z = Tu = T*u = (u, z)u, so v = ((u, z)/||u|*)u and the list u, z
is dependent (and if uw = 0 it is dependent anyway).
(b) If u =0 then T'=0 = T* is normal. If u # 0 and = = cu with ¢ € F, then for every v € V, using
(z,2) = |c[[lu]?,

T*Tv = (v, u)(z, z)u = |c|?||u|*(v, u)u,

TT*v = (v, z){u,u)z = ||ul|*cc(v, u)u,
so T*T = TT*. Conversely, suppose T" is normal and u # 0. Then ||Tu|| = ||T"*u|| by 7.20, that is,

lullllll = [[{w, wa|| = [|(u, 2)ul| = [(u, 2)] Jul,

so [{(u,z)| = |ju|| ||=||. This is equality in Cauchy-Schwarz, so by 6.14 one of u, z is a scalar multiple of
the other and the list u, x is dependent.

Problem 7A.27. Suppose T € L(V) is normal. Prove that
null 7% = null 7 and range Tk = range T’

for every positive integer k.

Solution. Normality gives V = nullT @ rangeT by 7.21(c), hence
(nullT) N (range T') = {0}

by 1.46; both conclusions follow from this.

(i) Null spaces. If T?v = 0, then Tw lies in both nullT and rangeT, so Twv = 0; with the obvious
reverse inclusion this gives null7? = nullT. Inductively, if null7% = nullT and T¢*'v = 0, then
Tv € nullTF = null T, so v € null 7% = null 7. Hence null 7% = null T for every k > 1.

(ii) Ranges. Since Tky = T(kalv) we have range T* C range T, while 3.21 applied to T* and to T,
together with (i), gives

dimrange T% = dim V — dimnull 7 = dim range 7.

A subspace of the same dimension as the space containing it equals it (2.39), so range T* = range T
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Problem 7A.28. Suppose T' € L(V) is normal. Prove that if A € F, then the minimal polynomial
of T is not a polynomial multiple of (z — ).

Solution. Suppose the minimal polynomial p of T satisfies p(z) = (z — \)?q(z) for some ¢ € P(F); we
contradict the minimality of degp in 5.22.

Comparing leading coefficients shows ¢ is monic, so r(z) = (z — A)¢(#) is monic with degr = degp — 1.
Put S = T — A, normal by 7.21(d), so Exercise 7A.27 with k = 2 gives null S = null S. For every
v € V, the multiplicativity 5.17(a) gives p(T) = S?q(T) and r(T) = S q(T), so

S?(a(T)v) = p(T)o =0,

putting ¢(T)v € null $* = null S and hence 7(T)v = S(¢(T)v) = 0. Thus r is monic with 7(T) = 0
and degr < degp, the desired contradiction.

Problem 7A.29. Prove or give a counterexample: If 7' € £(V') and there is an orthonormal basis
el,...,en of V such that ||Tex|| = || T*ex|| for each k =1,...,n, then T is normal.

Solution. False: take T(x,y) = (z + y,—x) on F? with its standard inner product and standard
orthonormal basis e, es.
For all (z,y), (u,v) € F2

(T(x,y), (u,0)) = (z +y)u — 20 = ((2,y), (u — v,u)),
so T%(u,v) = (u — v,u) by 7.1. Hence
Te; = (1,-1), T%e1 =(1,1), Tex=(1,0), Tres=(-1,0),
giving || Tex|| = || T*ek]| for k =1,2. Yet
T"Tey =T*(1,-1) =(2,1) # (2,-1) =T(1,1) = TT"ey,

so T*T #TT*.

Problem 7A.30. Suppose that 7' € £(F3) is normal and T'(1,1,1) = (2,2,2). Suppose (21, 22, 23) €
null T'. Prove that z; + z9 + 23 = 0.

Solution. With u = (1,1, 1) and the standard inner product, the assertion is exactly (z,u) = 0.
The hypothesis says Tu = 2u, so 7.21(e) applied to the normal operator T gives T*u = 2u = 2u.
Hence for z € null T, the defining property of the adjoint (7.1) gives

0= (Tz,u) = (z,T"u) = (z,2u) = 2(z,u),

s0 0= (z,u) = 21 + 22 + 23.

Problem 7A.31. Fix a positive integer n. In the inner product space of continuous real-valued
functions on [—m, 7] with inner product (f,g) = ffﬂ fg, let

V = span(1l,cosz,cos2z,. .., cosnx,sinx,sin 2z, . . ., sinnx).

(a) Define D € L(V) by Df = f'. Show that D* = —D. Conclude that D is normal but not
self-adjoint.
(b) Define T € L(V) by Tf = f”. Show that T is self-adjoint.
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Solution. (a) Integration by parts gives D* = —D, the boundary term vanishing because every f € V
satisfies f(—m) = f(m).

That periodicity holds for each of the 2n + 1 spanning functions (cosine is even, and sin(+k7m) = 0),
hence for every linear combination. Also V' is a finite-dimensional space invariant under differentiation,
since (cos kz)’ = —ksinkx and (sinkx) = kcos kx, so D is an operator on V and D* exists. Elements
of V are infinitely differentiable, so for f,g € V,

ota)= [ o=, - [ 17
= [(m)g(m) = f(=m)g(=m) = (f, Dg) = {f, (=D)g),
and the adjoint is the unique operator with this property (7.1), so D* = —D. Consequently
DD* = —D? = D*D,

so D is normal (7.18); and D* = D would give 2D = 0, impossible since D(sinx) = cosz # 0.
(b) T = D? because V is closed under differentiation, so 7.5(d) and part (a) give

T* = (DD)* = D*D* = (=D)(—D) = D?> =T.

Problem 7A.32. Suppose T': V' — W is a linear map. Show that under the standard identification of
V with V’ (see 6.58) and the corresponding identification of W with W’ the adjoint map T*: W — V
corresponds to the dual map T": W’ — V’. More precisely, show that

T/((Pw) = PT*w

for all w € W, where ¢,, and @7+, are defined as in 6.58.

Solution. Both T'(¢y) and @p=y, lie in V', so it suffices to evaluate them at an arbitrary v € V. Fix
w € W; then

(T (¢w)) (v) = (pw o T)(v) = @u(Tv) by 3.118
= (Tv,w) by 6.58 in W
= (v, T"w) by 7.1
= prew (V) by 6.58 in V.

As v was arbitrary, T"(0w) = @Tw-

7.2 Exercises 7B

Problem 7B.1. Prove that a normal operator on a complex inner product space is self-adjoint if
and only if all its eigenvalues are real.

This exercise strengthens the analogy (for normal operators) between self-adjoint operators and real
numbers.

Solution. If T' is self-adjoint, then all its eigenvalues are real by 7.12 (normality is not needed here).
Conversely, suppose every eigenvalue of the normal operator T is real. Since F = C, the complex
spectral theorem 7.31 gives an orthonormal basis e, ..., e, of V with T'e; = Aje;; each e; is nonzero,
so each \; is an eigenvalue and hence A\; = A;. Then 7.21(e) gives

T*ej = )\7]'61' = )\jej = Tej

for each j, so T* and T agree on a basis and T* =T.
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Problem 7B.2. Suppose F = C. Suppose 7' € £(V') is normal and has only one eigenvalue. Prove
that T is a scalar multiple of the identity operator.

Solution. T'= AI, where X is the unique eigenvalue of T

Since F = C and T is normal, the complex spectral theorem 7.31 gives an orthonormal basis eq, ..., e,
of V with T'e; = A\je;. Each e; has norm 1, so each ); is an eigenvalue of T and hence A; = A. Thus
T and Al agree on a basis, so T'= AI.

Problem 7B.3. Suppose F = C and T € £(V) is normal. Prove that the set of eigenvalues of T is
contained in {0, 1} if and only if there is a subspace U of V such that T'= Py;.

Solution. If T = Py and Tv = \v with v # 0, then T? = T by 6.57(g) gives \2v = T?v = Tv = \v, so
A2 =X and A € {0,1}. (Normality is not needed here.)

Conversely, suppose every eigenvalue of T lies in {0,1}. Since F = C and T is normal, 7.31 gives an
orthonormal basis ey, ..., e, of V with Te; = Aje;, each \; an eigenvalue and so in {0, 1}; reorder so
that \y =---= A, =1land \jpy1 =--- =\, =0. Put U = span(ey,...,ey), of which eq,..., e, is an
orthonormal basis (take U = {0} if m = 0). Expanding v in the orthonormal basis of V' and applying
T kills the terms beyond m:

Tv = (v,e1)er + -+ + (v, em)em = Py,

the last equality by 6.57(i). Hence T' = Py.

Problem 7B.4. Prove that a normal operator on a complex inner product space is skew (meaning
it equals the negative of its adjoint) if and only if all its eigenvalues are purely imaginary (meaning
that they have real part equal to 0).

Solution. If T* = =T and Tv = Av with v # 0, then

AHU”2 = <TU7U> = <1)7T*U> = —<'U,)\’U> = _XHUH27

so A = —\ and A is purely imaginary. (Normality is not needed here.)
Conversely, suppose every eigenvalue of the normal T is purely imaginary. Since F = C, the complex
spectral theorem 7.31 gives an orthonormal basis e, ..., e, with Te; = Aje;; each A; is an eigenvalue,

so Aj = ib; with b; € R and A\; = —\;. Then 7.21(e) gives

Trej=Ajej = —Ajej = (=T)e;

for each j, so T* = —T.

Problem 7B.5. Prove or give a counterexample: If T' € £(C?) is a diagonalizable operator, then T
is normal (with respect to the usual inner product).

Solution. False: take T'(z1, 20, 23) = (21 + 22, 222, 323) on C3.
With u1 = (1,0,0), uz = (1,1,0), uz = (0,0,1),

Tu1 = ui, TUQ = QUQ, TU3 = 3’LL3,

and w1, ug,us is linearly independent (Check!), hence a basis of eigenvectors, so T is diagonalizable by
5.55. But u; and ug belong to the distinct eigenvalues 1 and 2 while (uj,u2) = 1 # 0, so by 7.22 the
operator T is not normal.
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Problem 7B.6. Suppose V is a complex inner product space and 7' € £(V') is a normal operator
such that 79 = T®. Prove that T is self-adjoint and T2 = T.

Solution. Every eigenvalue of T lies in {0, 1}, and both conclusions follow from that.
Since F = C and T is normal, the complex spectral theorem 7.31 gives an orthonormal basis e, ..., e,
of V with Te; = Aje;, whence Tkej = )\]kej for every k > 0 by induction. Applying 7% = T® to e; # 0
gives )\jS()\j —1)=0,s0 \; € {0,1}. -
(i) Each A; is real, so 7.21(e) gives T¥e; = Aje; = T'e; for each j; hence T* =T
(ii) Each \; satisfies )\]-2 = \j, SO

T2€j = )\j2€j = )\jej = Tej

for each j; hence T? = T.

Problem 7B.7. Give an example of an operator 7' on a complex vector space such that 79 = T®
but T2 #£T.

Solution. Take T € L(C?) with T'(w,z) = (z,0).
Then T?%(w, 2) = T(z,0) = (0,0), so T? = 0 and hence T* = 0 for all & > 2; in particular 7% = 0 = T8,
But T2 # T, since T'(0,1) = (1,0) # (0,0) = T2(0,1).

Problem 7B.8. Suppose F = C and T € L£(V). Prove that T is normal if and only if every
eigenvector of 1" is also an eigenvector of 1.

Solution. If T is normal and Tv = \v with v # 0, then T*v = Ao by 7.21(e), so v is an eigenvector of
T*.

Conversely, suppose every eigenvector of T' is an eigenvector of 7. Since F = C, Schur’s theorem 6.38
gives an orthonormal basis eq,...,e, of V in which A = M(T, (e1,..., en)) is upper triangular; write
ajr = Ajk, 80 aj =0 for j > k. By 7.9 the matrix of 7™ in this orthonormal basis is A*, so

n
T e, = g A j €j for each k.
i=1

Induct on k to show that a; ; = 0 for all j # k, assuming this for all rows i < k. In Te, = Zj a;j |€;j
the terms with j > k vanish by upper triangularity and those with 5 < k by the induction hypothesis
applied to row j, so T'e;, = ay rer and the nonzero vector ey is an eigenvector of T'. By hypothesis
T*er, = pey for some p € C; comparing with the display and using that eq,...,e, is a basis gives
ai; = 0 for all j # k.

So A is diagonal, with T'ej, = ay, per and T™ e, = ay,j ex, whence

TT*ek = \akykﬁek = T*Tek

for every k, and TT™ = T*T.

Problem 7B.9. Suppose F = C and T' € £(V'). Prove that T is normal if and only if there exists
a polynomial p € P(C) such that T = p(T').

Solution. If T* = p(T'), then T' commutes with every power of T', hence with p(T), so TT* =T p(T) =
p(T)T =T*T and T is normal.

Conversely, suppose T is normal. Since F = C, the complex spectral theorem 7.31 gives an orthonormal
basis e1,...,e, of V with Te; = aje;, and 7.21(e) gives T"e; = @je;. Let Aq,..., Ay, be the distinct
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values among a, ..., a,, and take the Lagrange interpolant

with an empty product read as 1; the denominators are nonzero since the \; are distinct, and evaluating
at z = \; kills every term but the i-th, so p(\;) = A;. Since Te; = aje; gives q(T)e; = q(oy)e; for
every ¢ € P(C), and «; is one of the A,

p(T)ej = plajle; = aje; =T e;

for each 7, so p(T') = T*.

Problem 7B.10. Suppose V is a complex inner product space. Prove that every normal operator
on V has a square root.

[An operator S € L(V) is called a square root of T € L(V) if S = T. We will discuss more about
square roots of operators in Sections 7C and 8C.]

Solution. Take S to be the operator sending e; to pje;, where eq,...,e, is an orthonormal basis of
eigenvectors of the normal operator T and ,uj2 = Aj.

Such a basis exists by the complex spectral theorem 7.31, with T'e; = Aje;. Every complex number
has a complex square root: writing \; = r;(cos@; + isiné;) with r; > 0,

_ 0, | . . 0
i = ./rj<c057 + 28in 7)

satisfies uf = A by the double-angle formulas. The linear map lemma 3.4 supplies S € L(V) with
Se; = pjej, and then
S2€j = ,ujze]- = )\jej = Tej

for each j, so S2 =T.

Problem 7B.11. Prove that every self-adjoint operator on V' has a cube root.
[An operator S € L(V) is called a cube root of T € L(V) if S3 =T

Solution. Take S to be the operator sending e; to pje;, where eq,...,e, is an orthonormal basis of
eigenvectors of the self-adjoint T', with real eigenvalues A;, and ,uf = Aj.

Such a basis exists in either field. (i) If F = R, the real spectral theorem 7.29 supplies it, and the
eigenvalues are real because the scalar field is. (ii) If F = C, then T is normal (TT* =TT = T*T),
so the complex spectral theorem 7.31 supplies it, and eigenvalues of a self-adjoint operator are real by
7.12.

Every real number has a real cube root, since ¢ — t3 maps R onto R, so choose p; € R with ,uf = Aj
and let 3.4 supply S € L(V') with Se; = pje;. Then

3o — 36 — N.p. — )
S%e; = pje; = Ajej =Te;

for each j, so S% =T.

Problem 7B.12. Suppose V is a complex vector space and T € L£(V') is normal. Prove that if S is
an operator on V that commutes with 7', then S commutes with 7°*.
[The result in this exercise is called Fuglede’s theorem.|

Solution. Since T is normal and F = C, Exercise 7B.9 supplies p € P(C) with T = p(T).
From ST = TS an induction gives ST* = T*S for every k > 0, hence Sq(T) = q(T) S for every
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q € P(C). Taking g = p gives ST* =T*S.
Method (2): Let Aq,..., A, be the distinct eigenvalues of T. By 7.31 the space V has a basis of
eigenvectors of T', so T is diagonalizable and

V=EMT)® - & E\,,T)

by 5.55. Each E(\,T) is invariant under S, since T'(Sv) = S(Tv) = Ax(Sv), and 7.21(e) makes 7™
act on E(A\g,T) as multiplication by Ag. So for v € E(A, T),

ST*v = N\, Sv =T*Swv,

the second equality because Sv too lies in F (A, T); summing over the direct-sum decomposition of an
arbitrary v € V' gives ST* =T*S.

Problem 7B.13. Without using the complex spectral theorem, use the version of Schur’s theorem
that applies to two commuting operators (take & = {7, 7*} in Exercise 20 in Section 6B) to give a
different proof that if F = C and 7' € £(V) is normal, then 7" has a diagonal matrix with respect to
some orthonormal basis of V.

Solution. Take & = {T,T*}, whose elements commute pairwise precisely because T' is normal. Exercise
20 in Section 6B then gives an orthonormal basis ey, ..., e, of V with respect to which both

AZM(T, (61,...,€n)) and BzM(T*,(eh...,en))

are upper triangular. Since the basis is orthonormal, B = A* by 7.9, that is, Bjj = Ay ;. Fix j # k.
(i) 7 > k: then A, =0, as A is upper triangular.

(ii) j < k: then By ; = 0, as B is upper triangular, and By, j = Ak, so Aj; = 0.

Hence A is diagonal.

Problem 7B.14. Suppose F = R and T' € £(V). Prove that T is self-adjoint if and only if all pairs
of eigenvectors corresponding to distinct eigenvalues of 1" are orthogonal and

V=EM,T)® - -®E(\nT),

where Ay, ..., A\ denote the distinct eigenvalues of T

Solution. Both directions are the real spectral theorem 7.29.

(=) A self-adjoint operator is normal (T*T = T? = TT*), so eigenvectors corresponding to distinct
eigenvalues are orthogonal by 7.22. Since T is self-adjoint, 7.29 supplies an orthonormal basis of V
consisting of eigenvectors of T'; thus T is diagonalizable and 5.55 gives

V=E\,T)& & B, T).

(<) Each E(\,T) is a finite-dimensional inner product space, so it has an orthonormal basis
egk), .. .,egz) by 6.35. Concatenating these lists over £k = 1,...,m produces a basis of V, since V

is the direct sum of the E(\;,T). That basis is orthonormal: within a block by construction, and
(k) @
( J
orthogonal by hypothesis. Every vector in it satisfies T'e
eigenvectors of T, and 7.29 gives T* = T.

are eigenvectors for the distinct eigenvalues Ax and A;, hence
(k) (k)

7 %

across blocks k # [ because e;’ and e

= Mge; ', so V has an orthonormal basis of

Problem 7B.15. Suppose F = C and T € £(V). Prove that T is normal if and only if all pairs of
eigenvectors corresponding to distinct eigenvalues of T' are orthogonal and

V=EM,T)® - ®EAn,T),
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where Ay, ..., A, denote the distinct eigenvalues of T'.

Solution. Both directions are the complex spectral theorem 7.31.

(=) If T is normal, then eigenvectors corresponding to distinct eigenvalues are orthogonal by 7.22, and
7.31 gives an orthonormal basis of V' consisting of eigenvectors of T'; thus T is diagonalizable and 5.55
gives

V=EM,T)® - ®E\nT).

(<) Gram-Schmidt 6.32 applied to a basis of each E(Aj,T) yields an orthonormal basis egj ). ,e((jj,)

J
of E(\j,T), where d; = dim E();,T). Concatenating these lists over j = 1,...,m gives a basis of V,

because V' is the direct sum of the E(\;,T). It is orthonormal: within a block by construction, and

across blocks ¢ # j because eg) and egj ) are eigenvectors for the distinct eigenvalues A; and A;, hence

orthogonal by hypothesis. Every vector in it is an eigenvector of T', so 7.31 shows T is normal.

Problem 7B.16. Suppose F = C and £ C L(V'). Prove that there is an orthonormal basis of V'
with respect to which every element of £ has a diagonal matrix if and only if S and T' are commuting
normal operators for all S,T € £.

[This exercise extends the complex spectral theorem to the context of a collection of commuting
normal operators.]

Solution. (=) Say every element of £ has a diagonal matrix with respect to the orthonormal basis
€l,...,6n. Bach T € & is then normal by 7.31, and for S,T € £ the diagonal matrices M(S) and
M(T) commute, so 3.43 gives

M(ST) = M(S)M(T)
= M(T)M(S) = M(TS);

operators with the same matrix with respect to a fixed basis are equal, so ST =T'S.

(<) Induct on n = dim V', assuming £ # ) (otherwise any orthonormal basis works). For n = 0 the
empty basis works and for n = 1 any unit vector does, since every 1-by-1 matrix is diagonal. Let n > 1
and assume the claim in all smaller dimensions.

(i) Every T € & is a scalar multiple of I: any orthonormal basis of V' (6.35) works.

(ii) Some T' € £ is not a scalar multiple of I. Since T is normal, 7.31 makes 7" diagonalizable and 5.55
gives V.= E(A\,T) @ -+ @ E(\p, T) for the distinct eigenvalues A1,..., Ay, of T. Here m > 2, since
m = 1 would give T'= A1I; as each eigenspace has dimension at least 1 and the dimensions sum to n,
each U; = E()j,T) has dimU; < n. Each Uj is invariant under every S € £, because for v € U;

T(Sv) = (T'S)v = (ST)v = S(Ajv) = A;(Sv).

So & = { S|y, : S € £} C L(Uj) is defined; its elements are normal by 7B.20(d) (each S is normal

and Uj is invariant under S) and commute pairwise, since (S|y;)(S'|y;)u = (SS)u = (S'S)u =
(8'lv;)(S|ly;)u for w € Uj. By induction U; has an orthonormal basis egj) ...,el(fj) with respect to

which every element of £; is diagonal; that is, each 65»] )is an eigenvector of every S € £. Concatenating
over j gives a basis of V (as V =U; @ --- ® U,,), orthonormal because vectors from blocks i # j are
eigenvectors of the normal operator T for the distinct eigenvalues \; and A;, hence orthogonal by 7.22.
Every vector of this orthonormal basis is an eigenvector of every S € £, so every element of £ has a

diagonal matrix with respect to it.

Problem 7B.17. Suppose F = R and £ C L(V'). Prove that there is an orthonormal basis of V'
with respect to which every element of £ has a diagonal matrix if and only if S and T' are commuting
self-adjoint operators for all S, T € £.

[This exercise extends the real spectral theorem to the context of a collection of commuting self-
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adjoint operators.]

Solution. (=) Say every element of £ has a diagonal matrix with respect to the orthonormal basis
€1,...,en. Bach T € & is then self-adjoint by 7.29, and diagonal matrices commute, so 3.43 gives

M(ST) = M(S)M(T)
= M(T)M(S) = M(TS)

for S, T € &; hence ST =TS, operators with equal matrices being equal.

(<=) Run the induction of 7B.16 on n = dimV, with 7.29 in place of 7.31 and 7B.19(b) in place of
7B.20(d). For &€ = () or n < 1, or when every T € £ is a scalar multiple of I, any orthonormal basis
of V' (6.35) works. Otherwise fix T € £ that is not a scalar multiple of I: being self-adjoint, 7" is
diagonalizable by 7.29, so 5.55 gives V. = E(\,T) ® --- ® E(A, T) for the distinct eigenvalues of T,
with m > 2 (else T'= A1) and hence dim U; < n for each U; = E(\;,T). Each Uj; is invariant under
every S € &, since for v € U;

T(Sv) = (T'S)v = (ST)v = S(A\jv) = A;j(Sv),

and the restrictions S|y, are self-adjoint by 7B.19(b) and commute pairwise, since (S|y;)(S|y,)u =
(88 u = (S"S)u = (5'|y;)(S|y;)u for u € U;. By induction each U; has an orthonormal basis of
common eigenvectors of all S € &; concatenating over j gives a basis of V, orthonormal because
vectors from blocks ¢ # j are eigenvectors of 1" for the distinct eigenvalues A\; and A;, hence orthogonal
by 7.22 (T is normal, as T*T = T? = TT*). Every element of £ therefore has a diagonal matrix with
respect to this orthonormal basis.

Problem 7B.18. Give an example of a real inner product space V', an operator T' € L£(V'), and real
numbers b, ¢ with b < 4c such that
T2 + T + I

is not invertible.
[This exercise shows that the hypothesis that T" is self-adjoint cannot be deleted in 7.26, even for
real vector spaces.]

Solution. Take V = R? with the Euclidean inner product, T'(z,y) = (—y,x), and b= 0, ¢ = 1, so that
b2 =0 < 4 =4c. Then T?(z,y) = T(~y,x) = —(z,y), so T?> = —I and

T2 40T +cl=—-1+1=0,

which is not invertible since R? # {0}. This does not contradict 7.26, because T is not self-adjoint:
<T(17 0)? (07 1)> = 1 while <(170)a T(O¢ 1)> = -1

Problem 7B.19. Suppose T' € L(V) is self-adjoint and U is a subspace of V' that is invariant under
T.

(a) Prove that U+ is invariant under 7.

(b) Prove that T'|¢y € L(U) is self-adjoint.

(c) Prove that T'|;. € L(U") is self-adjoint.

Solution. (a) For v € UL and u € U,
(Tv,u) = (v, T"u) = (v,Tu) =0,

the last step because Tu € U while v € UL. Hence Tw € U™.
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(b) Invariance gives T'|iy € L(U), and for all u,w € U,

(To)u, w) = (Tu, w)
= (u, Tw) = (u, (T|y)w),

the inner product of V restricting to that of U. Since the adjoint on U is the unique operator satisfying
this identity (7.1), (T|v)* =T|v.
(c) By (a) the subspace U~ is invariant under 7', so (b) applied to U~ shows T'|;,. is self-adjoint.

Problem 7B.20. Suppose T' € L(V) is normal and U is a subspace of V' that is invariant under 7.
(a) Prove that U+ is invariant under 7.

(b) Prove that U is invariant under 7.

(c) Prove that (T|p)* = (T)|u.

(d) Prove that T|y € L(U) and T|yL € L(UL) are normal operators.

[This exercise can be used to give yet another proof of the complex spectral theorem (use induction
on dim V' and the result that 7" has an eigenvector).]

Solution. Everything follows once the matrix of T is shown to be block diagonal. Put m = dim U,
n = dim V', extend an orthonormal basis ey, ..., e, of U to an orthonormal basis e1, ..., e, of V (6.36),
and note that e;,t1,...,e, is an orthonormal list in UL of length n — m = dim Ut (6.51), hence
an orthonormal basis of UL. Let A = M(T, (e1,...,e,)). Invariance of U gives A;j; = 0 whenever

k<m<j,so
B C
=0 b)

with B = M(T|v, (e1, ..., em)) of size m-by-m.

Now C = 0. Orthonormality makes ||Te||* the sum of the squared absolute values of the entries in
column k of A, while M(T*) = A* (7.9) makes ||T*ex||? that sum over row k of A. Normality gives
|Ter|| = ||Tek]| for every k (7.20), so summing over k = 1,...,m and using the vanishing block below

B,
Z |Bjil* = Z |By.;|* + Z | Ay,

Jk<m Jk<m k<m<j

2

The first terms on the two sides agree, so every entry of C' is 0; thus A and A* are block diagonal with
blocks B, D and B*, D*.

(a) For k > m, column k of A vanishes in rows 1,...,m, so Teg € span(emy1,...,e,) = UL; linearity
then gives Tv € UL for all v € U™,
(b) For k < m, column k of A* vanishes in rows m+1,...,n, so T* ey € span(ei,...,ey) = U; linearity

gives T"u € U for all u € U.
(c) By (b) the map (7%)|y is an operator on U, and for u,w € U,
<(T|U)u7 w> = <T’LL, w>
= (u, T"w) = (u, (T")|yw),

so (T|y)* = (T*)|u by the uniqueness of the adjoint on U (7.1).
(d) For u € U we have T*u € U by (b), so (c) and TT* = T*T give

(T)(Tly) v =TT ) = (T"T)u = T*(Tu) = (T|v)"(T|v)u,
1

whence T'|y is normal. By (a), U
U+ shows T'|;;. is normal.

is another T-invariant subspace, so the same argument applied to

Problem 7B.21. Suppose that T is a self-adjoint operator on a finite-dimensional inner product
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space and that 2 and 3 are the only eigenvalues of T'. Prove that

T2 — 5T + 61 = 0.

Solution. Since T is self-adjoint, the spectral theorem (7.29 if F = R; 7.31 if F = C, self-adjoint
operators being normal) gives a basis ey, ..., e, of V with Tey = Agex. Each Ay is an eigenvalue of T,
so A\; € {2,3} by hypothesis, and hence

(T? = 5T + 61)ep, = (A2 — 5\ + 6) ex
=M —2) (A —3)ex =0

for every k. An operator vanishing on a basis is the zero operator, so T? — 5T + 6 = 0.
Method (2): T is diagonalizable, so its minimal polynomial is (z — p1) -+ (2 — par) with pa, ..., par
distinct (5.62); the zeros of the minimal polynomial are exactly the eigenvalues of T' (5.27(a)), so that
polynomial is (z — 2)(z — 3) = 22 — 5z + 6, and applying it to T" gives T2 — 5T 4 61 = 0.

Problem 7B.22. Give an example of an operator 7' € L£(C3?) such that 2 and 3 are the only
eigenvalues of T and 7% — 5T + 61 # 0.

Solution. Take T(z1, 22, 23) = (221 + 22, 222, 323), whose matrix with respect to the standard basis is

M(T) =

S O N

1
2
0

w o O

This matrix is upper triangular, so by 5.41 the eigenvalues of T are exactly its diagonal entries 2 and
3. Since 22 — 52+ 6 = (2 — 2)(z — 3), with (T — 2I)(21, 22, 23) = (22,0, 23) and (T — 31)(z1, 22, 23) =
(=21 + 22, —22,0) we get

(T? — 5T + 61)(0,1,0) = (T — 2I)(T — 31)(0,1,0)
= (T —2I)(1,-1,0) = (—1,0,0) # 0.

Problem 7B.23. Suppose T' € L(V) is self-adjoint, A € F, and € > 0. Suppose there exists v € V
such that ||v|| =1 and
|Tv — M| <e.

Prove that T has an eigenvalue X' such that |\ — \| < e.
[This exercise shows that for a self-adjoint operator, a number that is close to satisfying an equation
that would make it an eigenvalue is close to an eigenvalue.|

Solution. Take for A" an eigenvalue of T closest to A. Since T is self-adjoint, the spectral theorem (7.29
if F = R; 7.31 if F = C, self-adjoint operators being normal) gives an orthonormal basis e, ..., e, of
V with Te, = Apeg, where n > 1 because ||v]| = 1 forces V' # {0}. Pick ko minimizing |A — A\g| and set

N = Ao, d= A= N|=min{|]A = X\¢| : 1 <k <n}.
Expanding v = ajey + -+ + ane, with ap = (v,ex) and >, |ag|? = ||v]|? = 1 (6.30) gives Tv — \v =

>k (Ax—A)agey, a sum of pairwise orthogonal vectors, so the Pythagorean theorem 6.12 and [Ap,—A| > d
yield

1T0 = Mol = Ak = APP[ag?
k=1
> @Yl = i
k=1
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Hence A = N[ =d < ||Tv— M| <e.

Problem 7B.24. Suppose U is a finite-dimensional vector space and T' € L(U).

(a) Suppose F = R. Prove that T is diagonalizable if and only if there is a basis of U such that the
matrix of T" with respect to this basis equals its transpose.

(b) Suppose F = C. Prove that 7' is diagonalizable if and only if there is a basis of U such that the
matrix of T with respect to this basis commutes with its conjugate transpose.

[This exercise adds another equivalence to the list of conditions equivalent to diagonalizability in
5.55.]

Solution. The trick is that U carries no inner product in advance, so we may install one after seeing
the basis: given a basis uy, ..., u, of U, set

n n n
<§ ajug, Y :bjuj> = ajb;,
j=1 j=1 j=1

the pullback of the Euclidean inner product on F™ along the isomorphism ;g — (a1,...,ap), so
the axioms 6.2 hold (Check!) and wuy, ..., u, is orthonormal for it. Write A* and A* for transpose and
conjugate transpose; by 7.9, M(S*) = (M(S))* with respect to an orthonormal basis.

(a) If T is diagonalizable, then 5.55 gives a basis of eigenvectors, with respect to which M(T') is diagonal
and so equals its transpose. Conversely, if A = M(T, (u1,...,u,)) satisfies A = A*, install the inner
product above; then F = R and 7.9 give

M(T*) = A* = A" = A = M(T),

so T* =T'. Hence 7.29 supplies a basis of eigenvectors of T, and T is diagonalizable by 5.55.

(b) If T is diagonalizable, take the basis of eigenvectors from 5.55: then D = M(T) is diagonal
with entries A1,...,\,, and DD* = D*D is diagonal with entries [\1]?,..., | \n|?. Conversely, if
A= M(T,(uy,...,uy)) satisfies AA* = A* A, install the inner product above; then 7.9 and 3.43 give

M(TT*) = AA* = A*A = M(T*T),

so T is normal. Hence 7.31 supplies a basis of eigenvectors of T, and T is diagonalizable by 5.55.

Problem 7B.25. Suppose that 7' € £(V') and there is an orthonormal basis e1, . . ., e, of V consisting
of eigenvectors of T', with corresponding eigenvalues Ai,..., \,. Show that if £ € {1,...,n}, then
the pseudoinverse T satisfies the equation

1
—ep if A 0,
Tte, — 3 kK F

0 if Ay =0.

Solution. By 6.68, TTw = (T|(nuHT)J_)_1PrangeT w, where T'| 7yt is invertible from (null T)* onto
range T (6.67), so everything turns on identifying those two subspaces. Put

N = span{ey, : A\, = 0}, R = span{ey, : A\ # 0}.

Since T'(aje; + -+ + apen) = arAier + -+ + apipe, and eq, ..., e, is a basis, Tv = 0 exactly when
ar = 0 for every k with Ay # 0; hence nullT = N, and rangeT = R because rangel' is spanned
by Aie1,. .., A\nen. Orthonormality gives R € N=, and the two sublists together form the basis, so
dimR = n — dim N = dim N+ by 6.51; equal dimensions force R = N+ (2.39) and then N = R+
(6.52). Thus

range T = (null 7)*, null 7 = (range T)*.

(i) Ar = 0: then e € N = (rangeT)*, so Prangerer = 0 and Tte, = 0.
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(ii) A # 0: then ey, € R =rangeT, s0 PrangeTer = €k; and iek € R = (nullT)* satisfies T(iek) =
€k, SO Tte, = )\—lkek.

7.3 Exercises 7C

Problem 7C.1. Suppose T' € L(V). Prove that if both 7" and —T are positive operators, then
T =0.

Solution. For every v € V, positivity of T and of —T" gives
(Tv,v) >0 and (Tw,v) =—((-T)v,v) <0,

so (Tw,v) = 0. As T is positive, 7.43 then gives Tv = 0. Hence T = 0.

Problem 7C.2. Suppose T' € L(F*) is the operator whose matrix (with respect to the standard
basis) is

Show that T is an invertible positive operator.

Solution. Everything follows from the identity

(Tv,v) = |v1 |2 + |1 — va|? + |vg — v3]?

+ |vg — 1)4‘2 + "04’2.
To get it, write A = M(T) for the displayed matrix. Reading off its rows,
Tv = (2’01 — Vg, —U] + 2v9 — v3, —Vg + 2U3 — Vg4, —U3 + 27)4)7

so pairing with v and using z + 2z = 2Re z,

4
<TU7 'U) = 22 |Uk|2
k=1

3

-2 Z Re (Ukm),

k=1

which is the right side of the first display, since vy, — ve11]? = |vg|? + |ves1]? — 2 Re(vrTrs1) and each
|vg|? then occurs exactly twice. (Check!)

T is self-adjoint: the standard basis is orthonormal, and A is real and symmetric, so 7.9 gives M(T*) =
A* = A= M(T) and hence T* = T. The identity exhibits (T'v, v) as a sum of squared absolute values,
so (Tw,v) > 0 and T is positive. Finally, Tv = 0 forces (Tv,v) = 0, hence v; = 0, v1 = ve, vo = v3,
v3 = v4, S0 v = 0; thus T is injective and therefore invertible by 3.65.

Problem 7C.3. Suppose n is a positive integer and T € L(F™) is the operator whose matrix (with
respect to the standard basis) consists of all 1’s. Show that 7" is a positive operator.
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Solution. Writing s = vy + - - - + vy, every row of A = M(T') consists of 1s, so Tv = (s, s,...,s) and

n

Also A is real and symmetric, so A* = A; as the standard basis is orthonormal, 7.9 gives M(T*) =
A* = A= M(T) and hence T* =T. A self-adjoint operator with (T'v,v) > 0 for all v is positive.

Problem 7C.4. Suppose n is an integer with n > 1. Show that there exists an n-by-n matrix A
such that all of the entries of A are positive numbers and A = A*, but the operator on F"™ whose
matrix (with respect to the standard basis) equals A is not a positive operator.

Solution. Take Ay o = Az 1 =2 and A, =1 for all other j,k (legitimate since n > 1); for n = 2,

(1)

Every entry is 1 or 2, hence positive, and A is real and symmetric, so A = A*. Yet for v = e; — ey the
coordinates of Tv are 1 —2= —1,then 2—1=1, then 1 —1 =0, so

(Tv,v) =(-1)-14+1-(-1)=-2<0

and 7' is not a positive operator.

Problem 7C.5. Suppose T' € L(V) is self-adjoint. Prove that 7' is a positive operator if and only
if for every orthonormal basis e1,...,e, of V all entries on the diagonal of M(T, (ey,...,e,)) are
nonnegative numbers.

Solution. The diagonal entries are the numbers (Tey,eg): expanding Tep = 3 . (Tex,ej)e; (6.30)
identifies column k of A = M(T, (e1,...,€n)), sO

Ajr = (Tey,ej), A = (Teg, ex).

These are real numbers, automatically when F = R and by 7.14 when F = C, since T is self-adjoint.
(=) If T is positive, then Ay = (Tey,ex) > 0 for every orthonormal basis and every k, by the
definition 7.34.

(<) Since T is self-adjoint, the spectral theorem (7.29 if F = R, 7.31 if F = C) gives an orthonormal
basis fi,..., fn with T fr = Apfr; with respect to it the matrix of T is diagonal with entries A\ =
(T fr, fx), which the hypothesis applied to this basis makes nonnegative. That is condition (c) of 7.38,
so T' is positive.

Problem 7C.6. Prove that the sum of two positive operators on V' is a positive operator.

Solution. Let S,T € L(V) be positive. Then S* =S and T* =T,s0 (S+T)* = S*+T*=S+T by
7.5(a), and for every v € V,
(S +T)v,v) = (Sv,v) + (Tv,v) >0

by additivity of the inner product in its first slot. Hence S 4 T is a positive operator.

Problem 7C.7. Suppose S € L(V) is an invertible positive operator and 7' € L(V) is a positive
operator. Prove that S + T is invertible.
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Solution. It suffices to prove S + T injective, since V' is finite-dimensional (3.65). So let (S + T)v = 0;
pairing with v gives
0= (S +T)o,0) = (Sv,v) + (Tw,v),

a sum of two nonnegative reals, so (Sv,v) = 0. As S is positive, 7.43 gives Sv = 0, and S is invertible,
hence injective, so v = 0. Thus S + T is injective and therefore invertible.

Problem 7C.8. Suppose T' € L(V'). Prove that T is a positive operator if and only if the pseudoin-
verse T is a positive operator.

Solution. One direction is the spectral formula 7B.25; the other then follows from the involution
(THt =1T.

Suppose T is positive. Being self-adjoint, T" has an orthonormal basis of eigenvectors ey, ..., e,, say
Ter = Mger (729 if F = R; 7.31 if F = C, self-adjoint operators being normal), and A\;, > 0 by 7.38(b).
By 7B.25, Tte;, = er/ A\ when A\, # 0 and Tte, = 0 otherwise, so the matrix of T with respect to this
orthonormal basis is diagonal with nonnegative entries; hence T is positive by 7.38(c).

For the converse it suffices to show (TT)T = T, since then the paragraph above applied to the positive
operator TT makes (TT)T = T positive. Recall 6.68: TTw = (T’(nullT)J-)_lprangeTwa with T'| iy
invertible from (nullT)* onto rangeT (6.67). If w € (range T)* then TTw = 0; conversely TTw = 0
forces PrangeTw = 0 by injectivity, and w — Prange7w € (range T)* (6.55), so w € (rangeT)*. Thus
null 7t = (range T)* and (null7T)* = range T by 6.52. Also range T = (nullT)*: every value of T
lies there, and 71 (Tw) = Prunryrv = v for v € (null T)* by 6.69(c). On (null7T)* = range T the map

Tt equals (T | (ol T)J_)_l, whose inverse is T'| a1y, so for v € V,

1
(TT)TU = (TT|(nullTT)J-) PrangeTTU
= T(P(nuHT)L/U) = T’U,

the last step because v — P, 17y1v € null 7.

Problem 7C.9. Suppose T' € L(V) is a positive operator and S € L(W, V). Prove that S*T'S is a
positive operator on W.

Solution. Since S* € L(V, W), the composition S*T'S is an operator on W. It is self-adjoint, because
T* =T and 7.5(d) twice with 7.5(c) give

(S*TS)* = S*T*(S*)" = S*TS.
And for w € W, the adjoint identity (S*v,w) = (v, Sw) with v = T'Sw gives
((S*TS)w,w) = (T'Sw, Sw) >0,

since T is positive and Sw € V. Hence S*T'S is positive by 7.34.

Problem 7C.10. Suppose T is a positive operator on V. Suppose v,w € V are such that
Tv=w and Tw =w.

Prove that v = w.

Solution. Linearity and the two hypotheses give T'(v —w) =Tv —Tw = w — v = —(v — w), S0
(T(v—w),v—w) =~|v-w|

The left side is nonnegative because 1" is positive (7.34), so ||[v — w|| = 0 and hence v = w.
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Problem 7C.11. Suppose T is a positive operator on V and U is a subspace of V' invariant under
T. Prove that T|y € L(U) is a positive operator on U.

Solution. Invariance gives T'|y € L(U), with U carrying the inner product of V. Since T is positive it
is self-adjoint, so for ui,ue € U,

(Tlv)ur, uz) = (Tur, uz)
= (u1, Tuz) = (u1, (Tv)uz),
the last equality because uy € U; as the adjoint on U is the unique operator satisfying this identity

(7.1), (T|y)* = T|y. Moreover {((T|v)u,u) = (Tu,u) > 0 for every u € U. Hence T|y is a positive
operator on U by 7.34.

Problem 7C.12. Suppose T € £(V) is a positive operator. Prove that 7% is a positive operator for
every positive integer k.

Solution. Positivity of T gives T* = T, so repeated use of 7.5(d) makes every power self-adjoint:
(T7)* = (T*)7 = T7 for j > 0 (trivially for j = 0, as T° = I). Nonnegativity splits by the parity of k.
(i) k=2m. Forv e V,
(T*™v, v) = (T™v, (T™)*v)
= ||T™v||* > 0.
(iil) k=2m+ 1. Forv eV,
(T?*™ Ly, v) = (T(T™v), (T™)*v)
= (T(T"v), T"v) > 0,

the inequality because T is positive. Hence T* is a positive operator by 7.34.

Problem 7C.13. Suppose T' € L(V) is self-adjoint and o € R.

(a) Prove that T'— ol is a positive operator if and only if « is less than or equal to every eigenvalue
of T.

(b) Prove that ol —T is a positive operator if and only if « is greater than or equal to every eigenvalue
of T.

Solution. Both parts are the equivalence (a) < (b) of 7.38 applied to a shifted operator, so two
preliminaries serve both.
First, T'— ol and ol — T are self-adjoint: (al)* = @l = ol since « is real (7.5(b), 7.5(e)), so 7.5(a)
gives

(T—al)" =T —al, (al =T)" =al —T.

Second, for v # 0 we have (T —al)v = pv <= Tv = (pt+a)vand (el —=T)v = pv <= Tv = (a—p)v,
so the eigenvalues of T'— ol are exactly the numbers A — «, and those of af — T exactly the numbers
a — A, as A ranges over the eigenvalues of T (all real by 7.12).

(a) By 7.38, T'— al is positive if and only if every one of its eigenvalues A\ — « is nonnegative, that is,
if and only if o < \ for every eigenvalue A of T.

(b) By 7.38, af — T is positive if and only if every one of its eigenvalues o — \ is nonnegative, that is,
if and only if o > X for every eigenvalue X\ of T.

Problem 7C.14. Suppose T' is a positive operator on V and vy, ..., v, € V. Prove that

m m
ZZ Tvk,v]

Jj=1k=1
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Solution. The double sum equals (T'v,v) for v = vy + - - - 4+ vy,. Indeed, by linearity of T' and additivity
of the inner product in each slot (6.6(a), 6.6(d); all coefficients are 1, so no conjugates appear),

ii (Tug, v5) i<T(ivk>a Uj>

j=1 k=1 j=1 k=1
m
= <Tv, Zvj> = (Tw,v)
j=1

Since T is positive and v € V', we have (T'v,v) > 0 by 7.34, which is the asserted inequality.

Problem 7C.15. Suppose T' € L(V) is self-adjoint. Prove that there exist positive operators
A, B € L(V) such that

T=A-B and VI*T'=A+B and AB=BA=0.

Solution. Take A, B € L(V) defined on the spectral basis by the positive and negative parts of the
eigenvalues. Precisely: T is self-adjoint, so the spectral theorem (7.29 if F =R, 731 if F = C, T
being normal) gives an orthonormal basis e1, ..., e, of V with Te;, = A\geg, each Ay real by 7.12; put
AT =max{\, 0}, \= = max{—\,0}, and let (3.4)

Aek = )\:ek, Bek = )\;ek (k = 1, N ,n).

The matrices of A and B with respect to this orthonormal basis are diagonal with nonnegative entries,
so both are positive by 7.38 ((c) implies (a)).
For each real A we have AT — A~ = A\, AT + A~ = |A|, and ATA~ = 0 (one factor vanishes). Hence for
each k,

(A — B)e = Apep = Teg,

ABey, = )\,;)\gek =0= )\;)\;ek = BAey,

soT=A—Band AB=BA=0.
Finally C = A + B satisfies Cey, = |A\g|ex, so C' is positive by 7.38, and

CQ@k = )\%ek = T2€k = T*Tek

using 7% = T. Thus C is a positive square root of T*T', so A+ B = v/T*T by uniqueness (7.39, 7.40).

Problem 7C.16. Suppose T is a positive operator on V. Prove that

nullvVT = null T and range\/T =rangeT.

Solution. Write R = v/T, so R is positive, R* = R, and R? =T (7.39, 7.40).
Null spaces: if Rv =0 then Tv = R(Rv) = 0; conversely if Tv = 0 then

0= (Tw,v) = (R*v,v) = (Rv, R"v) = || Ru|]%,

whence Rv = 0. Thus null /7 = null 7.
Ranges: both T" and R are self-adjoint, so 7.6(b) gives

range T = range T* = (null7)* = (null R)* = range R* = range V'T.

Problem 7C.17. Suppose that T' € £(V) is a positive operator. Prove that there exists a polynomial
p with real coefficients such that /T = p(T).
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Solution. Take p to be the Lagrange interpolation polynomial sending each eigenvalue of T to its square
root.

Being positive, T is self-adjoint, so the spectral theorem (7.29 or 7.31, according as F = R or C)
gives an orthonormal basis ej,...,e, of V with Te;, = Ageg, each Ay > 0 by 7.38 ((a) implies (b)).
The operator R with Rep = /A, ex, (3.4) has diagonal matrix with nonnegative entries with respect to
this orthonormal basis, hence is positive (7.38), and R?e; = Aper = Tex; so by uniqueness of positive

square roots (7.39),
VT e, = /i €k (k=1,...,n).
Let w1, ..., um be the distinct values among Aq,..., A\, and set
m m z— 1
—
p(x) = vir]]
—1 =1 Hr — [
T
l#r

an empty product being 1. The denominators are nonzero (the p, are distinct) and every number in
sight is real, so p has real coefficients; and p(u;) = |/ for each i, since the summand r = i has product
1 while every other summand contains the factor p; — p; = 0.

Since T'ej, = Arey, forces T®e, = Ajei, and hence ¢(T")ex = q(A)ey, for every polynomial g,

p(Ter = p(Ae)er = V wer = VT ey

The two operators agree on a basis, so VT = p(T).

Problem 7C.18. Suppose S and T are positive operators on V. Prove that ST is a positive operator
if and only if S and T' commute.

Solution. Both S and T are self-adjoint, being positive.
(i) If ST is positive, then ST is self-adjoint, so by 7.5(d)

ST = (ST)* = T*S* = TS.

(ii) Suppose ST = T'S. Then (ST)* = T*S* = TS = ST, so ST is self-adjoint. Let R = /S, so
R* = R and R? = S; by Exercise 7C.17, R = p(S) for a polynomial p, and T' commutes with every
polynomial in S, so RT = T'R. Hence for v € V,

(STv,v) = (R(RT)v,v) = (R(TR)v, v)
= (T(Rv), R*v) = (T(Rv), Rv) >0

since T is positive. So ST is positive by 7.34.

Problem 7C.19. Show that the identity operator on F? has infinitely many self-adjoint square
roots.

Solution. For t € [0, 7) take R; € L£(F?) with matrix, relative to the (orthonormal) standard basis,

sint —-cost

M(R,) = <cost sint )

This matrix is real and symmetric, hence its own conjugate transpose, so R} = R; by 7.9 (the basis is
orthonormal). Squaring it gives

cos?t 4 sin? ¢ 0 (10
0 sin?t +cos?t) — \0 1)’

so R? = I by 3.43.
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The R; are pairwise distinct: Rye; = (cost,sint), and coss = cost with sins = sint forces s = ¢ for
s,t € [0,m). As [0,7) is infinite, I has infinitely many self-adjoint square roots.

Problem 7C.20. Suppose T' € L(V) and ey, ..., e, is an orthonormal basis of V. Prove that T is
a positive operator if and only if there exist vy,...,v, € V such that
(Tey, e5) = (vk, vj)

forall j,k=1,...,n
[The numbers {(T'ej, e;)}; k=1, n are the entries in the matrix of 7" with respect to the orthonormal
basis e, ..., ep.]

Solution. The witnesses are vy = VT e,. Throughout we use that operators A, B with (Aeg, e;) =
(Bey, ej) for all j, k are equal, since then Aej, = > (Aex, e;)e; = Bey by 6.30(a).
(i) If T is positive, put R = /T, so R* = R and R? = T (7.39, 7.40), and v, = Rej. Then for all 7, k,

(Vk,vj) = (Rey, Rej) = (R Reg, ej) = (Tey, ej).
(ii) Conversely, given such v1,...,v,, let R € L(V) satisfy Rey = vy (3.4). Then for all j, k,
<R*R6k,€j> = <R6k,R€j> = <'Uk,1)j> = <T€k,€j>,

so T'= R*R, which is positive by 7.38 ((f) implies (a)).

Problem 7C.21. Suppose n is a positive integer. The n-by-n Hilbert matrix is the n-by-n matrix
whose entry in row j, column k is Hﬁ Suppose T € L(V) is an operator whose matrix with
respect to some orthonormal basis of V' is the n-by-n Hilbert matrix. Prove that T is a positive
invertible operator.

Example: The 4-by-4 Hilbert matrix is

NN NI e
O = [ =00 =0 [ =
O = s | =00 | =
| O =T s =

Solution. Everything follows from the integral representation ﬁ% = fol xF=1gi=1 dx (valid since
j+k—2>0).
Let eq, ..., e, be an orthonormal basis of V' with (Tey,e;) = ﬁ%, the matrix entry in row j, column

k being (T'ey, e;) by 6.30(a).

Self-adjoint: the Hilbert matrix is real and symmetric, hence its own conjugate transpose, so T* =T
by 7.9.

Positive: write v = aje; + - -+ + ape, and q(x) = a1 + agx + - - - + a2 L. By linearity in the first slot
and conjugate-linearity in the second, then linearity of the integral (and x real, so g(z) =) ; [

(Tv,v) ZZakaj/ zF i g

k=1 j=1
1 1
= /0 q(z) q(v) dz = /0 lq(z)]>dz >0,
so T is positive by 7.34.

Invertible: if Tv = 0 then f lq|> = (Tw,v) = 0; since |g|? is continuous and nonnegative, it vanishes
identically on [0, 1] (were ]q(ar:o)\2 = ¢ > 0, continuity would give |g|?> > ¢/2 on a subinterval of length
0 > 0 and hence fol lq|> > ¢§/2 > 0). So ¢ has infinitely many zeros, forcing a; = --- = a, = 0 by 4.8,
i.e. v =0. Hence T is injective (3.15) and therefore invertible (3.65).

206



Problem 7C.22. Suppose T' € L(V) is a positive operator and u € V is such that [ju|| = 1 and
|Tu|| > ||Tv|| for all v € V with ||v|| = 1. Show that u is an eigenvector of T' corresponding to the
largest eigenvalue of T

Solution. Expanding v in a spectral basis shows that only the top eigenvalue’s coordinates survive.
Since T is positive it is self-adjoint with nonnegative eigenvalues (7.38), so the spectral theorem (7.29
if F =R, 7.31 if F = C) gives an orthonormal basis ey, ..., e, with Te, = Agex, each A\, > 0. Every
eigenvalue of 17" occurs among Aq, ..., A,: if Tw = Aw with w = Y, agey, # 0, then ay(A\x — A) =0 for
each k, and some a; # 0. Relabel so that A\; = maxy Ag, the largest eigenvalue.

Write u = ajeq + -+ + anep; then Y, |ag/*> = 1 and ||[Tu|?> = >, A2|ax|? by 6.30. Applying the
hypothesis to the unit vector e gives || Tul|| > ||Te1| = A1, so

n n
M <ITul® =) Ala? <Y Wlaxf* = A%,
k=1 k=1

using 0 < A\g < A1. Hence >, (A3 — A2)|ag|? = 0 with every term nonnegative, so a;, = 0 whenever
At # A1 (for nonnegative numbers, A2 = \? iff \y = )\;). Thus u is a combination of eigenvectors all
with eigenvalue A1, giving Tu = A\ju with u # 0.

Problem 7C.23. For T' € L(V) and u,v € V, define (u,v)r by (u,v)r = (T'u,v).

(a) Suppose T' € L(V). Prove that (-, )7 is an inner product on V' if and only if T is an invertible
positive operator (with respect to the original inner product (-, -)).

(b) Prove that every inner product on V' is of the form (-,-)7 for some positive invertible operator
T e L(V).

Solution. Throughout, adjoints, positivity and self-adjointness refer to the original inner product (-, ).
(a) (i) Let T be an invertible positive operator; we check the conditions of 6.2. Positivity and additivity
and homogeneity in the first slot are immediate from positivity and linearity of 7' (Check!). Definiteness:
(v,v)p = (Tv,v) = 0 forces Tv = 0 by 7.43, hence v = 0 since T is injective. Conjugate symmetry uses
T =T

(v,uyp = (Tw,u) = (v, Tu) = (Tu,v) = (u,v)r.

(ii) Conversely, let (-,-)7 be an inner product. Conjugate symmetry of both inner products gives, for
all u, v,

(u, T*v)y = (Tu,v) = (Tv,u) = (u, Tv),
the first equality by 7.1; taking u = T*v — T'v yields T* = T. Positivity of (-, )7 gives (T'v,v) > 0,
so T is positive (7.34). And Tv = 0 implies (v,v)p = 0, hence v = 0; an injective operator on V is
invertible (3.65).
(b) Given an inner product (-,-) on V, apply the Riesz representation theorem (6.42) for (-,-) to the
linear functional v — (v, u): there is a unique Tu € V with

(v,u) = (v,Tu) forallve V.

This T is linear: for all v,

by additivity and conjugate homogeneity in the second slot of both inner products; taking v to be the
difference of the two arguments in each line gives T' € L(V'). Then

(u,v)r = (Tu,v) = (v, Tu) = (v,u) = (u,v),

so (-,-)7 = (+,) is an inner product and T is positive and invertible by (a).
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Problem 7C.24. Suppose S and T are positive operators on V. Prove that

null(S +7) = null S Nnull 7.

Solution. The inclusion null S Nnull 7' C null(S + 7T') is immediate from (S + T)v = Sv + Tv.
Conversely, if v € null(S + T') then

0= (Sv+Tv,v) = (Sv,v) + (Tv,v),

and both summands are nonnegative since S and 1" are positive, so both vanish. By 7.43 applied to S
and to T, we get Sy =Tv =0, i.e. v €nullS NnullT.

Problem 7C.25. Let T be the second derivative operator in Exercise 31(b) in Section 7A. Show
that —T' is a positive operator.

Solution. With D € L(V') the differentiation operator of Exercise 7A.31(a), we have —T' = D*D, which
is positive by 7.38 ((f) implies (a)).

Here V = span(1,cosz,...,cosnz,sinz,...,sinnx) inside the space of continuous real-valued functions
on [—m, 7| with (f,g) = ffﬂ fg, and Tf = f”. Differentiation maps V into V, since

1'=0, (coskz) = —ksinkz, (sinkx)" = k cos kx

all lie in V;so D € L(V) and T = D?.
By Exercise 7TA.31(a), D* = —D: every f € V is 2m-periodic and continuously differentiable, so the
boundary term in
(Df.g)=|fg|  —| fd =~{fDyg)
vanishes. Hence —T = —D? = (—~D)D = D*D.

7.4 Exercises 7D

Problem 7D.1. Suppose dimV > 2 and S € L(V,W). Prove that S is an isometry if and only if
Seq, Ses is an orthonormal list in W for every orthonormal list e, es of length two in V.

Solution. Write n = dim V' > 2.
(i) If S is an isometry then S preserves inner products by 7.49 ((a) implies (c)), so for any orthonormal
e1,eg and j, k € {1,2},

<S€j7 Sex) = <ej7 ek,

which says Seq, Ses is orthonormal in W.

(ii) Conversely, take an orthonormal basis ei,...,e, of V (6.35). For j # k the pair ej,e; is an
orthonormal list of length two, so by hypothesis ||Se;|| = ||Sex|| = 1 and (Se;, Sey) = 0; since n > 2,
every index j occurs in such a pair, so Sey,...,Se, is orthonormal in W. Hence S is an isometry by
7.49 ((d) implies (a)).

Problem 7D.2. Suppose T' € L(V,W) and T # 0. Prove that T is a scalar multiple of an isometry
if and only if T" preserves orthogonality.

[The phrase “T preserves orthogonality” means that (T'u, Tv) = 0 for all u,v € V such that (u,v) =
0.]

Solution. (i) If T' = ¢S with S an isometry, then S preserves inner products by 7.49 ((a) implies (c)),
so (u,v) = 0 gives
(Tu, Tv) = c€ (Su, Sv) = |c|*{u,v) = 0.
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(ii) Conversely, suppose T preserves orthogonality. The claim is that ||Tu|| takes one value ¢ on all
. . _ _ . . _ 1
unit vectors; then ¢ > 0 (else Tv = ||v|| T'(v/|[v]|) = O for all v # 0, contradicting T' # 0) and S = ;T

satisfies ||Sv|| = @HT(U/HUH)H = |jv|| for v # 0 and trivially at 0, so "= ¢S with S an isometry.
For the claim, first let u, v be orthonormal. Then (u+v, u—v) = |Ju|*~||v||? = 0, so T(u+v) L T(u—v);
also (T'u, Tv) = 0= (T'v,Tu). Expanding,

0= (Tu+Tv, Tu—Tv) = ||Tul|* — | Tv|*

Now fix a unit vector u (possible as T' # 0 forces V # {0}) and set ¢ = ||Tul|; let ||v|| = 1.

(a) If v = Au then [N =1 and ||Tv|| = ||| Tu|| = c.

(b) Otherwise v — (v, u)u # 0; let e be its normalization, so u, e is orthonormal (Check!) and || Te| = ¢
by the previous paragraph, while (T'u, T'e) = 0. Rearranging gives v € span(u, e), say v = au + be with
la]? + |b]?> = ||v||* = 1 by the Pythagorean theorem (6.12). Applying T’ and using Tu L Te,

1T0]* = la* | Tull® + [bI?]|Tel® = (lal® + [b]*)e* = 2.

Problem 7D.3. (a) Show that the product of two unitary operators on V' is a unitary operator.
(b) Show that the inverse of a unitary operator on V' is a unitary operator.

[This exercise shows that the set of unitary operators on V is a group, where the group operation is
the usual product of two operators.]

Solution. A unitary operator is an invertible isometry (7.51).
(a) If S, T are unitary then ST is invertible, with inverse 7-'S~!, and for v € V,

1(ST)oll = 1S(Tv)l| = [ Tol] = [lvll;

using the isometry of S at Tv and then that of T'. So ST is unitary.
(b) If S is unitary then S~ is invertible (inverse S), and for v € V, setting w = S~ v,

1S~ 0]l = [lwll = [[Sw]| = ||l

so S~! is a unitary operator.

Problem 7D.4. Suppose F = C and A, B € L(V) are self-adjoint. Show that A + iB is unitary if
and only if AB = BA and A% + B? = I.

Solution. Everything comes from expanding T*T and TT™* for T = A+iB. Since A* = A and B* = B,
7.5(a) and 7.5(b) give T* = A — iB, whence (using (—i)(z) = 1)

T*T = (A* + B?) +i(AB — BA),
TT* = (A* + B%) — i(AB — BA).
(i) If AB = BA and A% + B? = I, the first line gives T*T = I, so T is an isometry by 7.49 ((b) implies
(a)); an isometry of V' is injective, hence invertible (3.65), hence unitary (7.51).
(ii) If T is unitary then T*T = TT* = I by 7.53 ((a) implies (b)), so
(A2 + B%) +i(AB — BA) = I = (A% + B?) — i(AB — BA).

Adding gives A% + B? = I; subtracting gives 2i(AB — BA) =0, so AB = BA.

Problem 7D.5. Suppose S € L(V). Prove that the following are equivalent.
(a) S is a self-adjoint unitary operator.
(b) S = 2P — I for some orthogonal projection P on V.
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(c) There exists a subspace U of V' such that Su = u for every u € U and Sw = —w for every
we Ut

Solution. We prove (a) = (b) = (c) = (a).
(a) = (b). Here S? = S*S = I, by self-adjointness and 7.53 ((a) implies (b)). Put P = %; then
P* = P by 7.5(a), (b), (e), and

_S%P425+1  25+21
= ; ===

P? P.

Let U = range P. For v € V write v = Pv + (v — Pv): the first term lies in U, and for u = Pw € U,
(v — Pv, Pw) = (Pv — P?v, w) =0

using P* = P and P? = P, so v — Pv € U*. This is the decomposition from V = U @ U+ (6.49), so
P =Py by6.55 and 2P -1 =S.

(b) = (c¢). Take U with P = Py. Then Su = 2u —u = u for u € U by 6.57(b), and Sw =0—-w = —w
for w € U+ by 6.57(c).

(c) = (a). By 6.49 each v € V is uniquely v = u + w with v € U, w € U+, and Sv = v — w. Since
u L w, the Pythagorean theorem (6.12) gives

1Sol* = [lull® + w]* = [lv]?,

so S is an isometry; and S%v = S(u —w) = u+w = v (as —w € UL), so S is invertible and hence
unitary (7.51). Finally, writing v/ = v/ + v’ likewise and using (u, w') = (w,u’) = 0,

(Sv,v") = (u,u) — (w,w') = (v, SV,

so §* =5 by 7.1.

Problem 7D.6. Suppose 11, T are both normal operators on F3 with 2,5, 7 as eigenvalues. Prove
that there exists a unitary operator S € L£(F?3) such that T) = S*T3S.

Solution. Take S to be the operator carrying an eigenbasis of 77 to the matching eigenbasis of T5.

Set Ay =2, Ay =5, A3 =7, and let T be either T} or T5. Normalizing eigenvectors of T' for A1, Ao, A3
gives unit vectors gi, g2, g3 with T'gx, = Apgk; these are pairwise orthogonal by 7.22 (T is normal and
the )\, are distinct), hence an orthonormal list of length 3 = dim F and so an orthonormal basis (6.28).
No spectral theorem is needed, so this works over R and over C.

This gives orthonormal bases e, es, e3 and f1, fo, f3 with Tier = Ager and 1o fr, = A fr. Let Sep = fi
(3.4); S carries an orthonormal basis to an orthonormal basis, so S is unitary by 7.53 ((d) implies (a)),
and S* = S~! by 7.53 ((a) implies (c)). Hence for each k,

S*TySer = \S™ L fi. = Mwer, = They,

and the two operators agree on a basis, so 71 = S*T5S.

Problem 7D.7. Give an example of two self-adjoint operators 17, Ty € L(F*) such that the eigen-
values of both operators are 2, 5,7 but there does not exist a unitary operator S € £(F*) such that
T1 = S5*T,S. Be sure to explain why there is no unitary operator with the required property.

Solution. Take
Ty (21, 22, 23, 24) = (221, 222, Dz3, T24),

Ty (21, 22, 23, 24) = (221, D22, D23, T24),

whose eigenvalue 2 has multiplicity 2 for 77 but 1 for 75.
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Each T} has, with respect to the orthonormal standard basis e1, ..., e4, a real diagonal matrix, equal
to its own conjugate transpose, so Tj* =T} by 7.9. The eigenvalues of T} are exactly 2,5, 7: each occurs
on the diagonal, and for A ¢ {2,5, 7} the operator Tj — Al sends each ey, to a nonzero multiple of itself,
hence is surjective and so invertible (3.65). Reading off the null spaces,

dimnull(7h — 27) = 2, dimnull(Ty, — 2I) = 1.
Suppose S were unitary with Ty = S*T5S. Then S* = S~! by 7.53 ((a) implies (c)), so
Ty — 21 = STy — 2I)S.

If (Th —21)v = 0 then, applying S, (T2 —2I)Sv = 0; thus S restricts to an injective map null(77 —21) —
null(T, — 21), forcing 2 < 1 by 3.21, a contradiction.

Problem 7D.8. Prove or give a counterexample: If S € £(V') and there exists an orthonormal basis
el,...,en of V such that ||Seg|| =1 for each ey, then S is a unitary operator.

Solution. False: on V = F? with the standard (orthonormal) basis, take
S(x1,22) = (21 + 22, 0).

Then Se; = Sex = (1,0), so ||Sei|| = [|Sez|| = 1, yet S(1,—1) = 0 with (1,—1) # 0, so S is not
injective, hence not invertible, hence not unitary (7.51).

Problem 7D.9. Suppose F = C and T € L(V'). Suppose every eigenvalue of T" has absolute value
1 and ||Tv|| < |jv|| for every v € V. Prove that T is a unitary operator.

Solution. A Schur basis for T is forced to be diagonal. Since F = C, Schur’s theorem (6.38) gives an
orthonormal basis eq, ..., e, in which A = M(T) is upper triangular; by 5.41 the diagonal entries are
the eigenvalues, so |Ay x| =1 for each k.

Fix k. Upper triangularity gives T'e;, = Ajper + --- + Ap e, so by 6.30(b) and the hypothesis at
U = €k,

k—1
L+ > Akl = I Texll? < llexl) = 1.
Jj=1

Every term of a nonnegative sum that is at most 0 vanishes, so A;; = 0 for j < k. As k was arbitrary
and A is already lower-zero, A is diagonal: T'ej, = A\pep with [Agx| = 1.

Thus V has an orthonormal basis of eigenvectors of T with eigenvalues of absolute value 1, so T is
unitary by 7.55 ((b) implies (a)).

Problem 7D.10. Suppose F = C and T € £(V) is a self-adjoint operator such that || Tv|| < ||v]| for
allv e V.

(a) Show that I — T2 is a positive operator.
(b) Show that T'+ iv/I — T? is a unitary operator.

Solution. (a) I—T? is self-adjoint, since (T?)* = (T*)? = T? by 7.5(d) and T* = T, so (I -T?)* = [ -T?
by 7.5(a), (b), (e). And for every v € V,

(T = T%)v,0) = ol = (Tv, T"0) = |jo|* ~ [ To]* > 0

by T* = T and the hypothesis. Hence I — T2 is positive (7.34).
(b) On a spectral basis for T', the operator T'+iv/I — T? is diagonal with eigenvalues on the unit circle.
Since T is self-adjoint and F = C, it is normal, so 7.31 gives an orthonormal basis ey, ..., e, with
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Tey = Agek, each \g real (7.12) and
Akl = [[Tell < llexl = 1,
sol— /\% > 0. Let Rlej, = /1 — )\Z er: its matrix in this orthonormal basis is real diagonal, so R’ is
self-adjoint (7.9), and (R'v,v) = 3", /1 — Af |ag|> > 0 for v = ", age, so R’ is positive. Since
(RN2er, = (1 — A2)ep, = (I — T?)ey,

uniqueness of positive square roots (7.39) gives R' =+ I —T? =: R.
Then Sej, = (Mg +iy/1 — A?)e, for S =T+ iR, and A{ 4+ (1 — A7) = 1, so each eigenvalue has absolute
value 1. Thus S is unitary by 7.55 ((b) implies (a)).

Problem 7D.11. Suppose S € L(V). Prove that S is a unitary operator if and only if

{Sv:veVand o] <1} ={veV: v <1}.

Solution. Write B = {v € V : ||v|| < 1}; the condition reads S(B) = B.

(i) If S is unitary, then v € B gives ||Sv|| = ||v|| < 1, so S(B) C B. Conversely S~! = S* is unitary by
7.53 ((a) implies (c) and (f)), so w € B gives ||S™ w| = ||w|| < 1, i.e. w = S(S~1w) € S(B).

(ii) Suppose S(B) = B. Then range S 2 B contains every v # 0 (as v = ||[v]| - v/||v]| and ranges are
subspaces), so S is surjective, hence invertible (3.65). Moreover v/||v|| € B forces ||S(v/||v]])|| < 1, i.e.

ISl < floll - (veV),

by homogeneity (the case v = 0 being clear). Applying S~! to S(B) = B gives S~}(B) = B, so the
same homogeneity argument yields ||S™1w|| < |Jw|| for all w; at w = Sv this reads ||v]| < ||Sv||. Hence
|Sv|| = ||v|| and S is a unitary operator (7.51).

Problem 7D.12. Prove or give a counterexample: If S € £(V) is invertible and || S~1v| = || Sv|| for
every v € V, then S is unitary.

Solution. False: on V = F? take
S(x1,22) = (2332, %331)

Then S? = I (Check!), so S is invertible with S~! = S and the hypothesis ||S~1v|| = ||Sv]|| holds
trivially. But S(1,0) = (0, 3) has norm 1 # 1, so S is not an isometry and hence not unitary (7.51).

Problem 7D.13. Explain why the columns of a square matrix of complex numbers form an or-
thonormal list in C"™ if and only if the rows of the matrix form an orthonormal list in C”.

Solution. Both conditions say @ is unitary, because Q*Q) = I if and only if QQ* = I for square Q.
Let @ be n-by-n and Q* its conjugate transpose, (Q*);r = Qk ;. With the Euclidean inner product on
C", for all j,k,r,

n

(col k,col ) = Z(Q*)m‘ Qjr = (Q"Q)rk,

j=1
n
(row j,row k) = Qjir (Q")rie = (QQ")jik,
r=1
so the columns are orthonormal iff Q*@Q) = I, and the rows are orthonormal iff QQ* = I.

Now let S € £(C™) have matrix @) with respect to the standard (orthonormal) basis, so M(S*) = Q*
by 7.9. If Q*Q = I then S*S = I, so S is injective (Sv = 0 gives v = S*Sv = 0) and hence invertible
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(3.65); multiplying S*S = I on the right by S~! gives S* = S7!, so SS* = I, i.e. QQ* = I. The
converse follows by applying this to Q*, since (Q*)* = Q.

Problem 7D.14. Suppose v € V with |[v|]| =1 and b € F. Also suppose dimV > 2. Prove that
there exists a unitary operator S € L£(V') such that (Sv,v) = b if and only if [b| < 1.

Solution. If such a unitary S exists then || Sv|| = ||v]| = 1, so Cauchy—Schwarz (6.14) gives

[b] = [(Sv, v)] < [[Sv] |[v]] = 1.
Conversely, suppose |b| < 1 and set ¢ = /1 — |b|2 € R, so that |b]?+¢? = 1. Since |[v]| = 1, the list v is
orthonormal, so by 6.36 it extends to an orthonormal basis eq, ..., e, of V with e; = v; the hypothesis

n =dimV > 2 supplies e3. Define S € L(V') on this basis (3.4) by

Sei = bey + ceo, Sey = —ceq + bes,
Ser =er (k> 3).

Then ||Seq|? = |b]2 +c? =1 =% + |b]? = ||Sez||?, while € = ¢ gives
(Seq,Ses) =b(—c) + ¢b=—bc+ch=0,

and Sej, Seg € span(eq, e2) is orthogonal to each Sey = e with £ > 3 (Check!). So Se,...,Se, is an
orthonormal basis of V', whence S is unitary by the equivalence of (d) and (a) in 7.53. Finally

(Sv,v) = (be1 + cea,e1) = 0.

Problem 7D.15. Suppose 7T is a unitary operator on V such that T' — I is invertible.

(a) Prove that (T+1)(T—1I)~! is a skew operator (meaning that it equals the negative of its adjoint).
(b) Prove that if F = C, then i(T + I)(T — I)~! is a self-adjoint operator.

[The function z — i(z + 1)(z — 1)~! maps the unit circle in C (except for the point 1) to R. Thus
(b) illustrates the analogy between the unitary operators and the unit circle in C, along with the
analogy between the self-adjoint operators and R.]

Solution. (a) Write S = (T + I)(T — I)~!; we show S* = —S.
Since (T + I)(T — 1) =T? -1 = (T — I)(T + I), multiplying by (T — I)~! on both sides gives

S=(T+IN(T-0)"=(T-0)"1(T+1I). (%)
Because T is unitary, T* = T~! by the equivalence of (a) and (c) in 7.53, so
" —I=-T"YT-1), T4+I=T"YT+1I),

in particular 7% — I is invertible with (7% — I)~! = —(T — I)~'T. Hence, using the adjoint rules 7.5

together with (A4*)~1 = (A~1)* for invertible A (immediate from (A~!)*A* = (AA~1)* = I) applied to
A=T-1,

S*=(T+I)(T-1)"")°
= (-0 (T +1)
= (T -17) (1" +1)
=(T* 1)1 (T* +1)

— (@ - DT (TN 4 1))
=—(T-0)"YT+1.
By (x) the last expression equals —(T + I)(T — I)~! = —S, so S is skew.
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(b) With F = C, part (a) and (AB)* = AB* give
(iS)* =i 8* = (—i)(—S) =S,

soi(T + I)(T — I)~" is self-adjoint.

Problem 7D.16. Suppose F = C and T' € £(V) is self-adjoint. Prove that (7' 4 iI)(T —il)~' is a
unitary operator and 1 is not an eigenvalue of this operator.

Solution. Everything follows from the identity
(T £ ilyo]* = ITv]* + [lo]* (veV), (%)
whose cross terms cancel because (T'v,v) = (v, Tv) for self-adjoint T":
(T =il = ITv]|* + i(Tv, v) = ilv, Tv) + o],

and likewise with the two cross terms —i(Tv,v) + i(v, Tv) for T + il.
By (%), (T'Fil)v = 0 forces ||v|]| = 0, so T'— il and T + il are injective, hence invertible (3.65); set
S = (T+iI)(T—iI)~!, a product of invertibles. Given w € V, write v = (T —il) 1w, so Sw = (T+il)v
and (x) gives

[Swl = (T + il)v]| = (T = il)v]| = [w].

Thus S is an invertible isometry of V', i.e. unitary (7.51).
If Sw = w, then with v = (T —il)~'w we get (T +il)v = (T —il)v, so 2iv = 0 and w = (T —il)v = 0.
Hence 1 is not an eigenvalue of S.

Problem 7D.17. Explain why the characterizations of unitary matrices given by 7.57 hold.
[7.57: Suppose @ is an n-by-n matrix. Then the following are equivalent.

a) @ is a unitary matrix.

b) The rows of @) form an orthonormal list in F™.

c) ||Qu|| = ||v|| for every v € F".

d) Q*Q = QQ* = I, the n-by-n matrix with 1’s on the diagonal and 0’s elsewhere.]

(
(
(
(

Solution. Each of (a)—(d) says that the operator S € L(F") with

M(S, (61,...,en>) :Q

is unitary, where ey, ..., e, is the standard (orthonormal) basis of F” with its Euclidean inner product.
Two translations do the work: identifying v € F" with its coordinate column, 3.76 gives Sv = Quv,
hence ||Sv|| = ||Qv]|; and since the basis is orthonormal, 7.9 gives M(S*) = Q*, so with 3.43 and the
injectivity of A — M(A),

S*S=858"=1 <= Q"Q=QQ" =1.

(i) By definition 7.56, (a) says the columns of ) are orthonormal, which by the equivalence of (a) and
(e) in 7.49 (both bases taken to be eq,...,e,) says S is an isometry; an isometry is injective, hence
invertible on the finite-dimensional F” (3.65), so this is exactly unitarity (7.51).

(ii) (b) says the rows of @) are orthonormal, hence an orthonormal basis (6.28), which is the equivalence
of (a) and (e) in 7.53.

(iii) (c) says ||Sv|| = ||v|| for all v by the first translation, i.e. S is an isometry, equivalent to unitarity
as in (i).

(iv) (d) says S*S = SS* = I by the second translation, which is the equivalence of (a) and (b) in 7.53.
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Problem 7D.18. A square matrix A is called symmetric if it equals its transpose. Prove that if A
is a symmetric matrix with real entries, then there exists a unitary matrix @@ with real entries such
that Q*AQ is a diagonal matrix.

Solution. Take () to be the matrix whose columns are an orthonormal eigenbasis of A acting on R".
In detail, let V' = R"™ with the Euclidean inner product, ey,...,e, its standard (orthonormal) ba-
sis, and T' € L(V) the operator with M(T, (e1,...,e,)) = A (legitimate since A has real entries).
Orthonormality of the basis lets 7.9 compute

M(T*, (e1,...,ep)) = A" =A' = A
= M(T,(e1,...,€en)),

using that A is real and symmetric; hence T* = T. AsF = R and T is self-adjoint, the real spectral the-
orem 7.29 supplies an orthonormal basis f1, ..., f, of R” of eigenvectors of T', so D = M(T, (f1,..., fn))
is diagonal.

Let @ have k-th column fi. Its entries are real, its columns are orthonormal, so @ is unitary (7.56);
and Q@ = M(I,(f1,..., fn),(e1,...,€p)), since the k-th column of the latter is the coordinate column
of f. The change-of-basis formula 3.84 therefore gives D = Q1 AQ, and Q~! = Q* by 7.57(d), so

Q"AQ = D.
Problem 7D.19. Suppose n is a positive integer. For this exercise, we adopt the notation that a
typical element z of C" is denoted by z = (zo, 21, . .., 2n—1). Define linear functionals wp, w1, . .., wp—1
on C" by
1 n—1
Wj(Z[), By .- 7zn71) = 7 Zozm e—27rl]m/n.
o

The discrete Fourier transform is the operator F: C* — C™ defined by
Fz= (WO(Z)awl(z)a cee awnfl(z))'

(a) Show that F is a unitary operator on C".
(b) Show that if (2q,...,2,—1) € C" and z, is defined to equal zy, then

]—"71(20,21, coiyZn—1) = F(2n, Zn—1,---,21)-

(c) Show that F* = 1.

[The discrete Fourier transform has many important applications in data analysis. The usual Fourier
transform involves expressions of the form ffooo f(x)e= 2™ dx for complex-valued integrable functions
f defined on R.]

Solution. Write ¢ = €2™/" g0 e~ 2mm/n — ¢=im ¢n — 1 and

for 0 < j < n — 1, which is linear in z. The engine is the root-of-unity identity: for an integer k,

n—1
quk =n ifn|k, else0,

=0
the first case since every term is 1, the second by summing the geometric series with ratio ¢¥ # 1 to

(1-(MH /- =o0.
(a) With eg,...,e,—1 the standard (orthonormal) basis of C", the matrix F' = M(F, (eg,...,€n-1))
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has entries Fj ., = (/™ /\/n, so for m,r € {0,...,n — 1}, using (=" = ¢J",

n—1 n—1 1 m—r
o= jr—=m) _ } & -5
Z ST nz:C {0, m#r,

Jj= Jj=0

—_

because |r —m| < n — 1 makes n |  — m equivalent to 7 = m. So the columns of F' are orthonormal,
hence F is an isometry by the equivalence of (a) and (e) in 7.49, therefore injective and so invertible
(3.65), i.e. unitary (7.51).

(b) Since F is unitary, F~! = F* by 7.53(c), and 7.9 gives M(F*) = F* with (F*);» = Fpn; =
¢I™ /y/n; thus

1 n—1 .
—1 _ = m
(.7" Z)j_ \/ﬁmz::ozmcj .

Now w = (zpn, Zn—1,...,21) has wg = 2z, for 0 < k < n — 1, so substituting m = n — k and using
¢in=1,

n—1 n—1

1 o 1 s

(Fw); = %Zwkc Ik = %Zzn—kc i
k=0 k=0

1 ) 1 & A
— —— Zm, C_J(n_m) —_ Zm C]m‘
P> P>

The m = n term is 2,9 = 29?7, i.e. the m = 0 term, so replacing it leaves the sum unchanged and

n—1
(Fw); = \}ﬁ Z 2y I = (f_lz)j
m=0

for every 7, which is the claimed identity.
(c) Let R € L(C") be the reversal (Rz)r = Z(n—k) mod n, S0 that R? =T (Check!). Since z, = 2z, part
(b) reads F~! = FR; applying F ! on the left gives 72 = R, and squaring,

Fr=R'=1,

so Ft=1.

Problem 7D.20. Suppose A is a square matrix with linearly independent columns. Prove that
there exist unique matrices R and @ such that R is lower triangular with only positive numbers on
its diagonal, @) is unitary, and A = RQ.

Solution. Conjugate-transpose the QR factorization 7.58 of A*.
Three facts about M + M* drive this, all immediate from (M*);, = My, (MN)* = N*M* and
(M*)* = M: M is lower triangular iff M* is upper triangular; M has positive diagonal entries iff M*
does; and M is unitary iff M* is, since 7.57(d) states unitarity as M*M = MM* = I, a condition
symmetric in M and M*.
First, A* has linearly independent columns. Indeed, viewing an n-by-n matrix as M(T, (e1,...,€ey))
for the standard basis of F", its columns are M(Tey),..., M(Te,), independent exactly when T
is invertible, i.e. exactly when the matrix is invertible; and A invertible gives A* invertible, with
(A=t = (A1)~
Existence: 7.58 applied to A* yields A* = Qvé with @ unitary and R upper triangular with positive
diagonal. Conjugate-transposing,

A=R*Q* = RQ,

R=R", Q=Qr,

and by the three facts R is lower triangular with positive diagonal and @ is unitary.
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Uniqueness: if A = RQ = R'Q’ with both pairs as stated, then

are two QR factorizations of A* (again by the three facts), so 7.58 forces Q* = (Q')* and R* = (R')*,
hence Q@ = Q' and R = R'.

7.5 Exercises TE

Problem 7E.1. Suppose T' € L(V,W). Show that T' = 0 if and only if all singular values of T are
0.

Solution. By 7.68(b) the number of positive singular values of T' equals dimrange T, so all singular
values of T are 0 if and only if dimrangeT = 0, i.e. if and only if T'= 0.

Method (2): if T = 0 then T*T = 0, whose only eigenvalue is 0, so by 7.65 every singular value is
0. Conversely, if every singular value is 0 then 0 is the only eigenvalue of T*T'; since T*T is positive,
hence self-adjoint (7.64(a)), the spectral theorem (7.29 or 7.31) gives an orthonormal basis of V' of
eigenvectors of T*T', all with eigenvalue 0, so T*T = 0 and therefore null 7" = null T7*T = V by 7.64(b).

Problem 7E.2. Suppose T' € L(V,W) and s > 0. Prove that s is a singular value of 7" if and only
if there exist nonzero vectors v € V and w € W such that

Tv=sw and TYw = sv.

[The vectors v, w satisfying both equations above are called a Schmidt pair. Erhard Schmidt intro-
duced the concept of singular values in 1907.]

Solution. Since s > 0, definition 7.65 makes s a singular value of T exactly when s? is an eigenvalue of
T*T.

If s is a singular value, pick v # 0 with T*Tv = s

v and set w = Tw/s. Then Tv = sw and
T w = %T*Tv = %321) = sv,

while || Tv||? = (T*Tv,v) = s2||v]|? > 0 gives w # 0.
Conversely, if v, w are nonzero with Tv = sw and T*w = sv, then

T*Tv = T*(sw) = s(sv) = s?v,

so 52 is an eigenvalue of T*T and s is a singular value of T

Problem 7E.3. Give an example of T € £(C?) such that 0 is the only eigenvalue of 7' and the
singular values of T" are 5, 0.

Solution. Take T(z1, z2) = (5z2,0), with matrix <8 (5)> in the standard (orthonormal) basis.

T? =0, so 0 is the only eigenvalue of T, and it is an eigenvalue since T(1,0) = 0. Because the basis is
orthonormal, 7.9 makes M(T™) the conjugate transpose, so

s (0 0) /0 5\ (0 O
M(T™T) = <5 0> (O O) N <0 25)’
whose eigenvalues 25 and 0 each have one-dimensional eigenspace. Hence the singular values of T" are
5,0.
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Problem 7E.4. Suppose that T € L(V,W), s; is the largest singular value of 7', and s, is the
smallest singular value of T'. Prove that

{||Tv|| : v € V and ||v|| = 1} = [sp, s1].

Solution. Everything follows from the formula | Tv||* = Y, s2|ax|? in a suitable orthonormal eigenbasis.
Let n =dimV > 1 and s; > --- > s, > 0 be the singular values. Since T*T is positive, hence self-
adjoint (7.64(a)), the spectral theorem (7.29 or 7.31) gives an orthonormal basis ey, ..., e, of V with
T*Tey, = s,?ek (concatenate orthonormal bases of the eigenspaces, as in the proof of 7.70; multiplicities
match 7.65 by construction). For v = Y, arex with |[v]| =1, so >, |ax|* = 1 by 6.30(b),

| Tv||? = (T*Tv,v) Zsk\ak\

which lies between 52", |ax|? = s2 and s>, |ax|* = s?; taking square roots gives || Tv|| € [sy, s1].
Conversely, let ¢ € [sp,s1]. If s = s, then v = e1 gives ||[Tv| = s1 = ¢. If 57 > s, put t =
(2 —3s2)/(st —s2)e[0,1] and v = \/{Sel + V1 —tey, a unit vector with

HTsz—slt—Fs (1-1t) = +(02—35) =2,

so | Tv| = ec.

Problem 7E.5. Suppose T' € £(C?) is defined by T'(z,y) = (—4y, z). Find the singular values of 7.

Solution. The singular values of T" are 4, 1.
Indeed, in the standard (orthonormal) basis M(T) = (

transpose, so

0 —4
1 0

men=( )0 =0 %)

whose eigenvalues 16 and 1 each have one-dimensional eigenspace.

), and 7.9 makes M(T™) its conjugate

Problem 7E.6. Find the singular values of the differentiation operator D € L(P2(R)) defined by
Dp = p’, where the inner product on P(R) is as in Example 6.34.

Solution. The singular values of D are v/15,+/3,0.
Example 6.34 supplies the orthonormal basis

€1 = %, €2 = \/gx,
s =% 3)
for the inner product (p,q) = f_llpq. Using 1 = v/2e; and z = \/%62,
Dey =0, Degz\/§:\/§€1,
Desg = 2\/%50 = \/BBQ,

so M(D) is strictly upper triangular with superdiagonal v/3,v/15. Since the basis is orthonormal, 7.9
gives M(D*) = M(D)", whence

00 0
M(D*D)=10 3 0],
00 15

with eigenvalues 15, 3,0, each eigenspace one-dimensional.
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Problem 7E.7. Suppose that 7' € L(V) is self-adjoint or that F = C and T' € £(V') is normal. Let
A, ..., A\, be the eigenvalues of T', each included in this list as many times as the dimension of the
corresponding eigenspace. Show that the singular values of T are |\{],...,|Ay|, after these numbers
have been sorted into decreasing order.

Solution. The point is that T*Te, = ]/\k|26k on an orthonormal eigenbasis of T'.

In either hypothesis 7' is normal and the spectral theorem applies (7.29 when F = R and T is self-
adjoint; 7.31 when F = C), so T is diagonalizable and 5.55(c) writes V' as the direct sum of its
eigenspaces; concatenating orthonormal bases of these (orthogonal to one another by 7.22) gives an
orthonormal basis e, ..., e, of V with Te, = Apex, where A\q,..., A\, is the list in the statement up to
order (immaterial, as the conclusion sorts). Since T is normal, 7.21(e) gives T* e = Ageg, 0

T*Tey, = Mg e, = | Mg |*ex.
Expanding v = Y, arex, shows T*Tv = pv iff a, = 0 whenever [Ag|* # p, so
E(u, T*T) = span{ey : | M| = u},

whence the eigenvalues of T*T are the distinct [A\;|?, each with eigenspace dimension #{k : |A\x| = \/i}.
Taking nonnegative square roots in 7.65 therefore yields exactly |Ai],...,|\,| sorted into decreasing
order.

Problem 7E.8. Suppose T' € L(V,W). Suppose s1 > s3 > -+ > 8, > 0 and ey,..., ey is an
orthonormal list in V' and fi,..., f, is an orthonormal list in W such that

Tv = Sl<vael>f1 P 000 I Sm<U,€m>fm

for every v € V.

(a) Prove that f1,..., fm, is an orthonormal basis of range T'.
(b) Prove that eq, ..., e, is an orthonormal basis of (null 7).
(c) Prove that sq,..., s, are the positive singular values of T
(d) Prove that if k € {1,...,m}, then ey is an eigenvector of T*T with corresponding eigenvalue s?.
(e) Prove that

TT*w = st (w, fi)f1 + - + s5{w, fm) fm
for all w € W.
Solution. Two formulas carry all five parts: Te; = s;f; (take v = e; above) and

T*w = s1{w, f1)e1 + -+ + sm(w, fm)em, (*)

the latter because the right side Sw satisfies (T'v, w) = (v, Sw) for all v, w:

< > sk{v,ex) fr, w> = kv, ex)(fr w)

k k
= <U7 Z Sk<w> fk’>ek>7
k

and the adjoint is unique. Consequently, by orthonormality of fi,..., fm,

T*Tey, = spT* fi, = siex, (1<k<m). (1)

Write E = span(eq, ..., en), ' =span(fi,..., fm), n =dimV.

(a) The formula for T gives rangeT C F, and f; = Te;/s; € rangeT (legitimate as s; > 0) gives the
reverse. S0 f1,..., fm is an orthonormal, hence linearly independent, spanning list of range 7.

(b) Since f1,..., fm is linearly independent and every sj > 0,

Tv=0 < (v,e;) =0forall k «— veE*,
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the second equivalence by expanding any u € E in e,...,e,. So nullT = E, and 6.52 gives
(mull T)*+ = (EY)* =E.

(c) Extend ey, ...,e, by an orthonormal basis of E+ (6.35, using V = E @ E* from 6.49) to an
orthonormal basis eq,...,e, of V. For k > m, part (b) gives e € nullT, so T*Te;, = 0; with
(f) this reads T*Tep = dyep where d = s,? for £k < m and dp = 0 otherwise, a decreasing list.
Expanding v = ), agey, shows E(A\,T*T) = span{ey : d = A}, so each eigenvalue of T*T" occurs
in dy,...,d, exactly dim E(A\,T*T) times. Taking nonnegative square roots, 7.65 gives the singular
values s1,...,8m,0,...,0, whose positive members are s1, ..., Sy,.

(d) This is (t), with e # 0 since ||eg|| = 1.

(e) Apply T to () and use Tex, = sp fi:

:is (w, fr)Tek :is (w, fr)f

=1 k=1

Problem 7E.9. Suppose T' € L(V,W). Show that 7" and 7™ have the same positive singular values.

Solution. The singular value decomposition of 7™ reuses the data of the one for 7.

If T has no positive singular values then dimrangeT = 0 by 7.68(b), so T' = T* = 0 and neither does
T*. Otherwise let s; > -+ > s, > 0 be the positive singular values of T'; by 7.70 there are orthonormal
lists e1,...,em in V and fi,..., fr, in W with

Tv = 81<Ua 61>f1 +--+ 5m<'U7 em>fm>
and then 7.75 (see 7.77) gives
T*w = s1{w, fiyer + - + sm(w, fm)em

The latter is exactly the hypothesis of 7TE.8 for T* € L(W, V), with the f’s in the domain and the e’s
in the codomain, so 7TE.8(c) makes si, ..., s, the positive singular values of 7.

Problem 7E.10. Suppose T € L(V, W) has singular values sy, ..., s,. Prove that if T" is an invertible
linear map, then 7! has singular values

Solution. Invert the singular value decomposition term by term and reindex.

Here n = dimV and sy > --- > s, > 0 by 7.65. Since T is invertible it is injective, so s, > 0 by
7.68(a), and surjective, so dim W = n. All n singular values being positive, 7.70 provides orthonormal
lists e1,...,e, in V and fi,..., fn, in W with

Tv=si1{v,e1)fi + -+ sp(v,en) fn;

having length n = dimV = dim W, these are in fact orthonormal bases, and Te; = sifi. Define
Se LW, V)by Sw=>, slzl(w, fr)er. Then

S(Ter) = S(skfr) = ek, T(Sfr) =T(s;, " ex) = fr,

so ST and T'S agree with the identity on bases, giving 7! = S. Reindexing by k + n + 1 — k makes
the coefficients ¢ty = 1/s,41- decreasing and positive, with f,, 11— orthonormal in W and e, 1k
orthonormal in V:

T lw = ti(w, fn)en + -+ + th(w, f1)er.

This is the hypothesis of 7E.8 for T~!, so by 7E.8(c) the positive singular values of T—! are
1/8p,...,1/s1; since its full list has length dim W = n, no zeros remain.
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Problem 7E.11. Suppose that T € L£(V,W) and vi,...,v, is an orthonormal basis of V. Let
$1,...,Sn denote the singular values of T

(a) Prove that ||[Tvi|? + -+ + |Tvn|? = s2 + -+ + s2.

(b) Prove that if W =V and T is a positive operator, then

<TU1,U1>+---+<TUn,Un> =81+ -+ s,

See the comment after Exercise 5 in Section 7TA.

Solution. Both parts reduce to Parseval’s identity 6.30(b), which for fixed u € V' gives >, [(v;, u)|> =
> 1, va) [P = [lull®.

(a) Let s > +-+ > s, > 0 be the positive singular values (if m = 0 then 7' = 0 by 7.68(b) and both
sides vanish), and take the decomposition 7.70,

Tv = 81<Ua 61>f1 +--+ 5m<'U7 em>fm>

with ej,...,e, orthonormal in V and fi,...,f, orthonormal in W. By 6.24, ||Tv||*> =
ke (v, €x)|?, so summing over v = v; and applying Parseval to each ey,

n m n
> ITul? = 3t 3l el
=1 ]

m
= sillel® = s+ +s2,
k=1

the last step because s = 0 for &k > m.

(b) Since T is positive it is self-adjoint with nonnegative eigenvalues (7.38), so the spectral theorem (7.29
or 7.31) gives an orthonormal basis uy,...,u, of V with Tu; = Aguy, relabelled so Ay > --- > X\, > 0.
Then T*T = T? satisfies T?uy, = )\,?uk, and expanding v = ), ajuy gives E(\,T?) = span{ug : \? =
A}, so the eigenvalues of T*T listed with multiplicity are A2, ..., A2 and 7.65 yields s, = A\;. Now by
6.30(a) and orthonormality of the uy,

T’Ul,?}z = <Z)\k Vi, Uk uk,Z<Ui,Uj>uj>
= Z)\k‘<viauk>|2a
k=1

so summing over ¢ and applying Parseval to each wuy,

n
Z T, v;) Z)\kHukH =51 +-
i=1

Problem 7E.12. (a) Give an example of a finite-dimensional vector space and an operator 7" on it
such that the singular values of T2 do not equal the squares of the singular values of T'.

(b) Suppose T € L(V) is normal. Prove that the singular values of T? equal the squares of the
singular values of T'.

Solution. Both parts use the diagonal counting fact: if Aui = dpug on an orthonormal basis uq, . .., Uy
of V-with dy > --- > d,, then expanding v = ), ajuy gives E(\, A) = span{uy, : d = A}, so the
eigenvalues of A listed decreasingly with multiplicity are exactly dq,...,d,.

(a) Take T € L(F?) with T(z,y) = (y,0). Then T? = 0, so the singular values of T2 are 0,0. But
(T(x,y), (a,b) = v = ((,4), (0.a)) gives T*(a,b) = (0,a), hence

T*T(J), y) = (07 y)7
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so T*Tey = e9 and T*Te; = 0: the singular values of T" are 1,0, whose squares 1,0 differ from 0, 0.
(b) Normality gives T*T = TT*, so with P = T*T and (T?)* = (T*)? (7.5(d)),

(T*)*T? = T*(T*T)T = T*(TT*)T = P>
P is positive (7.64(a)), so by 7.38 and the spectral theorem (7.29 or 7.31) there is an orthonormal basis

Ul, ..., U, with Pug, = ppuy and g > -+ > p, > 0; then P?uy, = ,u,?uk with pu? > -+ > p2. By the
counting fact and 7.65, the singular values of T" are s;, = \/fiz and those of T are

2 _ .2
K = Kk = Sk,

using pup > 0.

Problem 7E.13. Suppose 71,75 € L(V). Prove that T} and T have the same singular values if
and only if there exist unitary operators Si, Sy € L(V') such that T = S17555.

Solution. If T} = S1T>Ss with Si, Sy unitary, then S7S; = I and S5 = 5’2_1 (7.53), so by 7.5(d)
TyT) = S3T5 8181 ToSs = Sy (T 1) Ss.

Then (T5Ti)v = W <= (T5T12)(S2v) = A(S2v), so Sy restricts to an isomorphism E(\, T7T7) —
E(X\, T5Ty); the two operators thus have the same eigenvalues with the same eigenspace dimensions,
and 7.65 produces the same list of singular values.

Conversely, let s; > -+ > s, > 0 be the common positive singular values. By 7.70 there are orthonor-
mal lists in V' with

m m
Tw=Y sive)fe,  Tow=> sc(v, g
k=1 k=1

(when m = 0 both maps are 0 and any unitaries work). Extend each of the four lists to an orthonormal
basis of V' by adjoining an orthonormal basis of the orthogonal complement of its span (6.35, using
V =Ua@U" from 6.49). Let Szej, = gr and S1hy = fi, for 1 < k < n (3.4); each carries an orthonormal
basis to an orthonormal basis, hence is unitary by the equivalence of (a) and (d) in 7.53. For v € V,
6.30(a) gives Sov = >, (v, €x) gk, s0 (S2v, g) = (v, ex) and therefore

S1T5Sv = 51 Z sk (v, ex)hy

k=1
m

= si(v,er) fi = Thv.
k=1

Problem TE.14. Suppose T' € L(V,W). Let s, denote the smallest singular value of T'. Prove that
spllv]| < ||Tv|| for every v € V.

Solution. This is the lower bound in 7E.4, now for all v rather than unit vectors.

In detail, T*T is positive (7.64(a)), so the spectral theorem (7.29 or 7.31) with 7.38 gives an orthonormal
basis u1,...,u, of V with T*Tu, = djuy and dy > --- > dp, > 0. Expanding v = ), apuy shows
E(\,T*T) = span{uy, : d = A}, so the eigenvalues of T*T listed decreasingly with multiplicity are
di,...,dy, and 7.65 gives dy = s?. Hence, for v =, apug with ax = (v,u;) (6.30(a)), using (T*)* =T
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(7.5(c)) and orthonormality,
n
|Tw||? = (T*Tw,v) = Zs,?]akP
k=1

> 5, Z Ja* = s [lv]®

k=1

by 6.24. Taking nonnegative square roots gives s, ||v|| < ||[Tv].

Problem 7E.15. Suppose T € L(V) and s; > -+ > s,, are the singular values of T'. Prove that if
A is an eigenvalue of T, then s1 > |A| > sp,.

Solution. Apply the bounds s, ||v|| < ||Tv]] < si|lv]| to a unit eigenvector.

Those bounds hold for every v € V: asin 7E.14, T*T is positive (7.64(a)), so the spectral theorem (7.29
or 7.31) with 7.38 gives an orthonormal basis ey, . .., e, of V with T*Te, = preg, p1 > -+ > pn, > 0; the
counting argument of 7E.14 identifies each p as occurring dim E(yp, T*T') times in this list, so s = \/fux
by 7.65 and T*Tej, = sieg. Then for v = 3", agey, using (T*)* =T (7.5(c)) and orthonormality,

n

ITol* = (T*Tv,v) = ) silaxl® € [shllvl®, sillo)?]-
k=1

Now if Tv = Av with ||v|| = 1 (normalize any eigenvector), then ||Tv|| = |A|, so s, < |A] < s1.

Problem 7E.16. Suppose T € L(V,W). Prove that (T*)" = (T1)*.
Compare the result in this exercise to the analogous result for invertible linear maps [see 7.5(f)].

Solution. Both sides equal v +— ", s '(v, ex) fi. in the singular value decomposition of 7.
If T'=0 then 7* = 0 and TT = 0 (6.68, since (nullT)* = {0} and Pranger = 0), so both sides are 0.
Otherwise let s; > -+ > s, > 0 be the positive singular values (at least one exists, by 7E.1) and take
7.70:

Tv = s1(v,e1) fi + - 4 5m (v, em) fm,

the shape 7.76 required by 7.75, with ey, ..., e, orthonormal in V and f1,..., f,, orthonormal in W.
(i) By 7.77, T*w = ), si{w, fx)er, which is again the shape 7.76 (now with the f’s in the domain),

so TE.9 makes s, ..., s, the positive singular values of T and 7.78 applied to T* gives
o~ (v, ex)
T* 'I' — ) k
(%) k§—1 . fr

(ii) By 7.78 applied to T, TTw = Dok s;1<w,fk>ek, so for w € W, v € V, using s > 0 real and
(e, v) = (v, ex),

so by uniqueness of the adjoint (7.1), (T1)*v =3, s,

Problem 7E.17. Suppose T € £(V). Prove that T is self-adjoint if and only if T is self-adjoint.
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Solution. If T* =T, then TE.16 gives
() = (@) =T,

so TT is self-adjoint. Conversely, if 7T is self-adjoint, that implication applied to 7T makes (7T)f
self-adjoint, and (TT)f = T by Exercise 23 in Section 6C.

7.6 Exercises 7TF

Problem 7F.1. Prove that if S,T € L(V,W), then | ||S|| = |T||| < IS — T
The inequality above is called the reverse triangle inequality.

Solution. Write S = (S —T') + T and apply the triangle inequality 7.87(d):
1SS =TI+[7Tl, so [SI=ITI=<I[S-T].

Interchanging S and T gives ||T'|| —||S|| < ||T"—S|| = ||S —T||, the last equality by 7.87(c) with A = —1.
Since | || S| = ||T|| | is one of these two differences, it is at most [|S — T||.

Problem 7F.2. Suppose that 7' € L(V) is self-adjoint or that F = C and T' € £(V) is normal.
Prove that
|7 = max{|A| : A is an eigenvalue of T'}.

Solution. The spectral theorem (7.29 when F = R and T is self-adjoint; 7.31 when F = C and
T is normal, which covers a self-adjoint 7' there) gives an orthonormal basis ey,...,e, of V with
Te, = Apep. The eigenvalues of T' are exactly A1,...,A,: each A is one, and if Twv = v with
v = aie1 + - + apen, # 0, comparing coefficients gives A\yar = Aay for every k, so A\ = A for any k
with aj # 0. Hence the right side is M := max{|\i|,...,|\n|}, a maximum over a finite nonempty set
since n = dimV > 1.

If [|v|| <1, write v = aje1 + - - - + apeyn; then Tv = A\jaje; + - - - + Apanen, so two applications of 6.24
give

IT0l? = (A Plar? + -+ Ao *fan]®
< M?*(|lar]? + - + |an|?) = M?|jv]|* < M?.

Thus ||T'|| < M by 7.86. Choosing k with |\x| = M, the unit vector ey has ||Tex| = |Mi| |lex]| = M, so
|T|| > M. Hence ||T|| = M.

Problem 7F.3. Suppose T' € L(V,W) and v € V. Prove that

IToll = I Tl o]l <= T*Tv = ||T|*.

Solution. Write ¢ = ||T'|| > 0. The adjoint identity 7.1 with the pair v, Tv gives
|Tv|? = (v, T*Tw) = (T*Tv,v),
the second equality because the left side is real, so the middle term equals its own conjugate.
(<) If T*Tv = c?v, then ||Tv||?> = (v,c®v) = c2||v||? (the conjugate of ¢? is %, as c is real); taking
nonnegative square roots gives |[|[Tv|| = ||T|| ||v||-
(=) Suppose ||Tv|| = ¢||v||. By 7.89 applied to T and the vector T'v, then 7.91 and the hypothesis,
IT*Toll < [T Toll = ¢ clloll = ]|,

while the identity above with ¢? real gives (T*Tw,c?v) = 2| Tv||?> = ¢*||v||?, a real number, so its
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conjugate (c?v, T*Tw) equals ¢*||v||? too. Expanding,

IT*Tw = ol|* = |T*Tv]|* = 2¢*|[v]|* + vl

< Hol? = 2¢Holf* + ¢Hlolf* = 0.

Hence T*Tv — c?v = 0, that is, T*Tv = ||T||?v.

Problem 7F.4. Suppose T' € L(V,W), v € V, and ||[Tv|| = ||T||||v|]|. Prove that if v € V and
(u,v) =0, then (Tw,Tv) = 0.

Solution. The hypothesis is the left side of the equivalence in Exercise 3 of this section, so T*Tv =
|T||>v. Hence, by the adjoint identity 7.1,

(Tu, Tv) = (u, T*Tv) = (u, ||T||221>
= |IT*(u,v) =0,

the conjugate on ||T||? being dropped because it is a nonnegative real number.

Problem T7F.5. Suppose U is a finite-dimensional inner product space, T € L(V,U), and S €
L(U,W). Prove that
ST < [|S]|I1T°]]-

Solution. For v € V, two applications of 7.89 (to S with the vector Tv € U, then to T with v,
multiplying by ||S]| > 0) give

ICST)oll = STl < STl < [[STIT o]l

Thus ¢ = ||S||||T]| is a number with ||(ST)v| < c||v|| for all v € V', and ||ST|| is the smallest such
number by 7.88(c). Hence ||ST|| < ||S| [|T]|-

Problem 7F.6. Prove or give a counterexample: If S,T € L(V), then || ST|| = || TS|

Solution. False. Take V = F? with its usual inner product and
S(al') QQ) = (a27 0)7 T(alu a2) = (a’17 0)

Then (ST)(a1,a2) = S(a1,0) = (0,0), so ST = 0 and [|ST|| = 0 by 7.87(b). But (T'S)(a1,a2) =
T'(a2,0) = (a2,0), so [(T'S)v|| < ||v| for all v, giving ||T'S|| < 1 by 7.86, while |[(T'S)ez|| = |le1]] = 1
with |lea]| = 1 gives [|T'S|| > 1. Hence ||ST|| =0 # 1 = [|T'S||.

Problem 7F.7. Show that defining d(S,T) = ||S — T|| for S,T € L(V,W) makes d a metric on
LV, W).
This exercise is intended for readers who are familiar with metric spaces.

Solution. Each of the four metric axioms is one part of 7.87 applied to S — T € L(V,W).
(i) Nonnegativity: d(S,T) = ||S —T|| > 0 by 7.87(a).
(ii) Definiteness: by 7.87(b),
dS,T)=0 <= ||S-T||=0 <= S—-T=0 << S=T.
(iii) Symmetry: since T'— S = (—1)(S — T'), property 7.87(c) with A = —1 gives

d(T,S) =T =S| =[ =15 = T| = d(S,T).
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(iv) Triangle inequality: since S —U = (S —T) + (T — U), property 7.87(d) gives

d(S,U) < ||S=T|+ ||T=U| =4d(S,T)+d(T,U).

Problem 7F.8. (a) Prove that if 7€ £(V) and ||[I — T'|| < 1, then T is invertible.

(b) Suppose that S € £(V) is invertible. Prove that if T € £(V) and ||S — T|| < 1/||S~}|, then T is
invertible.

This exercise shows that the set of invertible operators in £(V') is an open subset of £(V'), using the
metric defined in Exercise 7.

Solution. (a) It suffices to show T is injective, since an injective operator on the finite-dimensional
space V is invertible (3.65). If Tv = 0, then by 7.89,

[o]] = llv = Tol| = [(I = T)ol < I = T[]
Were v # 0, dividing by ||v|| > 0 would give 1 < ||[I — T'|| < 1. Hence v = 0.
(b) Since V # {0} and S~! # 0, we have ||S~!|| > 0 by 7.87(b), so the hypothesis makes sense. From
I—S7'T = S71(S —T) and submultiplicativity (Exercise 5 of this section),
I =S T < ISTHHIS =Tl < IS7HI - IS~ = 1.

So S~IT is invertible by part (a), and T = S(S~!T) is a composition of invertible operators, hence
invertible.

Problem 7F.9. Suppose T' € L(V). Prove that for every ¢ > 0, there exists an invertible operator
S € L(V) such that 0 < [|T — S| <.

Solution. Take S =T — A, where A € (0,¢) is not an eigenvalue of T'; such a A exists because T has
at most dim V' distinct eigenvalues by 5.12, while (0,¢) C R C F is infinite.

Then S is injective, hence invertible by 3.65. Since T'— .S = AI and ||I|| = 1 by 7.90, property 7.87(c)
gives

1T = SII = AT = A € (0, €).

Problem 7F.10. Suppose dimV > 1 and T' € £(V) is not invertible. Prove that for every ¢ > 0,
there exists S € £(V) such that 0 < ||T"— S|| < € and S is not invertible.

Solution. Take Sv = Tv + §{v,w)w with 6 = €/2, where u,w are chosen as follows. Since T is
not invertible it is not injective (3.65), so there is u € nullT with |jul| = 1; and dim(span(u))* =
dimV —1 > 1 by 6.51, so there is w € V with ||w|| =1 and (u,w) = 0.

Then Su = Tu+ 6{u, w)w = 0 with u # 0, so S is not injective, hence not invertible. Since (S —T)v =

d{(v, w)w, the Cauchy-Schwarz inequality 6.14 gives
1(S = T)v|| = 6[(v, w)| < b jvl[[Jw] = [|v],

so ||S =T < ¢ by 7.88(c); and (S — T)w = dw with ||w| = 1 gives ||S — T'|| > §. Hence | T — S|| =
|S—T]| =0 by 7.87(c),s0 0 < ||T = S| <e.

Problem 7F.11. Suppose F = C and T € L(V). Prove that for every ¢ > 0 there exists a
diagonalizable operator S € L(V') such that 0 < ||T'— S| < e.

Solution. Take S to be T with its diagonal entries nudged to be distinct. Precisely, let n = dim V;
since F = C, Schur’s theorem 6.38 gives an orthonormal basis ey,...,e, of V for which A =
M(T, (e1,...,e,)) is upper triangular, with diagonal entries A1, ..., \,.
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Choose 41, . .., 0y in the infinite set D = {§ € C: 0 < |0| < €} inductively so that the numbers A\ + Jj
are distinct: having chosen d1,...,0,_1, each j < k forbids the single value § = A\; 4 d; — A, so at most
k — 1 elements of D are excluded. Let .S be the operator whose matrix with respect to e1,...,e, is A
with A\, replaced by A + & for each k.

That matrix is still upper triangular, so the eigenvalues of S are exactly A1 + 61,..., A\p + 0, by 5.41;
these are n = dim V distinct numbers, so S is diagonalizable by 5.58. Only the diagonal entries changed,
so (T — S)er = —drey, for each k. Picking m with |d,,| = maxy |0x| and writing v = aje; + - - + apep,
orthonormality gives

1T = S)l? =" 16kPlarl* < [6m 0],
k=1

so [|[T' = S|| < [6m| by 7.88(c), while [|(T" — S)em| = [0m| with [len| = 1 gives the reverse. Hence
1T = S|l = 16m| € (0, €).

Problem 7F.12. Suppose T € L(V) is a positive operator. Show that ||[v/T| = /|| T

Solution. By 7.38 ((a) = (c)) there is an orthonormal basis ey, ..., e, of V with Te;, = A\ger and each
Ar > 0. The operator R determined by Rej = /A e, has a diagonal matrix with nonnegative entries
with respect to this orthonormal basis, hence is positive by 7.38 ((c¢) = (a)), and R2%e; = A\per, = Ty,
for each k, so R? = T. By uniqueness of the positive square root (7.39), vT = R.

An operator whose matrix with respect to an orthonormal basis is diagonal with entries p1, ..., t, has
norm maxy, || (third bullet of Example 7.90). Applying this to 7' and to R, and using that ¢ — v/t

is increasing on [0, 00),
VT = max VA= \/rn]?x)\k = /|17

Method (2): Exercise 19 of this section applied to A = /T reads ||A*A| = ||A||%; since VT is self-
adjoint with (v/T)% = T, this is ||T|| = ||[V/T)>.

Problem 7F.13. Suppose S,T € L(V') are positive operators. Show that

IS =T < max{||S], TN} < [IS + 1.

Solution. Lemma. If A € L(V) is self-adjoint, then |(Au,u)| < ||A| for every unit vector w, with
equality for some unit vector.

Indeed, for |lu|| = 1 the Cauchy-Schwarz inequality 6.14 and 7.89 give [(Au, u)| < ||Au|| ||u|| < ||A]|. For
equality, the spectral theorem (7.29 if F = R; 7.31 if F = C, a self-adjoint operator being normal) gives
an orthonormal basis ey, ..., e, with Aep = ugex, the ug real by 7.12; then | A|| = maxy [ux] = |pm]
for some m by the third bullet of Example 7.90, and |(Aem, em)| = |um| = || 4]

Consequently, for positive R and unit u we have 0 < (Ru,u) < ||R||, the left inequality by the definition
7.34 and the right by the lemma (such an (Ru,u) is a nonnegative real, so it equals its absolute value).
(i) IS = T| < max{||S|,||T||}. Since (S —T)* = S — T, the lemma gives a unit vector v with
|S —T|| = |a — b|], where a = (Sv,v) and b = (T'v,v) are reals with 0 < a < ||S| and 0 < b < ||T|.
Thena—b<a<|S||and b—a <b<|T|, so |a—b| <max{||S|,||T]}

(ii) max{||S||, || T||} < ||S+T||. Both sides are symmetric in S and T, so assume max{||.S||, |T"]|} = ||5]
The lemma gives a unit v with |(Sv,v)| = ||S]|, and positivity of S upgrades this to (Sv,v) = ||5].
Hence, by 7.86 (valid as |[v|| < 1), then 6.14, then positivity of T,

1S +T[| = [|(S + T)ol| = (S + T)v,v)]
= <SU?U> + <TU7U> > (SU7U> = HS”>

the middle equality because (Sv,v) and (T'v,v) are nonnegative reals.
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Problem 7F.14. Suppose U and W are subspaces of V' such that ||Py — Pw| < 1. Prove that
dimU = dim W.

Solution. The restriction Pyly : W — U is injective, and by symmetry so is Py |y: U — W; the two
inequalities dim W < dim U and dim U < dim W follow.

For the injectivity: Py maps into U because range Py = U by 6.57(d). If w € W and Pyw = 0, then
Pyw = w by 6.57(b), so by 7.89 and then 7.87(c),

|w| = [|(Pw — Pr)w| < [|[Pw — Pull|lw|l = [[Pr — Pw/| |lw]]-

Were w # 0, dividing by ||w| > 0 would give 1 < ||Py — Py || < 1. Hence w = 0.
Now the fundamental theorem of linear maps 3.21 gives

dimW =0+ dimrange(PU|W) < dimU,

since range(Py|w ) is a subspace of U. The hypothesis is symmetric in U and W (again by 7.87(c)), so
the same argument with the roles swapped gives dimU < dim W.

Problem 7F.15. Define T € L(F3) by
T(z1, 22, 23) = (23,221, 322).

Find (explicitly) a unitary operator S € L(F3) such that T = Sv/T*T.

Solution. Take S(z1, 22, z3) = (23, 21, 22).

With ey, e, eg the standard (orthonormal) basis, Te; = 2ea, Tea = 3e3, T'es = e;. The adjoint identity
gives (I"Te;,ex) = (Tej, Tey), and 2es, 3e3, e; is an orthogonal list with squared norms 4,9, 1; since a
vector is determined by its inner products with an orthonormal basis (6.30),

T*T(Zl, 29, Z3) = (421, 922, 23).

The operator R(z1, 22, 23) = (221,322, 23) is diagonal with nonnegative entries 2,3,1 with respect to
e1, e2, €3, hence positive by 7.38 ((c) = (a)), and R? = T*T; by uniqueness of the positive square root

(7.39), VT*T = R.

Now Sej, Seg, Ses is the list eg, e3, €1, an orthonormal basis, so S is unitary by 7.53 ((d) = (a)), and

Sv T*T(Zl, 22, 23) = 5(221, 322, 23) = (2’3, 221, 322) = T(Zl, 292, 23).

Problem 7F.16. Suppose S € L£(V) is a positive invertible operator. Prove that there exists 6 > 0
such that T is a positive operator for every self-adjoint operator T € £(V') with ||S — T'|| < .

Solution. Take 6 = min{\1,...,\,}, where by 7.38 ((a) = (c)) the A\ are the eigenvalues of S along
an orthonormal basis eq, ..., e, of eigenvectors, Se; = ey with A\p > 0; invertibility of S rules out 0
as an eigenvalue, so § > 0.

Writing v = aje; + -+ - + apen, with ar = (v,e) (6.30(a)) and using orthonormality and Parseval’s
identity 6.30(b),

(Sv,v) = Aglag/?
k=1

n
> 8y Jarl* = 6]
k=1

Now suppose T' is self-adjoint with ||S — T'|| < §, and let v € V. Then S — T is self-adjoint, so
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((S —T)v,v) is real (7.14 when F = C; automatic when F = R), and

(Tv,v)y = (Sv,v) — ((S = T)v,v)
> bl|v]|* = [{(S = T)v,v)|
> 8]lol* = [[(S = T)ol [lv]]
> Ol|v)|* =[S = T o]
= (6= S =TIl
>0,

where the second inequality is the Cauchy—Schwarz inequality 6.14, the third uses 7.89, and the last
holds because ||S — T'|| < 0. Thus T is self-adjoint with (T'v,v) > 0 for all v, hence positive by 7.34.

Problem 7F.17. Prove that if u € V' and ¢, is the linear functional on V defined by the equation
pu(v) = (v,u), then ||y = [[ull. _

Here we are thinking of the scalar field F as an inner product space with («, ) = a3 for all a, € F.
Thus ||¢y|| means the norm of ¢, as a linear map from V to F.

Solution. The norm on F is the absolute value, ||a| = vaa = |al, so by 7.86
[pull = max{|(v,u)| : v €V, [lv]| <1}

(i) w = 0: then ¢, =0, so ||¢u| =0 = |ul.
(ii) w # 0: for [jv]| < 1 the Cauchy-Schwarz inequality 6.14 gives |[(v,w)| < |[|v| [Ju]] < [Jull, so
lloull < |lu|l; and the unit vector v = u/||u|| has

[(w, w)| _ [ull?

lull - ull

|pu(v)] =

= [full,

50 [lpull = [lu]l. Hence [lpull = [lull

Problem 7F.18. Suppose €1, ..., e, is an orthonormal basis of V and T € L(V, W).

() Prove that max{|[Te1l,...., [ Teqll} < T < (ITerl|? + - -« + [Teq|?)/2,

(b) Prove that |T|| = (|Te1]|® + - - - + || Ten?)"/? if and only if dimrange T < 1.

Here eq,...,e, is an arbitrary orthonormal basis of V', not necessarily connected with a singular
value decomposition of T'. If sq,...,s, is the list of singular values of T', then the right side of the
inequality above equals (s7 + - -- 4+ 52)/2, as was shown in Exercise 11(a) in Section 7E.

Solution. Write ¢ = (||Ter|[* + - - + ||T€n||2)1/2.

(a) Each ey is a unit vector, so ||[Tex| < ||T|| by 7.88(b); taking the maximum over k gives the left
inequality.

For the right inequality, let ||v]] < 1. By 6.30(a), Tv = >_;_, (v, ex) Tey, so the triangle inequality 6.17
and then the Cauchy—Schwarz inequality in R™ applied to (|(v, ex)]) . and (||Tek||)k give

n
1Tl <D 1w, e | Texl]
k=1
n

< (Sl e) (3 1ren?) " = e <.

k=1 k=1

where the equality uses Parseval’s identity 6.30(b). Hence ||T'|| < ¢ by 7.86.

(b) Claim (equality in the triangle inequality). If 1, ..., z, € W satisfy ||z1 + -+ x| = ||z1]| +-- - +
||z ||, then all the xj lie in a common one-dimensional span.

Indeed, put = z1 + - -+ xp. If =0 then ), ||ax]| =0, so every z;, = 0. Otherwise set w = z/||x||;
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then

n

D llzell = Nzl = o, w) = Yy, w),
k=1

k=1

and taking real parts, the termwise bounds Re(xy, w) < [(zg, w)| < ||zk| (6.14) must all be equalities.
So [{(zg, w)| = ||zk| [Jw]|, which by the equality condition in 6.14 makes one of zy,w a scalar multiple
of the other; as w # 0, either way zj € span(w).

(i) Suppose dimrangeT < 1. If T'= 0 then ||T’|| = 0 = ¢. Otherwise choose w € W with ||w|| = 1 and
range T' = span(w), and write Tey = agw, so ||Tex| = |ax| and ¢ = (3, |ax|?)*/? > 0. Define

1 n
v = E Z A €.
k=1
By Parseval’s identity, |jv]| = 2(3°, log|2)1/2 = 1. Moreover

1 1
T :7§ ac T :7(§ 2) = cw,
V= d ax Ter = — d lag|* Jw = cw

so |[|[Tv|| = ¢. Hence ||T|| > ¢, which with (a) gives ||T|| = c.

(ii) Conversely, suppose ||T'|| = ¢. If ¢ = 0 then 7" = 0 by 7.87(b) and dimrangeT = 0. So assume
¢ > 0. By 7.88(b) there is v with ||v|| = 1 and ||Tv| = ¢. Set ap = |(v,ex)| and by = ||Tex||; then
Ypaz =1by 6.30(b) and Y, b7 = ¢?, and the chain in part (a) applied to this v reads

n
c=|Tol < axbs

IN

k=1
(3t) () 1o
k=1 =

k=1

so both inequalities are equalities.

Equality in the second says (a,b) = ||a|| ||b|| for the nonzero vectors a = (ax), b = (bg) in R, so by the
equality condition in 6.14 we may write a = Ab with A # 0; then 1 = ||la|| = |A|¢, and choosing j with
bj > 0 forces A = a;/b; > 0. Hence a = b/c, that is,

| Tex|l
(v, )| = ——

fork=1,...,n,

so (v,er) = 0 if and only if Te; = 0.

Equality in the first says sz zi|| = Xop k| for zx = (v, ex) Tey, so by the claim there is w with every
xy, € span(w). If (v, ex) # 0, dividing by it gives Tey, € span(w); if (v, e) = 0, then T'e, = 0 € span(w).
Since Tey,...,Te, spans range T, we get rangeT' C span(w) and dimrange T < 1.

Problem 7F.19. Prove that if T € £(V,W), then ||T*T| = ||T|*.
This formula for ||7*T|| leads to the important subject of C*-algebras.

Solution. (<) Two applications of 7.89 give ||[T*Tv|| < ||T*||||T||||v|| for all v € V, and ||T*T| is the
smallest such constant by 7.88(c), so

17T < T[T = 1717,

the last equality because a linear map and its adjoint have the same norm (7.91).
(>) If ||v|| <1, then the adjoint identity, the Cauchy—Schwarz inequality 6.14 and 7.89 give

ITv]* = (v, T*Tv) < |Joll | T*T ]|
<17 T lol* < |77
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Taking the maximum over such v (7.86) gives ||T||?> < | T*T].

Method (2): T*T is positive and, by 7.65, its eigenvalues are the squares s% of the singular values of
T'; the singular values of a positive operator are its eigenvalues, so the largest singular value of T*T is
s? and 7.88(a) gives || T*T| = s? = ||T||*

Problem 7F.20. Suppose T € £(V) is normal. Prove that | T*|| = ||T||* for every positive integer
k.

Solution. Submultiplicativity (Exercise 5 of this section) gives ||A*¥|| < ||A||* for every A € L(V), so
only |T||* < ||T*|| needs proof. The argument below works over both R and C (over R a normal
operator need not be diagonalizable, so the spectral theorem is unavailable).

Every power of T is normal: T' commutes with 7%, hence T7 commutes with (7*)/ = (T7)* by repeated
use of 7.5(d).

Next, || T?|| = ||T||? for normal T. Using (T2)* = (T*)? and TT* = T*T,

(T?)*T? = T*(T*T)T = T*(TT*)T = (T*T)>.

Put A = T*T, a positive (hence self-adjoint) operator by 7.64(a), so A*A = A%. Exercise 19 of this
section, applied in turn to T2, to A, and to T, gives

17217 = (72 72| = A% Al = AP = (IT1%)°,

so ||T?|| = ||T||%. Since each R = T?" is normal, induction on m now gives ||T%" || = ||T||?" for every

m > 0 (the step being | R?|| = || R||?).

For general k: if T'= 0 both sides vanish, so assume ||T|| > 0 (7.87(b)) and pick N = 2™ > k. Then
TN = TN < TN F ) < (T~

which also holds when N = k since T° = I has norm 1. Dividing by ||T[|N=* > 0 gives |T||* < ||T*||.

Problem 7F.21. Suppose dimV > 1 and dim W > 1. Prove that the norm on £(V, W) does not
come from an inner product. In other words, prove that there does not exist an inner product on
L(V,W) such that

max{||Tv| : v eV and |v|| < 1} = /(T,T)

forall T € L(V,W).

Solution. Take orthonormal lists ej,eo in V' and fi, fo in W (available by Gram—Schmidt 6.32, since
dimV > 2 and dim W > 2) and define A, B € L(V, W) by

Av = (v,e1)fi and Buv = (v,e3)fo;

these violate the parallelogram equality 6.21, which every inner-product norm obeys.
Indeed ||Av| = [(v,e1)| < ||lv|| by 6.14, so ||A|| < 1 by 7.88(c), while ||Ae1|| = 1 = ||e1]| gives ||A] > 1;
thus ||A|| = 1, and likewise || B|| = 1. For A+ B, orthonormality of f1, fo and the Pythagorean theorem
give

I(A=£ B)o||* = [{v,e1)|” + (v, e2)* < [|v]?,
the inequality being Bessel’s (extend ej,es to an orthonormal basis and apply Parseval’s identity
6.30(b)); equality holds at v = ey, so |A + B|| = ||A — B|| = 1. Hence

IA+BI* + | A= BI* = 2 # 4 = 2(| A|* + | B]]*),

so no inner product on £(V, W) has the operator norm as its associated norm.
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Problem 7F.22. Suppose T' € L(V,W). Let n = dimV and let s; > --- > s,, denote the singular
values of T'. Prove that if 1 < k < n, then

min{|| 7|y : U is a subspace of V with dimU = k} = s,_j1.

Solution. The minimum is attained at U = span(e,_g41,--.,€,), where e1,..., e, is an orthonormal
basis of V' with T*Te; = sj?ej for each j; such a basis exists by the spectral theorem applied to the
positive operator T*T (7.64(a)), and the s; are the singular values of T" by the definition 7.65 (this is
step 7.72 in the proof of 7.70).
By 6.30(a), T"Tv =}, sf(v,ej}ej forveV,so

ITol* = (T*Tv,0) = ) s3l(v,e5) [,

J

while ||v]|? = > v, ej)|* by Parseval’s identity 6.30(b); in particular ||Te;|| = s;.

(i) This U has dimU = k, and for v € U with ||v|| < 1 the terms with j <n — k + 1 drop out, leaving
(since sj < 8y_py1 for j >n—k+1)

ITol> = D sHwenl <s2pallvl® < s? g
j>n—k+1

So [|[T|v| € sp—k+1, with equality since e,,_p11 € U is a unit vector with ||Te,_py1|| = Sp—k+1-
(ii) Let U be any subspace with dimU = k and put U’ = span(ey,..., e, k+1). By 2.43, and since
dim(U +U’) <mn,

dm(UNUY>k+n—-k+1)—n=1,

so there is v € U N U’ with ||v|| = 1. For it the terms with j > n — k + 1 drop out, and s; > s,_j+1
forj<n—-k+1,so

ITol> = > s3> s pllvl® =87 g1
j<n—k+1

giving ||T'|v|| > |Tv|| > Sp—k+1. Hence the minimum exists and equals s, _j1.

Problem 7F.23. Suppose T' € L(V,W). Show that T is uniformly continuous with respect to the
metrics on V and W that arise from the norms on those spaces (see Exercise 23 in Section 6B).

Solution. Given € > 0, take 6 = ¢/(||T'|| + 1) > 0, where ||T'|| is defined by 7.86 because V is finite-
dimensional (the 41 only avoids dividing by 0 when 7' = 0). If u,v € V satisfy dy (u,v) = ||[u —v|| < 4,
then by linearity of T" and 7.89,

||
dw (Tu, Tv) = | T(u = v)|| < [T {lu =l < 77 € < e
17 +1
This § depends only on ¢ and T, so T is uniformly continuous.
Problem 7F.24. Suppose T' € L(V) is invertible. Prove that
-1 -1 T . q
T~ = ||T||”" <= = is a unitary operator.

17l

Solution. Set S = T/||T||, which makes sense because T is invertible, hence nonzero, so ||T'|| > 0 by
7.87(b). By 7.87(c), ||S|| = 1, and S~ = ||T|| T~ gives ||S~!|| = ||T|| ||T~!|; so the assertion is that
|S~L|| = 1 if and only if S is unitary.

232



(=) Suppose ||S~Y| = 1. For v € V, applying 7.89 to S and then to S~! with the vector Sv,
ISoll < 151 [l = lloll = 1S~ (Sv)ll < ISTH[ISv]| = [|Sv]-

So ||Sv|| = ||v|| for all v, making S an isometry (7.44) and, being invertible, unitary (7.51).
(«=) If S is unitary, then S~! = S* is unitary by 7.53(c) and 7.53(f), hence an isometry, so ||S™ w| =
|w|| = 1 for every unit vector w and ||S™!|| = 1 by 7.88(b). Thus ||T|| |77} = 1.

Problem 7F.25. Fix u,z € V with u # 0. Define T' € L(V') by Tv = (v, u)x for every v € V. Prove
that

T*Tv = Hx—”(v, u)u
[l

for every v € V.

Solution. Let Rv = H H (v, uyu; since T*T has exactly one positive square root (7.39, 7.40), it suffices

to show R is positive with R? = T*T.
First, for v,w € V,
(Tv,w) = (v,u){z,w) = <11, (w,:c>u>,

so T*w = (w, x)u by uniqueness of the adjoint, and hence

T*Tv = (v,u) Tz = (v, u)(z, z)u = ||z|* (v, u)u.

Next, R is self-adjoint: as ||z||/||u| is real, both (Rv,w) and (v, Rw) equal %(v,u)(u,u& (Check!).

And R is positive, since

[l

B o) = Tl

(v, u) (v, u

H H

Finally,

2
xT *
R(Rv) = HUH2<U7U><% w)u = ||z]*(v,u)u = T*Tw,

so R%2 = T*T and therefore R = \/T*T.

Problem 7F.26. Suppose T € L(V'). Prove that T is invertible if and only if there exists a unique
unitary operator S € L(V') such that T'= SVT*T.

Solution. Write R = VT*T, a well-defined positive operator since T*T is positive [7.64(a)] with a
unique positive square root (7.39, 7.40). The polar decomposition 7.93 supplies at least one unitary S
with T'= SR, so the content is that S is unique exactly when T is invertible.
Both directions use null R = null 7", which follows from ||Rv| = ||Tv|]: as R is self-adjoint with
R? =T*T,

|Rv|*> = (R*v,v) = (T*Tv,v) = || Tv|?.
(=) If T is invertible, then null R = nullT = {0}, so R is invertible by 3.65. Any unitary S, Sy with
S1R =T = SoR then satisfy S; = TR™! = Sy, so S = T(v/T*T)~! is the unique such operator.
(<) Contrapositive: suppose T is not invertible, so U := nullT # {0} and null R = U. Fix a unitary
S with T'= SR (7.93). Since R is self-adjoint, 7.6(d) gives

range R = (null R*)* = U+,

and V =U @ U" by 6.49, so Q(v1 +v2) = —v1 + w2 (for vy € U, vy € UL) defines an operator on V.
By the Pythagorean theorem 6.12, ||Q(v1 + vo)||? = [|v1]|? + ||v2]|?> = |lv1 + v2||?, so Q is an isometry
(7.44), hence unitary (7.51, using 3.65).

Put S’ = SQ, unitary as a composition of unitary operators. Every Rv lies in range R = U™', so
Q(Rv) = Rv and hence S’Rv = S(Rv) = Twv. But S’ # S, since SQ = S would force Q = I,
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contradicting Qui = —wv1 # vy for nonzero v; € U. So the unitary operator is not unique.

Problem 7F.27. Suppose T' € L(V) and sy,..., s, are the singular values of T. Let ey, ..., e, and
fi,..., fn be orthonormal bases of V such that

Tv = s1(v,e1)fi+ -+ sp{v,en) fn
for all v € V. Define S € L(V) by
Sv = (v,er)fi+ -+ (v,en) fn.
(a) Show that S is unitary and ||T"— S|| = max{|s; — 1],..., |sp — 1|}.
(b) Show that if E € £(V) is unitary, then | T — E|| > ||T" — S||.

[This exercise finds a unitary operator S that is as close as possible (among the unitary operators)
to a given operator 7]

Solution. Write M = max{|s; — 1|,...,|s, — 1|} and fix k with |s; — 1| = M.
(a) S is an isometry: for v € V, orthonormality of fi,..., f, and then Parseval’s identity 6.30(b) for
€1,-..,6en give

150)12 = 3" (v, )] = [lo]|*.
j=1

Hence S is injective, so invertible (3.65), so unitary (7.51).
Subtracting the two displayed formulas gives

n

(T =Sy =" (s5 = ){v,e5)f;,

=1

so the same two orthonormality facts yield

n

1T = Syl =S (55 — 12|(v, e5)]

j=1
. 2
<MY |{v,ep)|” = Mo,
j=1
whence | T— S|| < M. Conversely (T — S)er = (s — 1) fr has norm M while |lex|| = 1,s0 || T =S| > M
by the definition 7.86. Thus || T — S|| = M.

(b) Let E be unitary. Then ||Eeg|| = |lex|| = 1, and Te, = s f. gives ||Tex|| = sk. The reverse triangle
inequality (from 6.17) applied to Te; and Eey, gives

(T = E)erll > [ I Ter]l — 1 Bexll | = |se — 1] = M.
Since |legx|| = 1, by 7.86 and part (a),

T = El| = [(T = E)ex|| = M = ||T - S.

Problem 7F.28. Suppose T' € L(V'). Prove that there exists a unitary operator S € L£(V') such
that T'= vTT*S.

Solution. Take S = R*, where R is the unitary operator given by the polar decomposition 7.93 applied

to T™:
T* = R\/(T*)*T* = RVTT",
using (T*)* = T by 7.5(c). Since TT* is positive by 7.64(a), so is vVIT'T*; in particular vVTT* is
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self-adjoint. Taking adjoints and using 7.5(d),
T = (RVTT*)" = (VIT*)"R* = VTT*S.

Finally S = R* is unitary because R is, by the equivalence of (a) and (f) in 7.53.

Problem 7F.29. Suppose T' € L(V).

(a) Use the polar decomposition to show that there exists a unitary operator S € L(V) such that
TT* = ST*TS*.

(b) Show how (a) implies that 7" and T* have the same singular values.

Solution. (a) Take the unitary S of the polar decomposition 7.93, so T'= SR with R = vT*T. Then
R* = R (positive operators are self-adjoint) and R? = T*T, so T* = RS* and

TT* = (SR)(RS*) = SR?>S* = S(T*T)S*.

(b) By 7.65 the singular values of T' are the nonnegative square roots of the eigenvalues of T*T
repeated by eigenspace dimension, and those of T* are the same for (T*)*T* = T'T*; so it suffices that
T*T and TT* have equal eigenspace dimensions at every A. Since S* = S~! (7.53), part (a) reads
TT* = S(T*T)S™!, and for v € E(\, T*T),

(TT*)(Sv) = S(T*T)S~1Sv = S(\v) = A\(Sw),

so S maps E(\,T*T) into E(A\,TT*). The same computation applied to T*T = S~1(TT*)S shows
S~! maps E(A\, TT*) into E(\, T*T), so these restrictions are mutually inverse bijections and

dim E(\, T*T) = dim E(A\,TT*) for all A € F.

Taking nonnegative square roots and listing in decreasing order gives the same list for T" and for T*.

Problem 7F.30. Suppose T' € L(V), S € L(V) is a unitary operator, and R € L(V) is a positive
operator such that T'= SR. Prove that R = vT*T.

[This exercise shows that if we write T" as the product of a unitary operator and a positive operator
(as in the polar decomposition 7.93), then the positive operator equals vT*T']

Solution. R is a positive square root of T*T, and T*T has only one such (7.39, its positivity by
7.64(a)). Indeed R is positive by hypothesis, hence self-adjoint; and S*S = I by 7.53, so taking
adjoints in T' = SR gives T* = RS* and

T*T = (RS*)(SR) = R(S*S)R = R?.

Uniqueness in 7.39 now gives R = vT*T.

Problem 7F.31. Suppose F = C and T' € £(V) is normal. Prove that there exists a unitary
operator S € L(V) such that T'= SvT*T and such that S and +T*T both have diagonal matrices
with respect to the same orthonormal basis of V.

Solution. Take Ser = uper, where eq, ..., e, is an orthonormal basis of eigenvectors of T" with eigen-
values A1, ..., A\, (complex spectral theorem 7.31) and
) A/ Ae] i AR #0,
Kk = .
1 if A\ =0.

First, VT*T e} = |Ag|ex. Indeed T*ep = i ep by normality (7.21(e)), so T*Te;, = |Ai|%ex; and the
operator R with Rep = |Ai|er is positive, since its matrix with respect to the orthonormal basis
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e1,...,en is diagonal with nonnegative entries, whence R is self-adjoint and, for v =), aie,
(Rv,v) Z\)\k||ak|2 > 0.

As R%ej, = |\i|?ex = T*Teg, uniqueness of positive square roots (7.39) gives R = v/T*T.
Next, S is unitary: |ux| = 1, so Seq,...,Se, is again orthonormal (Check!), hence an orthonormal
basis, and 7.53 applies. Finally, for each k,

SV T*Tek = uk\)\klek = )\kek = Tek,

the middle equality holding in both cases of the definition of ug, so T = SvT*T. Both S and vT*T
are diagonal with respect to ey, ..., e,, with diagonals 1, ..., u, and ||, ..., |[\,].

Problem 7F.32. Suppose that T € L(V, W) and T # 0. Let sq,..., s, denote the positive singular
values of T'. Show that there exists an orthonormal basis ey, ..., e, of (nullT)* such that

T<E<€16m>>
S1 Sm

equals the ball in rangeT" of radius 1 centered at 0.

Solution. Take eq, ..., ey and f1,..., fi, from the singular value decomposition 7.70, so that
Tv =si(v,e1)fi + -+ sm(v,em) fmm

for all v € V; here m > 1 since T' # 0 (7.68(b)). Orthonormality of fi,..., f;, and the Pythagorean
theorem give the norm identity used throughout,

IT]* = Zsk\ v, ex)]

(i) e1,...,en is an orthonormal basis of (nullT)*. With U = span(ey,...,en), each s; > 0, so the
norm identity gives
Tv=0 < (v,ep) =0forall k <= veU?;

thus null 7 = U+ and (null T)* = (U+)+ = U by 6.52.

(ii) f1,..., fm is an orthonormal basis of rangeT": the display gives range T C span(fi, ..., fm), while
Tej, = sy fr gives the reverse.

By the definition 7.96, applied in (null 7')* with the positive numbers 1/s1,...,1/s,,, the ellipsoid is

E = {U € (nullT)* : Zk st|(v,ep)? < 1}.

If v € E then ||Tv|| < 1 by the norm identity, so T'(F) lies in the ball. Conversely let w € range T with
|lw]| <1 and set
m

k=1
Then (v, er) = (w, fr)/sk, so by (ii) and Parseval’s identity 6.30(b),

m m
S sl e =3 [, o)l = Jull? < 1,
k=1 k=1

giving v € E; and Tv = >, (w, fx) fr = w. Hence T'(E) is exactly the ball in rangeT of radius 1
centered at 0.

ek € (null 7).
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8.1 Exercises 8A

Problem 8A.1. Suppose 7' € L(V). Prove that if dimnull7* = 8 and dimnull7% = 9, then
dimnull 7™ = 9 for all integers m > 5.

Solution. dimnull 7° = 9. Indeed the chain null7* C null 7° C null 7% of 8.1 forces
8 = dimnull 7% < dimnull 7° < dimnull 7% = 9,

and dimnull 7° = 8 would give null 7% = null 7° (equal dimensions, 2.39), hence null 7% = null 7% by
8.2 and dimnull 7% = 8, a contradiction.

Now null 7% C null 7° with both of dimension 9, so null7° = null 7 by 2.39, and 8.2 gives null 7™ =
null 7° for every m > 5. Taking dimensions, dimnull 7™ = 9.

Problem 8A.2. Suppose T' € L(V), m is a positive integer, v € V, and T v # 0 but T™v = 0.
Prove that v, Tv,T?v,...,T™ v is linearly independent.
[The result in this exercise is used in the proof of 8.45.]

Solution. Suppose agv + a1Tv + - - 4 ap_1T™ v = 0; we show a; = 0 by induction on j. Note first
that TFv = TF=™(T™v) = 0 for every k > m.
Let 0 < j <m —1 and assume ag = --- = aj—1 = 0 (vacuous for j = 0), so that

a; T + aj 1 T o+ 4 ap T 1o = 0.

Apply T™17J: each term with index k > j 4+ 1 becomes T 1=7*Fy = 0 since m — 1 — j + k > m,
leaving aij_lv =0. As T™ Yy #£ 0, we get a; = 0, and the list is linearly independent.

Problem 8A.3. Suppose T' € L(V). Prove that

V =nullT @ rangeT <= null7? = null 7.

Solution. Both directions turn on (null7") N (rangeT') = {0}, which by 1.46 is equivalent to the sum
being direct.

(=) Only null7? C nullT needs proof, the reverse being 8.1. If T?v = 0 then Twv € (nullT) N
(rangeT) = {0}, so v € null 7.

(<) If v = Tu and Tv = 0, then T?u = 0, so v € nullT? = nullT and v = Tu = 0; hence the
intersection is {0} and the sum is direct. By 3.94 and the fundamental theorem of linear maps 3.21,

dim(null T @ range T') = dimnull 7 + dimrange T’ = dim V/,

so this subspace is all of V' by 2.39.

Problem 8A.4. Suppose T € L(V), A € F, and m is a positive integer such that the minimal
polynomial of T" is a polynomial multiple of (z — A\)™. Prove that

dimnull(T" — AI)"™ > m.

Solution. Writing S =T — A, each of the m inclusions in the chain
{0} =nullS° C--- CnullS™

of 8.1 is strict, whence dimnull S™ > m.
Suppose instead null S = null S7+! for some 0 < j < m — 1, so null S™ = null S’ by 8.2. Write
p(z) = (z — A\)™q(z) for the minimal polynomial p of T; p is monic (5.22), so ¢ is monic too. Put
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r(z) = (2 — A\)?q(2). For v € V, set u = q(T)v; then by 5.17(a),
S"u= (T —N)"q(T)v =p(T)v =0,

so u € null S™ = null S/ and therefore r(T)v = SJu = 0. Thus r is monic with r(7") = 0 and
degr = j +degq < m + degq = degp,

contradicting the minimality in 5.22.

Problem 8A.5. Suppose T' € L(V') and m is a positive integer. Prove that

dimnull 7™ < mdimnull 7.

[Hint: Exercise 21 in Section 3B may be useful.]

Solution. It suffices to prove the one-step estimate
dimnull 7% < dimnull 7%~ + dim null 7 (k>1),

since iterating it from dimnull 7' = dimnull 7" gives the claim by induction on m.
Let ¢: null 7% — null T be p(v) = T* v, a linear map into null T because T(T*~1v) = T*v = 0. Tts
null space is

(null T%) N (null T*71) = null 741

by 8.1, and dimrange p < dimnullT by 2.37. So the fundamental theorem of linear maps 3.21 applied
to @ gives

dimnull 7% = dim null 75! + dim range ¢
< dimnull 757! + dim null 7.

Problem 8A.6. Suppose T' € L(V'). Show that

V = rangeTO D) ramgeT1 D---D rangeTk D) ramgeTlH'1 D

Solution. rangeT? = rangel = V, and for every nonnegative integer k and every w = TFtly ¢
range TF+1,
w =Ty = T*(Tv) € range T,

so range T*+1 C range T*. Taking k = 0,1,2,... gives the chain.

Problem 8A.7. Suppose T' € L(V') and m is a nonnegative integer such that

range T™ = range T™ !,

Prove that range T% = range 7™ for all k > m.

Solution. It suffices to show range T = range T™/*! for every j > 0, since induction on j then
gives range T* = range T™ for all k > m.

The inclusion range T™*/*! C range ™17 is Exercise 6 in this section. Conversely let w = T™ vy =
TJ(T™u). By hypothesis T™u € range T™ = range T™*!, so T"u = T™* !z for some z € V, and

w= Tj(Tm+la:) = T+ ¢ range T HL,
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Problem 8A.8. Suppose T € L(V). Prove that

dimV dim V41 TdimV+2 _

range = range = range

Solution. Put n = dimV; we show range T* = rangeT" for every k > n. The inclusion range T* C
range T" is Exercise 6 in this section. By 8.3, dimnull 7% = dimnull 7™, so the fundamental theorem
of linear maps 3.21 applied to T% and to T™ gives

dimrange T% = n — dimnull 7% = n — dimnull 7" = dim range 7.

A subspace of range T" of that dimension is all of it (2.39).

Problem 8A.9. Suppose T' € L(V') and m is a nonnegative integer. Prove that

null 7™ = null 7! <= rangeT™ = range T™ "1

Solution. Both equalities are equivalent to the corresponding equality of dimensions, because null 7" C
null 7+ (8.1) and range T™! C range T™ (Exercise 6 in this section), and a subspace of the same
dimension is the whole space (2.39).

Subtracting the two instances of the fundamental theorem of linear maps 3.21,

dimnull 7™ + dimrange T"" = dim V,

dimnull 7" + dim range 7! = dim V

gives
dimnull 7! — dimnull 7 = dim range T™ — dim range 71,

so one side vanishes exactly when the other does.

Problem 8A.10. Define T' € £(C?) by T(w, 2) = (2,0). Find all generalized eigenvectors of T

Solution. Every nonzero vector of C? is a generalized eigenvector of T, each corresponding to the
eigenvalue 0.

Indeed T?(w,z) = T(z,0) = (0,0), so T is nilpotent and 0 is its only eigenvalue (8.17(a)). Hence a
nonzero v is a generalized eigenvector exactly when (T'— 0I)%?v = T?v = 0, which holds for every v.

Problem 8A.11. Suppose that 7' € L£(V'). Prove that there is a basis of V' consisting of generalized
eigenvectors of T if and only if the minimal polynomial of T" equals (z — A1) -+ (z — A;,) for some
Ayeeos A €F.

Assume F = R because the case F = C follows from 5.27(b) and 8.9.

This exercise states that the condition for there to be a basis of V' consisting of generalized eigen-
vectors of T' is the same as the condition for there to be a basis with respect to which 7" has an
upper-triangular matrix (see 5.44).

Caution: If T" has an upper-triangular matrix with respect to a basis v1,...,v, of V, then v; is an
eigenvector of T" but it is not necessarily true that v, ..., v, are generalized eigenvectors of 7.

Solution. Write n = dim'V' > 1, say that a monic p € P(F) splits if p(z) = (z — A1) -+ (2 — Ap) with
all A\; € F, and recall from the remark after 8.8 that a nonzero v is a generalized eigenvector for the
eigenvalue A exactly when (7' — AI)"v = 0.

Lemma: a monic nonconstant g € P(F) dividing a split monic p splits. Indeed, by 4.13 over C we may
write ¢(z) = (z — a1) .-+ (2 — o) with a; € C; each «; is a zero of ¢, hence of p, and the zeros of a
split p are its A\; € F.

(«<=) Induct on n. For n = 1 any nonzero vector is an eigenvector, hence a basis of generalized

240



eigenvectors. Let n > 1 and let p(z) = (z — A1) -+ (2 — Aj) be the minimal polynomial of T', which is
nonconstant, so m > 1; then \; is an eigenvalue of T by 5.27(a). By 8.4 applied to T' — A1 1,

V =null(T — A\ I)" @ range(T — M\ I)".

(i) If null(T" — A1 I)™ =V, every basis of V' consists of generalized eigenvectors for A;.

(ii) Otherwise put U = range(T — A1 I)"™ # {0}; since A; is an eigenvalue, the null space is also nonzero,
so 0 < dimU < n. By 5.18 (with the polynomial (z — A\1)") U is invariant under T set S = T|y.
By 5.31 the minimal polynomial of S divides p, hence splits by the lemma, so induction gives a basis
u1,...,u, of U of generalized eigenvectors of S. Each u; is one for T" as well, since (S — ply)"u; =0
gives (T'—pl)"u; = 0 and an eigenvector of S is one of T'. Adjoining a basis w1, . .., w; of null(T'— X\ 1),
whose vectors are generalized eigenvectors for A1, gives the required basis of V' by the direct sum above.
(=) Let vy,...,v, be a basis of generalized eigenvectors, let u1, ..., ur € F be the distinct eigenvalues
of T' (at least one exists), and set p(z) = (z — pu1)"--- (2 — pg)", which is monic and splits. Each
vj corresponds to exactly one p; (8.11), so (T' — p;I)"v; = 0; as the factors of p(T') commute (5.17),
p(T)v; = 0 for every j and hence p(T") = 0. By 5.29 the minimal polynomial of 7" divides p, so it splits
by the lemma.

Problem 8A.12. Suppose T € L(V) is such that every nonzero vector in V' is a generalized eigen-
vector of T'. Prove that there exists A € F such that T"— A is nilpotent.

Solution. Take X to be the unique eigenvalue of T'; then (7" — AI)™ = 0 where n = dim V/, since every
nonzero v is a generalized eigenvector and so satisfies (T' — AI)"v = 0 (remark after 8.8), A being the
only eigenvalue available.

At least one eigenvalue exists because V' # {0} and a nonzero vector is by hypothesis a generalized
eigenvector. For uniqueness, suppose a # 3 are eigenvalues, with eigenvectors u, w; these are linearly
independent by 5.11, so u4+w # 0 and (T —~I)"(u+w) = 0 for some eigenvalue 7. Since (T —~I)"u =
(a —v)"u and likewise for w,

(@ =7)"u+(8—7)"w=0,

so independence forces o = v = 3, a contradiction.

Problem 8A.13. Suppose S,T € L(V) and ST is nilpotent. Prove that T'S is nilpotent.

Solution. Pick k with (ST)* = 0. Regrouping the 2k + 2 factors of (T'S)**! as one T, then k blocks
ST, then one S,
(TS)F =T(ST)kS =0,

so T'S is nilpotent.

Problem 8A.14. Suppose T € L(V) is nilpotent and T' # 0. Prove T is not diagonalizable.

Solution. If T" were diagonalizable, 5.55 would give a basis v1,...,v, of eigenvectors, Tv; = \;v;.
Nilpotence forces A; = 0 for every j (8.17(a)), so T kills a basis of V' and hence T' = 0, contradicting
T #0.

Method (2): by 8.18 the minimal polynomial of 7" is 2", while diagonalizability would make it a
product of distinct factors z — A; (5.62); comparing factorizations (4.13) gives m =1, i.e. T = 0.

Problem 8A.15. Suppose F = C and T' € L(V). Prove that T is diagonalizable if and only if every
generalized eigenvector of T' is an eigenvector of T'.

For F = C, this exercise adds another equivalence to the list of conditions for diagonalizability in
5.55.
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Solution. Write n = dim V and let Ay, ..., Ay, be the distinct eigenvalues of T

(=) Let v be a generalized eigenvector, corresponding to exactly one eigenvalue \; by 8.11, so v # 0
and (T'— A\;I)"v = 0 (remark after 8.8). Diagonalizability gives V = E(\,T) @ --- ® E(A\y,T) by
5.55, so write v = uy + - - + uy, with uy € E(Ag, T); then (T — A\jI)"u, = (A — Aj)"ug and

0=(T=NI)"=> (A~ )
k=1

The k-th summand lies in E(\g, T'), so directness (1.45) makes each vanish; as (A — ;)" # 0 for k # j,
we get v = u; € E(\;,T), an eigenvector.

(<) Since F = C, by 8.9 there is a basis of V' of generalized eigenvectors of T’; by hypothesis it is a
basis of eigenvectors, so T is diagonalizable by 5.55.

Problem 8A.16. (a) Give an example of nilpotent operators S,T on the same vector space such
that neither S + T nor ST is nilpotent.
(b) Suppose S,T € L(V) are nilpotent and ST = T'S. Prove that S + T and ST are nilpotent.

Solution. (a) Take S, T € L(F?) given by S(z,y) = (y,0) and T(x,y) = (0,2), so §? = T? = 0.
Then (S + T)(z,y) = (y,), so (S +T)? = I and no power of S+ T is 0; and (ST)(z,y) = (z,0), so
(ST)k = ST # 0 for every k > 1.

(b) Pick m,n with §™ =0 and 7™ = 0. Commutativity lets all copies of S be moved left, so

(ST)™ =8"T™ =0.
Commutativity also makes the binomial theorem valid in £(V') for S and T

m+n—1
~1
serret= S (M

>Sij+"_1_j.
§=0

Each term vanishes: if j > m then S7 =0, and if j < m —1then m4+n—1—j > n,so T™" =7 = (.
Hence (S + T)™"~1 = 0.

Problem 8A.17. Suppose T € L£(V) is nilpotent and m is a positive integer such that 7" = 0.
(a) Prove that I — T is invertible and that (I —T) ' =T +T 4 --- + T L.
(b) Explain how you would guess the formula above.

Solution. (a) With S =TI +T + -+ + T™ 1 the sum telescopes and T™ = 0:

I-T)S=T+T+ - +T"H—(T+T?*+---+T™)
=] -Tm"=1.

Since S is a polynomial in 7', it commutes with I — 7', so S(I —T') = I too. Thus I — T is invertible
with (I -T) ' =1+T+---+Tm L

(b) It is the geometric series 1/(1 —x) = 1+ + x? + - - - with z replaced by T'; nilpotence kills every
term T% with k > m, collapsing the series to a finite sum and removing any convergence question.

Problem 8A.18. Suppose T € £(V) is nilpotent. Prove that 7''+dimrange? —
If dimrangeT < dimV — 1, then this exercise improves 8.16.

Solution. Apply 8.16 to the restriction of T' to U = range T, of dimension r. This is legitimate: U is
invariant under T (as Tu € range T = U), and T'|y is nilpotent because T = 0 for some k. If U # {0},
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then 8.16 gives (T'|y)" = 0, that is, T"u = 0 for all u € range T', and hence for every v € V,
Ty = T"(Tv) = 0.

If instead U = {0}, then T =0 and T'™" =T = 0.

Problem 8A.19. Suppose 1" € L£(V) is not nilpotent. Show that
V = null 79V -1 @ range 7™V -1

For operators that are not nilpotent, this exercise improves 8.4.

Solution. With n = dim V, the claim is 8.4, V = nullT™ @ range T'", once we know the (n — 1)st and
nth null spaces and ranges coincide.

For the null spaces: in the chain {0} = null7® C --- C nullT™ of 8.1, not all n inclusions can
be strict, since strictness would give dimnullT™ > n, hence T™ = 0 by 2.39 and T nilpotent. So
null 7% = null T*+! for some k < n — 1, and 8.2 propagates this:

null 7" = null TF = null 77

For the ranges: rangeT ™ C range T~ ! since T"v = T" 1(Tw), and by the fundamental theorem of
linear maps 3.21 with the previous display,

dimrange T" ! = n — dimnull 7" = dimrange T'",

so the two are equal by 2.39.

Problem 8A.20. Suppose V is an inner product space and 7" € L£(V') is normal and nilpotent.
Prove that T' = 0.

Solution. Everything follows from the claim: T?v = 0 = Twv = 0. Indeed, applying the normality
criterion 7.20 to the vector Twv gives

|IT*(Tv)[| = IT(Tw)|| = | T?0]| = 0,
so T*Tv = 0, whence by the definition of the adjoint
|Tv||* = (Tv, Tv) = (v, T*Tv) = 0.

Now fix a positive integer k and suppose Tty = 0. Setting w = T* v gives T?w = 0, so Tw =
T*v = 0 by the claim. With the reverse inclusion from 8.1 this yields

null 75 = null T for every k > 1,

and hence null7™ = null T for every positive integer m. Choosing m with 7™ = 0 (possible since T
is nilpotent) gives null7 = null7™ =V, that is, T' = 0.

Method (2) (for F = C): the complex spectral theorem 7.31 diagonalizes the normal operator T in
an orthonormal basis, and by 8.17(a) the only eigenvalue of a nilpotent operator is 0, so that diagonal
matrix is 0.

Problem 8A.21. Suppose T' € L£(V) is such that null 74mV =1 £ null 749mV " Prove that T is
nilpotent and that dimnull 7% = k for every integer k with 0 < k < dim V.

Solution. Write n = dim V' (so n > 1). Every inclusion in the chain

{0} =null 7° C null 7! C --- C null T
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supplied by 8.1 is strict: if null 7% = null T**! for some k < n — 1, then 8.2 propagates that equality
forward, giving null7"~! = null 7" and contradicting the hypothesis.

Each strict inclusion raises the dimension by at least 1, so an induction on k gives dimnull T* > k for
0 < k < n; in particular dimnullT™ > n, and since null 7" is a subspace of V' this forces nullT" =V
by 2.39. Thus T" = 0 and T is nilpotent.

For the reverse inequality, the n — k strict steps from null 7% up to null 7" give

n=dimnull 7" > dimnull T* + (n — k),

so dimnull 7% < k. Hence dimnull T* = & for every k with 0 < k < n.

Problem 8A.22. Suppose T € £(CP) is such that range T* # range T°. Prove that T is nilpotent.

Solution. Tt suffices to show T° = 0. The ranges decrease, range T**! C range T* (Exercise 8A.6),
and once they stabilize they stabilize forever (Exercise 8A.7); so if range 7™ = range T *! for some
m € {0,1,2,3} we would get range T* = range T°, contrary to hypothesis. Hence all five inclusions in

C’ =rangeT° D rangeT! D --- D range T°
are strict, and each strict inclusion of subspaces drops the dimension by at least 1 (by 2.39), so
dimrangeT® < 5—5=0.
Thus range T° = {0}, that is, T° = 0.

Method (2): by Exercise 8A.9 the hypothesis is equivalent to null7* # null7T®, so Exercise 8A.21
applies.

Problem 8A.23. Give an example of an operator 1" on a finite-dimensional real vector space such
that 0 is the only eigenvalue of T but T is not nilpotent.
[This exercise shows that (b) in 8.17 does not hold without the hypothesis that F = C.]

Solution. Take T € L(R3) given by T(x,y,2) = (—y, z, 0), a 90° rotation of the xy-plane killing the
z-axis.
Only eigenvalue 0: the equation T'(x,y, z) = A(z,y, z) reads

—y = Az, T = \y, 0= Az,

and substituting the second into the first gives (A2 + 1)y = 0, so y = 0 and then z = Ay = 0 since \ is
real. If A\ # 0 the third equation forces z = 0 as well, leaving only the zero vector; and 7°(0,0,1) = 0
shows 0 is an eigenvalue.

Not nilpotent: the minimal polynomial of T is z(z? + 1), which is not of the form 2™, so 8.18 rules out
nilpotence. (Directly: 7%(1,0,0) = (1,0,0) # 0, so T*™ # 0 for every m.)

Problem 8A.24. For each item in Example 8.15, find a basis of the domain vector space such
that the matrix of the nilpotent operator with respect to that basis has the upper-triangular form
promised by 8.18(c).

Solution. By 5.35 the required form says exactly that Tvy € span(vy,...,v,_1) for each k, with Tv; = 0.
(a) T(z1, 22, 23,24) = (0,0, 21, 22), so Tey = e3, Tea = ey, Tes = Tey = 0. Reorder the standard basis
as

U1 =€3, V2=¢€1, U3 =~E€4, Ug=E€2
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so that Tvy =0, Tvy = vy, Tvg = 0, Twg = v, and the matrix is

0100
00 00
0 0 01
00 00
(b) T € L(F3) has standard matrix
-3 9 0
A=|-79 6 |,
4 0 —6
and
—54 54 54
A?2=1|-18 18 18], A3 =0.
—-36 36 36

Take v = (1,0,0), for which T?v = (=54, —18, —36) # 0 (first column of A?), and set
vy =T = (—54,-18,-36), vy =Tv=(-3,-7,4), wv3=v.

Since T?v # 0 = T3v, Exercise 8A.2 makes v, Tv, T?v linearly independent, hence a basis by 2.38; and
Tvy =0, Tvy = vy, Tvg = va give the matrix

S O O
OO =

0
1
0

(¢) V.= Pn(R), T = D: the standard basis v; = 1,v9 = z,...,0p41 = 2™ already works, since
Dvy =0 and

Dupyq = ka*™ 1t = kuy, € span(vy, ..., vg)
for k =1,...,m. The matrix has k in row k, column k + 1 and 0 elsewhere:

o100 - 0 0
o0 2 - 0 0
000 " 0 0

: m—1 0
000 0 m
000 0 0

Problem 8A.25. Suppose that V' is an inner product space and T' € L£(V) is nilpotent. Show that
there is an orthonormal basis of V' with respect to which the matrix of 1" has the upper-triangular
form promised by 8.18(c).

#+begingssor Apply Gram—Schmidt to the basis furnished by 8.18(c). In detail: since T is nilpotent,
8.18 gives a basis v1,...,v, of V with

(%) Tv; € span(vy,...,vj—1) for each j,

this being what 5.35 says about a matrix vanishing on and below the diagonal. Gram—Schmidt (6.32)
turns vy, ..., v, into an orthonormal list ey, ..., e, with

span(ey,...,ex) = span(vy,...,v;) for each k,

and this is an orthonormal basis by 6.28, having length n = dim V.
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Fix k and write e, = ajv1 + - - - + agvg. Applying T and using () together with span(v,...,vj-1) C
span(vy, ..., vg_1) for j <k gives

Tey, € span(vy,...,vk_1) = span(eq,...,ex_1),

both spans being {0} when k = 1. So the matrix of T' with respect to ey, ..., e, has all entries on and
below the diagonal equal to 0.

Method (2): by 8.18 the minimal polynomial of 7" is 2", which splits, so 6.37 gives an orthonormal
basis making M(T) upper triangular; its diagonal entries are the eigenvalues of T by 5.41, all 0 by
8.17(a).#+endp3so1

8.2 Exercises 8B

Problem 8B.1. Define T' € £(C?) by T(w,z) = (—z,w). Find the generalized eigenspaces corre-
sponding to the distinct eigenvalues of 7.

Solution. The answer is
G(i,T) = span ((1, —1)), G(—i,T) = span ((1,1)),

with C? = G(i,T) ® G(—i,T) as promised by 8.22.
The eigenvalues: T(w, z) = A(w, 2) reads —z = Mw, w = Az, which forces —z = A%z with z # 0 (else
w = Az = 0 too), so A = £i; and indeed T'(1, —i) = i(1, —i), T(1,4i) = —i(1,4).
Since dim C? = 2, 8.20 gives G(A\, T) = null(T — A\I)2. From T?(w,z) = (—w, —z), that is T? = —1I,
we get

(T Fil)> =T?F 2T — I = —2(I +iT),

so G(%i,T) = null(I £ ¢T). Now
(I+iT)(w, 2) = (w — iz, z+iw),

which vanishes exactly when w = iz, and likewise (I —iT')(w, z) = (w + iz, z — fw) vanishes exactly
when w = —iz. Hence G(i,T) = span((i,1)) and G(—i,T) = span((—i, 1)), as claimed.

Problem 8B.2. Suppose T € L(V) is invertible. Prove that G(A\,T) = G(%,T71) for every A € F
with A # 0.

Solution. Everything rests on the identity
T7'— I =—3T"1(T - \I)

(expand the right side). Since 7! commutes with 7' — \I, raising to the k-th power gives

1 17)\" 1\F o1k k

(T —XI) - (—X) (T~HE(T — AD,
and the prefactor ( — %)k(T_l)k is invertible, hence injective. Therefore
k
null <T*1 - ;1) = null(T — AI)F

for every positive integer k. Taking k¥ = dimV and applying 8.20 to each side gives G(\,T) =

G(3,T7Y).
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Problem 8B.3. Suppose T € L(V). Suppose S € L(V) is invertible. Prove that 7" and S™!T'S have
the same eigenvalues with the same multiplicities.

Solution. S maps null(S™!T'S — AI)¥ isomorphically onto null(T — AI)*, for every A € F and every
positive integer k. Indeed, S™1(AI)S = A gives S~'TS — A\ = S™Y(T — A\I)S, and the inner factors
cancel on taking powers:

(S7ITS — AI)F = ST — \I)kS.
Hence (S™'T'S — AI)*v = 0 if and only if (T'— A\I)*(Sv) = 0, since S~! is injective; and S is a bijection
of V', so it carries the one null space onto the other. Therefore

dimnull(S™'TS — AI)* = dim null(T — AI)*,

Taking k = 1 shows A is an eigenvalue of S~!T'S exactly when it is one of T taking k = dimV
and applying 8.20 to both sides gives dim G(\, S™'TS) = dim G(\,T), which by 8.23 is equality of
multiplicities.

Problem 8B.4. Suppose dim V > 2 and T € £(V) is such that null 74m V=2 £ null 74m V-1 Prove
that T has at most two distinct eigenvalues.

Solution. The eigenvalue 0 has multiplicity at least n — 1, where n = dim V', which leaves room for at
most one other eigenvalue.
Every inclusion in the chain {0} = null7° C --- C null7™"! from 8.1 is strict: the last one is the
hypothesis, and an equality null 77 = null 77+! with j < n—3 would by 8.2 force null 772 = null 7" !.
Each of the n — 1 strict inclusions raises the dimension by at least 1, so using 8.1 once more and then
8.20 with A =0,

dim G(0,T) = dimnull 7" > dimnull 7"! > n — 1.

In particular nullT # {0} (as n > 2), so 0 is an eigenvalue.

Let Ay = 0, Ag,..., Ay, be the distinct eigenvalues of T. Their generalized eigenspaces sum directly:
if v1 + -+ vy = 0 with vy € G(\g,T), the nonzero v, would form a linearly independent list (by
8.12) summing to 0 with unit coefficients, so all v, = 0 and 1.45 applies. Hence by 3.94, and since
dim G(\g, T) > dim E(A,, T) > 1 for k > 2,

n > idimG()\k,T) >(n—1)+(m-1),
k=1

som < 2.

Problem 8B.5. Suppose T' € L(V) and 3 and 8 are eigenvalues of T'. Let n = dim V. Prove that
V = (null T"2) @ (range T"2).

Solution. Tt suffices to show null7"~2 = null7™ and range 7"~ 2 = rangeT™, since 8.4 gives V =
(nullT™) & (rangeT™). (Note n > 2 by 5.11, so n —2 > 0.)
First, dimnull 7" < n — 2. By 8.20, null7" = G(0,7). If 0 is an eigenvalue, then 0,3, 8 are distinct
eigenvalues, whose generalized eigenspaces sum directly (as in Exercise 8B.4, via 8.12 and 1.45), so by
3.94

dimG(0,T) + dimG(3,T) + dim G(8,T) < n,

and the last two dimensions are each at least 1. If 0 is not an eigenvalue, then T™ is injective and
dimnullT" =0 <n — 2.

Next, let m be the least nonnegative integer with null7™ = null 7"*!, which exists with m < n by
8.3. Minimality makes all m inclusions in {0} € nullT! C --- C nullT™ strict (an earlier equality
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would propagate by 8.2), so m < dimnull 7™. Since 8.2 gives null 7™ = null T,
m < dimnullT™ = dimnull7" < n — 2,

son —2>m and 8.2 yields null 772 = null 7™ = null T™.
Finally range 7" C range 7" 2, and 3.21 applied to 772 and T™ gives

dimrange 7" 2 = n — dimnull 7" 2 = dim range 7™,

so the two ranges coincide by 2.39. Substituting both equalities into 8.4 finishes the proof.

Problem 8B.6. Suppose T' € L£(V) and A is an eigenvalue of 7. Explain why the exponent of
z — A in the factorization of the minimal polynomial of T is the smallest positive integer m such that
(T = A)™|g(r) = 0.

Solution. Write n = dimV, G = G(\,T), and factor the minimal polynomial as p(z) = (z — \)¥q(2)
with g(A) # 0; here k > 1 because p(A) = 0 by 5.27(a). We show k = m.

The integer m exists: G = null(T' — AI)™ by 8.20, and G is invariant under 7" by 5.18, hence under
N := (T — \)|q, which satisfies N” = 0. So m < n.

(i) m < k. Expanding q(z) = co +c1(z — A) + - - + cg(z — A\)¢ with ¢g = ¢(\) # 0 gives

q(T)|e = collc + A, A=c¢ N+ +c¢yN,

and A = NB with B a polynomial in N, so A" = N™B™ = 0. An operator coI + A with ¢y # 0 and A
nilpotent is invertible, with inverse ¢yt 327! (—cg L A)? (telescoping). Restricting p(T) = 0 to G thus
gives

0=p(T)¢= (T - )\I>k|G) (¢(M)le),

and cancelling the invertible right factor leaves (T' — AI)*|g = 0, so m < k by minimality.

(ii) K < m. Put R = range(T — AI)", so V. = G @ R by 8.4 applied to T'— A, and R is T-invariant
by 5.18. Then (T — AI)|g is injective, since v € R with (T — AI)u = 0 lies in G N R = {0}; hence so
is (T — A)*|g. For u € R we have ¢(T)u € R and (T — MX)*(¢(T)u) = p(T)u = 0, so q(T)|g = 0.
Therefore r(z) := (z — \)"q(z) satisfies 7(T")|¢ = 0 (definition of m) and r(T")|r = 0, whence r(T") = 0.
By 5.29 the nonzero polynomial r is a multiple of p, so

m + degq =degr > degp = k + degq.

Problem 8B.7. Suppose T' € L£(V) and A is an eigenvalue of 7" with multiplicity d. Prove that
G\, T) = null(T — AI)%.
[If d < dim V/, then this exercise improves 8.20.]

Solution. Write G = G(\,T), so d = dim G by 8.23. The inclusion null(7 — AI)? C G is immediate
from the definition 8.19, so only (7' — AI)?|¢ = 0 needs proof.

By 8.20, G = null(T' — A\I)™ where n = dim V; hence 5.18 (with the polynomial (z — \)") makes G
invariant under 7" and so under T — AI, and

N := (T - XI)|, € L(G)

satisfies N® = 0. So N is a nilpotent operator on a space of dimension d, and 8.16 gives N¢ = 0, that
is, G C null(T — AI)%.

Problem 8B.8. Suppose T' € L(V) and \y,..., A, are the distinct eigenvalues of T'. Prove that

V=GO,T)& - &GCAmT)
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if and only if the minimal polynomial of T equals (z — A1)*' - -- (z — A\, )*m for some positive integers
ki,..., km.

The case F = C follows immediately from 5.27(b) and the generalized eigenspace decomposition
(8.22); thus this exercise is interesting only when F = R.

Solution. Write n = dim V' and p for the minimal polynomial of T. Two facts are used throughout.
First, the sum G(A,T) + --- + G(A\p, T) is automatically direct, since a relation vy + -+ + vy, = 0
with vy € G(M\g,T) and some v # 0 would make the nonzero terms a linearly dependent list of
generalized eigenvectors for distinct eigenvalues, contradicting 8.12; so 1.45 applies, and the displayed
decomposition is equivalent to V' = )", G(\;,T). Second, putting dj, = dim G(A\,T'), the restriction
(T'— MeI)|G(r,,1) s nilpotent (its n-th power is 0 by 8.20) and hence its dj-th power is 0 by 8.16.

(i) Forward. Suppose V.= G(A\1,T) @ --- ® G(Ap, T) and set

a(2) = (z = A)™ - (2 = Am) ™™

The commuting factors of ¢(T') may be reordered to put (T — A\;I)% rightmost, so ¢(T) kills each
G()\;,T), hence ¢(T) = 0. By 5.29, p divides ¢, so p(2) = (z — M)t -+ (2 — A\p)Fm with 0 < k; < dj;
and each k; > 1 since each \; is a zero of p by 5.27(a).
(ii) Reverse. It suffices to prove, by induction on the number of distinct eigenvalues, that any S € L(W)
with W # {0} whose minimal polynomial splits into linear factors over F has W equal to the sum of
its generalized eigenspaces; by 5.27(a) the distinct zeros of that minimal polynomial are exactly the
distinct eigenvalues of S.
If S has one distinct eigenvalue, its minimal polynomial is (z — u)¥, so W = null(S — pI)* = G(u, S).
Otherwise let 1, ..., m be the distinct eigenvalues, m > 2, and ¢ = dim W. By 8.4 applied to S — 1,
together with 8.20,

W =G(pum,S) ® U, U := range(S — pmI)’,

with U invariant under S by 5.18. Here U # {0}: otherwise an eigenvector u for some j; # p,, would
satisfy 0 = (S — i l) u = (11 — pm)*u, forcing u = 0.

Let R = S|y. The minimal polynomial r of S satisfies r(R) = r(S)|y = 0, so by 5.29 the minimal
polynomial of R divides r and therefore also splits, and by 5.27(a) every eigenvalue of R is among
1,y fim. But fi,, is not one: a nonzero u € U with Su = p,u would lie in null(S — p,,, I)NU = {0}.
So R has fewer than m distinct eigenvalues, and by induction U is the sum of the G(u, R), each of
which is contained in G(u, S). Hence

Problem 8B.9. Suppose F = C and T' € L(V). Prove that there exist D, N € L(V') such that
T =D + N, the operator D is diagonalizable, N is nilpotent, and DN = N D.

Solution. Let \1,..., Ay, be the distinct eigenvalues of T', let n = dim V, and define D € L(V) by
D(vi+ -+ +vm) = \vr + - + AU, v € G\, T);

this is a linear operator because V. = G(A,T) @ --- @& G(A\p,T) by 8.22, which holds since F = C.
Take N =T —D.

D is diagonalizable: concatenating bases of the G(\g,T") gives a basis of V' consisting of eigenvectors
of D, since Dv = \gv on G(\g, T); apply 5.55.

N is nilpotent: each G(\g,T') is T-invariant by 8.22(a), hence N-invariant, with

Nlgow.) = (T = D)ooy 1)

nilpotent by 8.22(b); so 8.16 gives N"v = 0 for v € G(\g,T'), and summing over k gives N" = 0.
DN = ND: for v e G(A\,T) we have Nv € G(\;, T), so DNv = A\ Nv = N Dv; now sum over k.
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Problem 8B.10. Suppose V is a complex inner product space, eq,..., e, is an orthonormal basis
of V, and T € L(V). Let Ay,...,\, be the eigenvalues of T, each included as many times as its
multiplicity. Prove that

A2+ M2 S Tea|® + -+ + || Tenl .

See the comment after Exercise 5 in Section 7A.

Solution. Evaluate the right-hand side in a Schur basis, where it visibly dominates the diagonal. (The
list A1, ..., A, does have n entries, by 8.25.)

The right-hand side is basis-independent: for any orthonormal bases e1,..., e, and f1,..., f,, Parseval
6.30(b) and the definition 7.1 of the adjoint give

SoiTel? =S5 [ew T 1) = S IT 15017,
E j J

k
whose value does not involve eq,...,e,.
So take the orthonormal basis uq, ..., u, supplied by Schur’s theorem 6.38 (available since V' is a finite-

dimensional complex inner product space), with respect to which M(T") = (a;) is upper triangular.
Its diagonal lists the eigenvalues of T' by 5.41, each with its multiplicity by 8.31, so ay1,...,an is
a rearrangement of A1,...,A,. Since Tuy = 3, aju;, formula 6.24 gives | Tug||* = > |a; k|?, and
discarding the off-diagonal terms yields

SoITerl> =0 lajnl® =D larkl = Il
k k J k k

Problem 8B.11. Give an example of an operator on C* whose characteristic polynomial equals
(z — 7)%(z — 8)%

Solution. Take
T(z1, 22, 23,24) = (721, Tz, 823, 8z4).

Its standard matrix is diagonal with entries 7,7,8,8, so by 8.31 the characteristic polynomial is (z —
7)%(z — 8)2.
Directly: (T — 71)* is (21,22, 23, 24) + (0,0, 23, 24) and (T — 8I)* is (21, 22, 23, 24) — (21, 22,0,0), so
8.20 gives

G(7,T) = span(ey, e2), G(8,T) = span(es, eq),

each eigenvalue therefore having multiplicity 2 by 8.23.

Problem 8B.12. Give an example of an operator on C* whose characteristic polynomial equals
(2 — 1)(z — 5)% and whose minimal polynomial equals (z — 1)(z — 5)2.

Solution. Define T € L(C*) by
T(21, 22, 23,24) = (21, 522 + 23, D23, 524),

so that with respect to the standard basis ej, e2, e3, e4 the matrix of T is the block diagonal matrix

1 0 00
0510
0 050
0 0 05

Explicitly, T'e; = e1, Tea = beg, Teg = es + beg, Tey = Hey.
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Characteristic polynomial: the matrix is upper triangular with diagonal 1,5,5,5, so 8.31 gives multi-
plicities 1 and 3 for the eigenvalues 1 and 5, whence (z — 1)(z — 5)3 by 8.26.

Minimal polynomial: with ¢(z) = (z — 1)(z — 5)?, the commuting factors of ¢(T) kill each basis vector,
since (T — I)e; = 0 while (T' — 5I)? annihilates e, e3,eq (as (T — 5l)ez = ez and (T — 5I)ey =
(T —5I)eqs = 0). So ¢(T) = 0 and 5.29 makes the minimal polynomial p a divisor of ¢; by 5.27(a) its
zeros are exactly 1 and 5, leaving p = (2 — 1)(z — 5) or p = g. The former fails:

(T — I)(T — 51 )es = (T — I)ey = deg # 0.

Problem 8B.13. Give an example of an operator on C* whose characteristic and minimal polyno-
mials both equal z(z — 1)%(z — 3).

Solution. Define T € L(C*) by
T(Zla 22,23, Z4) = (07 z2 + 23, 23, 3Z4>'

On the standard basis this reads Te; = 0, T'eg = eo, Teg = e3 + €3, Teq = ey, so the matrix of T with
respect to e, eg, €3, e4 is the block diagonal matrix

o O O O
S O = O
S = = O
w o O O

Characteristic polynomial: the matrix is upper triangular with diagonal 0,1, 1,3, so 8.31 gives multi-
plicities 1,2, 1 for the eigenvalues 0, 1,3, whence z(z — 1)?(z — 3) by 8.26.

Minimal polynomial: with q(z) = 2(z—1)2(z — 3), the commuting factors of ¢(7T') kill each basis vector,
since Te; = 0, (T'—3I)eq = 0, and (T — I)? annihilates e and eg (as (T'—I)e3 = eg and (T'—I)ez = 0).
So q(T) = 0, and 5.29 with 5.27(a) leaves p = z(z — 1)(z — 3) or p = ¢q. The former fails:

T(T — I)(T — 31)e3 = T(T — I)(ez — 2e3) = T(—2e3) = —2e5 # 0.

Problem 8B.14. Give an example of an operator on C* whose characteristic polynomial equals
z(z — 1)%(z — 3) and whose minimal polynomial equals z(z — 1)(z — 3).

Solution. Define T € L(C*) by
T(z1, 22, 23,24) = (0, 22, 23, 3za),

so that the matrix of T" with respect to the standard basis eq, e, e3,e4 is the diagonal matrix with
diagonal entries 0,1, 1, 3:

0 00O
0100
0 010
0 00 3

Characteristic polynomial: the diagonal is 0, 1, 1, 3, so 8.31 gives multiplicities 1,2, 1 for the eigenvalues
0,1,3, whence z(z — 1)2(z — 3) by 8.26.

Minimal polynomial: the standard basis consists of eigenvectors, so T' is diagonalizable by 5.55, and
5.62 makes the minimal polynomial the product over the distinct eigenvalues,

z(z—=1)(z — 3).
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Problem 8B.15. Let T be the operator on C* defined by T'(z1, 29, 23, 24) = (0, 21, 29, 23). Find the
characteristic polynomial and the minimal polynomial of T'.

Solution. Both equal z2.
T shifts the standard basis, e; — e — e3 — e4 — 0, so T* = 0 while T3¢; = ey =% 0. Hence the
minimal polynomial divides z* by 5.29 but not 23, so it is 2*. Being nilpotent, 7 has 0 as its only
eigenvalue by 8.17, and G(0,T) = null 7% = C* by 8.20, so 0 has multiplicity 4 and the characteristic
polynomial is z* by 8.26.

Problem 8B.16. Let T be the operator on C°® defined by

T(Zl, 225 %35 245 25, Zﬁ) = (Oa 21, %2, 07 24, 0)

Find the characteristic polynomial and the minimal polynomial of T

Solution. The minimal polynomial is 22 and the characteristic polynomial is 26.

T acts on the standard basis by three chains, e — ey — e3 +— 0, eq — e5 — 0, eg — 0, so T3 = 0 while
T?e; = e3 # 0. Hence 5.29 makes the minimal polynomial a divisor of z3 but not of 22, so it equals
z3. Being nilpotent, T has 0 as its only eigenvalue by 8.17, and G(0,7T) = nullT® = C® by 8.20, so 0
has multiplicity 6 and 8.26 gives the characteristic polynomial z5.

Problem 8B.17. Suppose F = C and P € £(V) is such that P? = P. Prove that the characteristic
polynomial of P is z™(z — 1), where m = dimnull P and n = dimrange P.

Solution. By 8.26 it suffices to show that the eigenvalues of P lie in {0, 1} with dim G(0, P) = m and
dim G(1, P) = n; the factor with exponent 0 then simply contributes nothing.

(i) Eigenvalues. If Pv = \v with v # 0, then Av = Pv = P?v = A\?v, s0 A2 = X and A € {0,1}.

(ii) G(0,P) = null P. Induction gives P¥ = P for every k > 1, so 8.20 with & = dimV yields
G(0, P) = null P4V = null P, of dimension m.

(iii) G(1, P) = range P. If v = Pu then Pv = P?u = v, and conversely Pv = v puts v in range P; hence
null(P — I) = range P. Moreover (P — )2 =P —2P +1 = I — P, and since I — P is also idempotent,
induction gives (P — I)¥ = (—1)*(I — P) for every k > 1. So by 8.20,

G(1,P) = null(P — I)9™V = null(P — I) = range P,

of dimension n. (If dim V' = 0 both sides of the exercise read 1.)

Problem 8B.18. Suppose T' € L£(V) and A is an eigenvalue of 7. Explain why the following four
numbers equal each other.
o (a) The exponent of z — A in the factorization of the minimal polynomial of 7T'.
(b) The smallest positive integer m such that (T'— A )™ |\ 1) = 0.
e (c) The smallest positive integer m such that null(T' — A\I)™ = null(T' — A\I)™*.
(d) The smallest positive integer m such that range(T — A\ )™ = range(T — A\ )™ "1

Solution. Write N =T — AI, n = dim V, p for the minimal polynomial of 7', and call the four numbers
a,b,c,d. We proved=rc¢,b=c, a=rc.

The number ¢ exists with ¢ < n, since null N" = null N"*! by 8.3; and by 8.2 the null spaces stabilize
from ¢ onward, so

(1) null N = null N = G(\, 1)

by 8.20, while minimality of ¢ with 8.2 makes every inclusion in {0} C null N* C --- C null N¢ strict.
d = c. The ranges decrease, so range N™ = range N1 iff their dimensions agree (2.39), and 3.21 gives
dimrange N* = n—dim null N¥; since also null N C null N™*!, this happens iff null N = null N™*1,
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The two conditions hold for the same m, so the least such m agree.

b= c. Since N"|g ) = 0 means G(A\,T) C null N, and G(A,T) = null N¢ by (1), this holds for
m > ¢ and fails for m < ¢ by the strictness above.

a = c. Write p(z) = (z — \)%q(z) with g(\) # 0; here a > 1 by 5.27(a).

For ¢ < a, it is enough that null N = null N®*!. Given v € null N®!, the vector w = N% satisfies
Nw =0, so Tw = Aw and hence ¢(T)w = ¢(A)w; but N* and ¢(7") commute, so

a(Nw = g(T)N“v = p(T)v = 0,

forcing w = N% = 0.

For a < ¢, suppose a > c and set 7(z) = (z — \)% 1¢(z), monic of degree degp — 1. For any v,
N%q(T)v) = p(T)v = 0, and null N% = null N~ ! since a — 1 > ¢, so r(T)v = N 1¢(T)v = 0. Thus
r(T) = 0 with degr < degp, contradicting 5.22.

Problem 8B.19. Suppose F = C and S € £(V) is a unitary operator. Prove that the constant
term in the characteristic polynomial of S has absolute value 1.

Solution. The constant term is ¢(0), where by 8.26 the characteristic polynomial factors over the distinct
eigenvalues A1, ..., A\yy with multiplicities dy, ... ,das as q(z) = (z — A\)% - (2 — A\pr)¥ . Hence

lq(0)| = |_)\1|d1 _..‘_)\M’dM _ |)\1’d1"‘|)\M\dM — 1,

since every eigenvalue of a unitary operator has absolute value 1 by 7.54.

Problem 8B.20. Suppose that F = C and V4, ..., V,, are nonzero subspaces of V such that
V=& eV,

Suppose T' € L(V) and each Vj, is invariant under 7. For each k, let py denote the characteristic
polynomial of T'|y, . Prove that the characteristic polynomial of T" equals py - - - pp,.

Solution. The characteristic polynomial factors because the generalized eigenspaces do: for every A € C,
GANT) =G\ Thv)®--- G\ Ty,,)-

Here we set dim G(A, R) = 0 when X is not an eigenvalue of R (then R — AI is injective, hence so is
every power of it), so that 8.26 reads

char poly of R = H (z — \)dmGOAR)
reC

with all but finitely many factors equal to 1.

For the claim, put n = dimV and N =T — AI; each Vj, being invariant under 7, is invariant under
every power of N. If v, € G(A\, Ty, ), then N4mViy, = 0 by 8.20 on Vj, so N, = 0 as dim Vj, < n,
giving vy, € null N = G(A\,T) by 8.20. Conversely, if v € null N, write v = v; + -+ + v, with
v € Vi; then 0 = N™q + - - - + N™,, with N™v, € Vi, so N"v, = 0 for each k& by uniqueness of the
decomposition of 0 (1.45), and

null((T|y;, — AD™) = null((T|y, — AD)T™VE) = G\, Ty,)

since the null spaces have stopped growing by exponent dim V;, < n (8.3 on V}) and by 8.20. The sum
is direct because G(\, T'|v;,) € Vi and Vi + --- + V},, is a direct sum.
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Taking dimensions (3.94) gives dim G(\,T) = ), dim G(\, T|y, ) for every A € C, whence

P = H H dlmG A Tlvy,)

k=1 XeC

_ H (Z - )\)ZZ;I dim G\, T'|vy)
xeC

— H (Z _ )\)dimG(A,T)7
xeC

which is the characteristic polynomial of T'. (Only finitely many factors differ from 1, so the rearrange-
ment is legitimate.)

Problem 8B.21. Suppose p,q € P(C) are monic polynomials with the same zeros and ¢ is a poly-
nomial multiple of p. Prove that there exists T € £(C989) such that the characteristic polynomial
of T' is ¢ and the minimal polynomial of T is p.

[This exercise implies that every monic polynomial is the characteristic polynomial of some operator.]

Solution. Take T to be block diagonal with one block T, = Al + N for each distinct zero Ap of
p, as follows. Writing Aq1,...,Aps for the distinct zeros of p, which are also those of ¢, the monic
factorizations given by 4.13 are

M M
Hz—)\k , Hz—)\k

with ay, bk > 1, and ag < b by uniqueness of the factorization in 4.13, since ¢ is a multiple of p; put
b=0by+ -+ by = degq. (If p,q have no zeros then both equal 1 by 4.12, degg = 0, and 7' = 0 on
C° = {0} has characteristic polynomial the empty product 1 = ¢ and minimal polynomial 1 = p.)
Define Ny € £(CP) on the standard basis fi,..., fy, by

Nifj = fi+1 for j <ay, Nifj =0 for j > ay,

which makes sense because ap < by. Thus Ny, runs the chain f1 — --- — f, — 0 and kills f; for
j > ak, so Ni* =0 while N** ' f; = f,, # 0. (Check!)

Since Ny is nilpotent, A is the only eigenvalue of T}, (by 8.17(a), as u is an eigenvalue of T}, exactly
when p — A\ is one of Ny), and G(\,T) = nullNkb’c = C% by 8.20 because by > ajp; so A\, has
multiplicity by and by 8.26 the characteristic polynomial of T}, is (z — Ax)%. Its minimal polynomial
divides (z — A\g)% by 5.29, hence equals (z — A\;)¢ with 1 < ¢ < ay (4.13), and ¢ < a, would force
NZ’“il = ]\f,?’“*l*CN/,CC = 0, false; so ¢ = ay,.

Now identify C* = Vi @ --- @ Vi, where Vj, is the coordinate subspace spanned by the standard basis
vectors in positions by + - - - 4+ by_1 + 1 through by + - - - 4+ by, so that Vj, = C%, and define T' € /J(Cb) by
Ty, = T} (linear and well defined by uniqueness of the direct-sum decomposition). Each V}, is nonzero
and invariant under 7T, so Exercise 20 in this section gives

char poly of T' = (z — )\l)bl (2 — )\M)bM —q.
Since T acts blockwise, r(T)|y, = r(1}) for every r € P(C), so
r(T) =0 < (z — A\p)* divides r for every k <= p divides r,

the first equivalence by 5.29 applied to each T}, and the second because the A, are distinct, so for r # 0
the required linear factors in the factorization 4.13 of r are disjoint. In particular p(7') = 0, while any
nonzero polynomial annihilating 7" is divisible by p and hence has degree at least deg p. As p is monic,
p is the minimal polynomial of T' (5.22).
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Problem 8B.22. Suppose A and B are block diagonal matrices of the form

Al 0 By 0
A = S ) B = T 9
where A; and By are square matrices of the same size for each £k = 1,...,m. Show that AB is a

block diagonal matrix of the form
A1 By 0

AB = .
0 AmBm

Solution. Index the blocks: let n; be the common size of Ay and By, put Ng =0, N, =nq + -+ - + ng,
n = Np,, and
Iy = {Np1+1, Np-1+2, ..., N},

so that I,..., I, partition {1,...,n}. Block diagonality (8.35) of A says exactly that A;; = 0 when
Jj €I and | € I}y with k # k', while A;; = (A) j—nN,_,,1-N,_, When j,l € I}, (the shifted indices then
lie in {1,...,ng}); likewise for B.

Fix j € I and | € I}y and expand (AB);; => | A;,B,; by 3.47.

(i) k # k'. Every summand vanishes: A;, = 0 for r ¢ I}, and for r € I, we have r ¢ Ij/, so B,; = 0.
Hence (AB);; =0, and AB is block diagonal with block sizes n1, ..., nn.

(ii) k = k’. Only the terms with r € I}, survive, so writing r = Ni_1 + s,

nk
(AB)JJ = ZA.jv Nk71+8 BNk—l+57l

s=1
N

= Z(Ak)j_Nk—ly s (Bk) s, 1-Ny 4
s=1

= (AkBk) j—Ni_1, 1-Ni_1»

the last equality being 3.47 for the ng-by-n; matrices A; and B, whose product is defined and again
np-by-ny precisely because they have the same size. Thus the kth diagonal block of AB is Ay By, which
is the asserted form.

Problem 8B.23. Suppose F =R, T € L(V), and \ € C.

(a) Show that u + iv € G(\, T¢) if and only if u —iv € G(\, Tg).

(b) Show that the multiplicity of A as an eigenvalue of Tg equals the multiplicity of A as an eigenvalue
of TC 5

(c) Use (b) and the result about the sum of the multiplicities (8.25) to show that if dim V' is an odd
number, then T has a real eigenvalue.

(d) Use (c) and the result about real eigenvalues of T¢ (Exercise 17 in Section 5A) to show that if
dim V' is an odd number, then 7" has an eigenvalue (thus giving an alternative proof of 5.34).

[See Exercise 33 in Section 3B for the definition of the complexification T¢.]

Solution. Everything comes from the conjugation map o : Vo — Vo given by o(u+iv) = u—iv, which is
additive with coo = I (hence bijective, and o(0) = 0), is conjugate-homogeneous, o(ax) = @o(x), and
commutes with T, since o(Tu+iTv) = Tu—iTv = Tco(u+iv). (Check! For conjugate homogeneity,
both o(ax) and @o(z) equal (au — bv) 4 i(—av — bu) when o = a + bi and = u+ iv.) Combining the
three properties,

o((Tc — M)z) = o(Tcz) — o(Az)

= Too(z) — Ao(z) = (Te — M)o(x),
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using additivity of o and o(—y) = —o(y); induction on k then gives o ((Tc — AI)*z) = (Tc — M)*o(z)
for every positive integer k.

(a) If u+iv € G\, Tg), say (T — M)F(u+iv) = 0 (8.19), then applying o gives (Te — M )*(u —iv) =
(0) =0, so u —iv € G(\,Tc). The converse is this implication with A replaced by A and (u,v) by
(u, —v). Since o o o = I, it follows that o restricts to a bijection of G(\, Tc) onto G(\, Tc).

(b) Let d be the multiplicity of A\ and z1, ..., x4 a basis of G(\,T¢) (8.23). Then o(z1),...,0(xq) is a
basis of G(\,T¢), so the two multiplicities agree. It lies in G(X, T¢) by (a); it is independent because
Zj cjo(z;) = U(Ej ijj) = 0 forces Zj ¢jz; = 0 by injectivity, hence every ¢; = 0; and it spans,
because any y € G(\, T¢) has o(y) = >_jajz; by (a), whence y = o(o(y)) = >_, @jo(z;). (If Ais not
an eigenvalue, neither is \: G(u,Tc) # {0} exactly when p is an eigenvalue, since a composition of
injective maps is injective, and o matches the two generalized eigenspaces; both multiplicities are then
0.)

(c) Let n = dimV be odd, so dimgc Ve =n > 1 and Vo # {0} (a basis of V' over R is a basis of Vg
over C, Exercise 11 in Section 2B). By 8.25 the multiplicities of the distinct eigenvalues of T sum to
n; write this as Sg+ Sy = n, where Sg collects the real eigenvalues and Sy the non-real ones. By (b),
conjugation permutes the eigenvalues; it fixes no non-real one and is its own inverse, so it partitions
the non-real eigenvalues into pairs {u, i}, each pair contributing 2d to Sy by (b). Hence Sy is even,
so Sgp =n — Sy is odd and in particular nonzero: T has a real eigenvalue.

(d) By (c) some A € R is an eigenvalue of T, and by Exercise 17 in Section 5A a real number is an
eigenvalue of T¢ if and only if it is an eigenvalue of T. Hence T' has an eigenvalue.

8.3 Exercises 8C

Problem 8C.1. Suppose T € £(C?) is the operator defined by T'(z1, 22, 23) = (22, 23,0). Prove that
T does not have a square root.

Solution. A square root would force 7?2 = 0, which is false. Indeed
Tz(zh 22, 23) - (Z37 07 0)7 T3(Zla 22, 23) = (07 07 0)7

so T is nilpotent while T2 # 0 (because 72(0,0,1) = (1,0,0)). If R € £(C?) satisfied R? = T, then
RS =1T3 =0, so R is nilpotent and hence R?> = 0 by 8.16 (as dim C? = 3); therefore

T? =R'=R’R=0,

a contradiction.

Problem 8C.2. Define T' € L(F?) by T(x1, 72, 23,74, 75) = (22, 373, —14, 425,0).
(a) Show that T is nilpotent.
(b) Find a square root of I + T

Solution. (a) T5 = 0. On the standard basis, Te; = 0 and Tes = 2e1, Tes = 3ea, Teq = —es, Tes = dey,

so T maps span(ey,...,ex) into span(ey, ..., ex_1); five applications send F° to {0}. Explicitly,
T?%(x1,...,x5) = (623, —3x4, —4z35,0,0),
T3(x1,...,25) = (=624, —1225,0,0,0),
T4(x17 7'%'5) = (—241‘5,0,0,0,0),
T5(-’E1a '3555) = (07(),0)070)

(b) A square root of I + T is
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Following 8.39, look for R = I + a1 T + a2T? + asT® + a4 T*; squaring and using 7% = 0 for k > 5,

R%? =14 20T + (2a2 + a?)T? 4 (2a3 + 2a1a)T>
+ (2a4 + 2a1a3 + a2)T*.
Setting the four coefficients equal to 1,0,0,0 and solving successively gives a1 = %, as = —%, as = %,

aq = —% (Check!), so R? = I +T; the coefficients are real, so this works over R as well as C. By the
powers computed in (a), the matrix of R with respect to the standard basis is

3 _3 15
L1 -7 -85 14
01 3 3 _3
2 8 4
00 1 -+ L,
00 O 1 2
00 O 0 1

whose square is the matrix of I + T, with 1’s on the diagonal and 2,3, —1,4 directly above it.

Problem 8C.3. Suppose V is a complex vector space. Prove that every invertible operator on V'
has a cube root.

Solution. Imitate 8.39 and 8.41 with cubes in place of squares.
(i) If N € L(V) is nilpotent, then I 4+ N has a cube root. Fix s with N® = 0; if s = 1 take I, so assume
s> 2. For p(z) = by + b1z + - - + bs_12°~ % with by = 1, the coefficient of z* in p(z)3 is

cp = Z bibjbg=3bk+Qk(b1,...,bk,1) (kZ 1),

i+j+l=k

i,J,>0
because the only triples with an index equal to k are (k,0,0), (0,%,0), (0,0,k), each contributing
bibé = by, while every other triple has all indices at most k — 1; here g is a polynomial in the
earlier coefficients, g1 = 0, and ¢y = 1. So set by = % and, recursively, by = —%qk(bl, cooybg—q) for
2 < k < s—1, making ¢; = 1 and ¢; = 0 thereafter. Then p(x)3 = 1+ + (terms of degree at least s),
so R = p(N) satisfies R> = I + N, since N¥ =0 for k > s.
(ii) Every A = r(cosf + isinf) € C with r > 0 has the cube root /3 (cosg + isin g), by the addition
formulas applied twice.
Now let T' € L(V) be invertible and \q1,..., A\, its distinct eigenvalues, of which there is at least one
by 5.19 (V' is nonzero, finite-dimensional, complex). By 8.22,

V=G, T)® - ®GAn,T),

each G(Ag,T) is invariant under T, and T'|g(», 1) = Ml + Nj with Ny nilpotent. Invertibility makes
0 a non-eigenvalue, so Ay # 0 and T'|g(x,,7) = Ae(I + Ni/Ax) with Ny /A, nilpotent. Choose Sy with
Skg = I+ N/, by (i) and ¢, with ¢ = A by (ii), and set R, = ¢Sk, so R,S’ = T|a(r,,1)- Define
R e L(V) by Rv = Riuy +- -+ Rpuy, where v = uj +- - - +uy, is the (unique, hence linearly obtained)
decomposition with ux € G(Ag,T'). Since Rpu, € G(Ag, T), applying R three times gives

R3UZR13ul+...+R5’1um:Tul-f-"""Tum:TU'

Hence R? = T.

Problem 8C.4. Suppose V is a real vector space. Prove that the operator —I on V has a square
root if and only if dim V' is an even number.

Solution. If R € L(V) satisfies R? = —1I, then R has no eigenvalue: Rv = \v with v # 0 and A € R
would give A2v = R?v = —v, hence A\? = —1, impossible over R. Were dim V' odd, R would have an
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eigenvalue by 5.34; hence dim V' is even.
Conversely, suppose dim V' = 2n with n > 1 (V' # {0} throughout this chapter), let vy,...,ve, be a
basis of V', and define R € £(V') on that basis by 3.4:

Rvgk_l = V2L, RUQk = —U2k—1 for k = 1, e, n.

Then R?vop_1 = —vgp_1 and R?vg, = —uvgi, so R? agrees with —I on a basis of V and therefore
R? =—I.

Problem 8C.5. Suppose T € £(C?) is the operator defined by T'(w, z) = (—w — z, 9w + 5z). Find
a Jordan basis for T'.

Solution. A Jordan basis is v; = (—3,9), v2 = (1,0).

The only eigenvalue of T is 2. Indeed, T'(w, z) = A(w, z) with (w, z) # (0,0) reads —w — z = Aw and
9w + 5z = Az; here w # 0 (else the first equation gives z = 0), so z = —(A + 1)w, and substituting into
the second and dividing by w gives

9—-5(A+1)=-AA+1), thatis, (A—2)?=0.

The eigenvectors are the nonzero multiples of (1, —3), so dim F(2,7) = 1 < 2 and no basis of eigen-
vectors exists; since a Jordan matrix is upper triangular with the eigenvalues on its diagonal (5.41), a
Jordan matrix for T must be a single 2-by-2 block with 2 on the diagonal.

Take vy = (1,0) and v = (T — 2I)vy = (—3,9) # 0. Then

Twv = (—6,18) = 2vy, Tvy = (—1,9) = v1 + 202,

and v1,v9 is linearly independent (the second coordinate of avy + bvy = 0 forces a = 0, then b = 0),
hence a basis by 2.38. Therefore

M(T, (01, 03)) = (3 ;) ,

a single Jordan block.

Problem 8C.6. Find a basis of P4(R) that is a Jordan basis for the differentiation operator D on
P4(R) defined by Dp = p'.

Solution. A Jordan basis for D is

plz]-a b2 =x, p3=

1'2 _:L‘ _:U
27 P4 = y D5 =

that is, pr = 2*~1/(k —1)!; this is the list D*u, D3u, D?>u, Du, u of 8.42 with u = 2*/24. Its entries are
nonzero scalar multiples of the standard basis 1, z, 2, 23, 2*, hence a basis of P;(R), and

Dpy =0, Dps=p1, Dpz=p2, Dps=ps, Dps=pa,
so the matrix of D with respect to pi,...,ps is the single Jordan block

0

M(D) =

O O O OO
OO OO
o O O

O O = OO
O = O O O

The diagonal entry 0 is forced: D® = 0 by 8.15(c), so D is nilpotent with 0 as its only eigenvalue (8.17),
and a Jordan matrix is upper triangular with the eigenvalues on its diagonal (5.41).
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Problem 8C.7. Suppose T' € L(V) is nilpotent and vy, ..., v, is a Jordan basis for T. Prove that
the minimal polynomial of T" is 2™*!, where m is the length of the longest consecutive string of 1’s
that appears on the line directly above the diagonal in the matrix of T with respect to vy, ..., vy.

Solution. The minimal polynomial is 2%, where d = max{dy, ... ,dp} is the largest Jordan block size,
and d =m + 1.

By 8.44 the matrix of T" is block diagonal with blocks Ay,..., A, of sizes d1, ..., d, summing to n, the
kth carrying a scalar Ay on its diagonal and 1’s directly above it. That matrix is upper triangular, so
its diagonal entries are the eigenvalues of 7' (5.41), all equal to 0 since T is nilpotent (8.17). Writing
U1, ---,Ugq, for the basis vectors of the kth block, the columns give T'uy 1 = 0 and T'uy, ; = ug;—1 for
2 <1 < dg, whence by induction on j

' o o<i<i—1
0 if 7 > 4.

(i) m = d — 1. The entry in position (i,7 + 1) is 1 when 7 and ¢ + 1 lie in the same block and 0 when ¢
ends one block and ¢ + 1 begins the next, so the line above the diagonal reads

1,...,1,0,1,...,1,0, ..., 0, 1,...,1,
—— —— ——
di—1 do—1 dp—1
whose consecutive strings of 1’s have lengths d; — 1,...,d, — 1; hence m = d — 1 (also when every

dr, = 1, so that no 1’s appear and m = 0).

(ii) 7% = 0 and 791 # 0. The displayed formula gives T%uy; = 0 for all k,i, since d > dy > i, and
T? kills a basis. Choosing k with dj, = d: if d > 2 then Tdflu;“d = ug # 0, and if d = 1 then
Tl =T#0asV #{0}.

Now let q(z) = co + c12 + - -+ + ce_12°71 + 2¢ be the minimal polynomial of 7' (5.24). Minimality of
the degree and 7% = 0 give e < d. If e < d, choose k with dj, = d, set ¢, = 1, and apply q(T) to upq:

€ €

0=q(Muga=Y ;T upg = ciupdi,
i=0 i=0

where d —i > d — e > 1 for each i, so the uy 4—; are distinct members of the basis and every ¢; = 0,

contradicting ¢, = 1. Hence e = d, and since z¢ is monic of degree d with 7% = 0, uniqueness in 5.24

gives q(z) = 2% = 2+,

Problem 8C.8. Suppose T" € L(V) and vy,...,v, is a basis of V' that is a Jordan basis for 7.
Describe the matrix of T2 with respect to this basis.

Solution. Writing M(T') as block diagonal with blocks A, ..., A, of sizes dy,...,d,, where A, carries
a scalar A\, on the diagonal and 1 directly above it (8.44), the matrix M (T?) is block diagonal with
the same block sizes, its kth block being upper triangular with )\,? on the diagonal, 2A\; on the first
superdiagonal, 1 on the second, and 0 elsewhere. For d; = 5, say,
M2 10 0
0 A2 2% 1 0
AZ=10 0 A 2n 1
0 0 0 A 2\
0 O 0 0 A

Indeed M(T?) = M(T)? by 3.81, and squaring a block diagonal matrix squares each block (Exercise
22 in Section 8B), so the kth block of M(T?) is A,?. Writing Ap, = A\l + N with Ny carrying 1 on
the first superdiagonal and 0 elsewhere, and using that I commutes with N,

AP = (Mol + Np)? = A2+ 20Ny, + N2,
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where V2 has 1 on the second superdiagonal and 0 elsewhere (and N> = 0 when dj < 2). (Check!)

Problem 8C.9. Suppose 7' € L(V) is nilpotent. Explain why there exist v,...,v, € V and

nonnegative integers my, ..., m, such that (a) and (b) below both hold.
o (a) T™wyq,...,Tvy,v1,..., T vy, ..., Tvy, v, is a basis of V.
o (b) Tty =... =Tmatly, = 0.
Solution. Take a Jordan basis for T', which exists by 8.45, write u’f, ... ,u’jk for its vectors belonging to

the kth block, and set
n =mp, Uk:U§k7 mp=dp—12>0.

By 8.44 the matrix of T" with respect to this basis is block diagonal with blocks Ay, ..., A4,, the kth
being di-by-di with a scalar A\; on the diagonal, 1 directly above it, and 0 elsewhere. That matrix
is upper triangular, so its diagonal entries are the eigenvalues of T' (5.41), all equal to 0 since T' is
nilpotent (8.17). Reading off the jth column of Ay (which is 0 for j = 1, and for j > 2 has a single 1,
in row j — 1),

Tu]fzo and Tu’?:u’?_l for j =2,...,dg,

J J
so induction on i gives T'v;, = u’jk_i fori=0,1,...,d. — 1.

This yields (b), since T™ "y, = T(T% lv,) = Tu} = 0, and (a), since the same formula makes
Ty, ..., Tvg, vy equal to uf, ug, . ,uflk, the kth block of basis vectors in its original order; concate-

nating over k recovers the Jordan basis itself.

Problem 8C.10. Suppose T' € L(V) and vy,...,v, is a basis of V that is a Jordan basis for 7.
Describe the matrix of T" with respect to the basis v,,...,v; obtained by reversing the order of the
v’s.

Solution. Reversing the basis puts the Jordan blocks in reverse order and transposes each one:

A 0
At 0 1’“ ,
M(T,(vn,...,vl)): , Al = ' ' ‘ ,
0 Al T
0 1 M

where A = M(T, (U1, ... ,vn)) is block diagonal with blocks Ay,..., A, of sizes di,...,dp, the kth
carrying A\, on the diagonal and 1 directly above it (8.44). So the reversed matrix is lower triangular,
each block having an eigenvalue of T repeated on its diagonal and 1’s directly below it.

Reversing a basis rotates its matrix through 180 degrees. Indeed, with w; = v,y1—; and B =
M (T, (wi, ... ,wn)), substituting j = n + 1 — ¢ gives

n n
Twy = E Aj n 1=k Wnt1—i = E Apt1—j nt1—k Wy,
i—1 j=1

so Bj = Apnti—jnt1—k- Rotating a block diagonal matrix reverses the order of its blocks and rotates
each of them; rotating Ay fixes its diagonal and carries the line directly above the diagonal to the line
directly below, which is exactly A}.

Problem 8C.11. Suppose T' € L(V). Explain why every vector in each Jordan basis for 7" is a
generalized eigenvector of T'.

Solution. The jth vector of a Jordan block with diagonal entry ) is nonzero and killed by (T — A\, I),
so 8.8 makes it a generalized eigenvector corresponding to Ag.
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In detail: by 8.44 the matrix of a Jordan basis v1,...,v, is block diagonal with blocks A1,..., Ay, the
kth being dj-by-d), with a scalar Aj on the diagonal, 1 directly above it, and 0 elsewhere, and each v;
belongs to exactly one block. Writing w1, ..., uq, for the vectors of the kth block, the columns of the
block diagonal matrix give

(T —MD)uj =uj—y for j=1,...,dy, ug = 0.

Iterating, (T — A\I)'u; = uj—; for 0 < i < j, so i = j gives (T — A\I)7u; = 0. Here u; # 0, being a
member of a basis, and Ay is an eigenvalue of T', since (T' — A\I)u; = 0 with u; # 0.

Problem 8C.12. Suppose T' € L(V) is diagonalizable. Show that M(T') is a diagonal matrix with
respect to every Jordan basis for T'.

Solution. A Jordan block of size at least 2 would produce a generalized eigenvector that is not an
eigenvector, which a diagonalizable operator does not have; so every block has size 1.

Let v1,...,v, be any Jordan basis for T', with blocks Ay, ..., A, of sizes dy, ..., d, summing to n, the
kth carrying A\; on the diagonal and 1 directly above it (8.44). Then M(T) is diagonal exactly when
every di = 1, since a block of size at least 2 contributes a 1 off the diagonal.

Claim: if T is diagonalizable, A € F, and (T —\I)?v = 0, then (T —XI)v = 0. Indeed, letting A, ..., A,
be the distinct eigenvalues of T, diagonalizability gives V. = E(\|,T) @ --- @& E(X,,,T) by 5.55; write
v=21a1+ -+ xy with x; € E(X\;,,T). Each eigenspace is invariant under 7" — \I, which acts on it as
multiplication by A, — A, so

0= (T —A)?v =N, — N2z + -+ (N, — N2y,

whose ith summand lies in E(\,, T); directness of the sum forces every summand to vanish (1.45), so
z; = 0 whenever X, # \. Hence every term of (T'— Al)v = ). (\; — X)a; vanishes.

Now if some di > 2, the first two columns of A give Tu; = Agup and Tus = Ayus + uy for the
corresponding basis vectors, that is,

(T — )\kI)UQ = Ul and (T - )\kI)Q'LLQ = 0,

so the claim (with A = A\g, v = ua) yields u; = (T' — A\l )ug = 0, impossible for a member of a basis.
Hence every d, = 1 and M(T) is diagonal, for every Jordan basis.

Problem 8C.13. Suppose T' € L£(V) is nilpotent. Prove that if vy,...,v, are vectors in V' and
mi, ..., My are nonnegative integers such that

T vy, ..., Tv,v1,..., T vp, ..., Tvy, v, is a basis of V
and
Tty = .o = Tty =0,
then T™vq,...,T™" v, is a basis of null 7.

[This exercise shows that n = dimnull7. Thus the positive integer n that appears above depends
only on 7" and not on the specific Jordan basis chosen for 7]

Solution. The list T™vq,...,T™ v, is a sublist of the given basis B, lies in null T, and spans it.

Its members are the n distinct vectors Tivj of B with 7« = mj, so the list is linearly independent,
every sublist of a linearly independent list being linearly independent; and it lies in null T because
T(ijvj) = ij+11)j = 0 by hypothesis.

For spanning, take v € null T and write v = Z?Zl S ity ajiT; in the basis B. Applying T, the i = m;
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terms drop out since ij+lvj = 0, leaving

n MmMj—

1
0=Tv= Z Z aj.i TH_I’U]'.

j=1 i=0

Each Ti+1vj occurring here has 1 < i+ 1 < mj, hence is a member of B, and distinct pairs (j,¢) give
distinct members; linear independence of B therefore forces aj; = 0 for all i < m; — 1, so that

n
_ . My, . m1 M,
v = E a],ij T, Espan(T Viyeonoy L "vn).
j=1

Problem 8C.14. Suppose F = C and T € £(V). Prove that there does not exist a direct sum de-
composition of V' into two nonzero subspaces invariant under 7" if and only if the minimal polynomial
of T is of the form (z — \)3™V for some \ € C.

Solution. Both directions turn on the number of Jordan blocks: no such decomposition exists exactly
when T has a single Jordan block, of size n = dimV > 1. Both use the fact that a monic ¢ € P(C)
dividing (z—\)" equals (z—\)" with 7 = deg g < N: a nonconstant such g factors as (z—pu1) - - - (z— )
by 4.13, and each p;, being a zero of ¢, is a zero of (z — AV, so u; = \.

(i) Suppose no such decomposition exists. Since F = C, 8.46 supplies a Jordan basis vy, ..., v,, with
blocks Ay, ..., Ay, of sizes dy, ..., d, as in 8.44; let U}, be the span of the basis vectors of the kth block.
Reading off the columns, Tuj = Ayu; + uj—1 € Uy (with ug = 0), so each U}, is nonzero and invariant
under 7', and V = U; @ --- @ U, since concatenating their bases returns vi,...,v,. If p > 2, then
U="U, and W = Uy + --- + U, are nonzero, invariant under 7' (a sum of invariant subspaces is
invariant), and satisfy U+ W =V with dimU +dim W =n, so V =U & W (2.39 with 3.94), contrary
to hypothesis. Hence p = 1: one block of size n, with some A € C on its diagonal, so (T'— X)v; = vj_1
for j = 1,...,n with vg = 0. Iterating gives (T — A)'v; = vj_; for 0 < i < 4, so (T — A)™ = 0
while (T — AI)" v, = v1 # 0. The minimal polynomial g of T' therefore divides (z — \)™ by 5.29, so
q=(z—\)" with 7 <n, and r <n — 1 is ruled out by (T — AI)"~! # 0. Thus ¢ = (z — )™V,

(ii) Conversely, let the minimal polynomial of 7" be (z — A)” and suppose V. = U & W with U, W
nonzero and invariant under 7. The minimal polynomial py of T'|y divides (z — A)™ by 5.31, hence
pu = (2 — \)® with a = degpy < dim U by 5.22; likewise 7|y has minimal polynomial (z — \)? with
b < dimW. Put ¢ = max{a,b}. Then (z— \)¢ is a multiple of both, so 5.29 applied to T'|;y and to T'|w
gives (T'— M) =0 on U and on W, hence on V = U + W; by 5.29 again (z — A\)™ divides (z — \)¢, so
n < c. But U and W are nonzero with dimU + dim W = n (3.94), so

¢ =max{a,b} < max{dimU,dim W} <n —1,
a contradiction.

8.4 Exercises 8D

Problem 8D.1. Suppose V is an inner product space and v,w € V. Define an operator T' € L(V)
by Tu = (u,v)w. Find a formula for tr 7.

Solution.
tr T = (w,v).

Take an orthonormal basis eq, . . ., e, of V', which exists by 6.35 since V is finite-dimensional. Computing
the trace from it (8.55) and pulling scalars out of the first slot,

n

tr’l = Z(Tek, er) = Z(ek,'l)><wa €k

k=1 k=1
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which is exactly (w,v), obtained by taking the inner product with v of the expansion w = (w,e1)e; +
4 (w, en)en (6.30(a)).

Problem 8D.2. Suppose P € L(V) satisfies P> = P. Prove that

tr P = dimrange P.

Solution. With respect to a basis adapted to V = range P @ null P, the matrix of P is diagonal with
dimrange P entries 1 and the rest 0, so its trace is dimrange P.

First, range P = {v € V : Pv = v}: if v = Pu, then Pv = P?u = Pu = v, and the reverse inclusion is
immediate. Hence null P Nrange P = {0}, since such a v satisfies v = Pv = 0; and every v € V splits
as v = Pv + (v — Pv), where Pv € range P and P(v — Pv) = Pv — P?v = 0.

Now let uy,...,u, be a basis of range P and wy, ..., wy a basis of null P (either list may be empty).
The concatenated list spans V' by the previous paragraph, and its length m + k equals dim V' by 3.21,
so it is a basis of V' (2.42). On it,

Puj=wu; forj=1,...,m, Pw; =0 forj=1,...,k,

so M(P) is diagonal with m entries 1 then k entries 0. Since the trace may be computed from the
matrix with respect to any basis (8.50, 8.51), tr P = m = dimrange P.

Problem 8D.3. Suppose T € L(V) and T° = T. Prove that the real and imaginary parts of tr T
are both integers.

Solution. Every eigenvalue \ of T satisfies \> = ), so over C the trace is an integer combination of
0,1,—1,4, —i.
(i) F = C. If Tv = \v with v # 0, then \>v = T%v = Tv = \v, so (\> — A\)v = 0 and hence

AMA-=DA+D)NV+1)=0, re{0,1, 1,4, —i}.

By 8.52, trT' = dy A1+ - -+dn A, where Ay, ..., A\, are the distinct eigenvalues of T" and the multiplic-
ities d; are positive integers (8.23). Letting a be the sum of the d; with A\; = 1 minus the sum of those
with A\; = —1, and b the corresponding difference for i and —i (the terms with A; = 0 contributing
nothing), we get trT" = a + bi with a, b integers.

(ii) F = R. Let A = M(T) with respect to any basis of V, an n-by-n real matrix; then A5 = M(T®) =
A by 3.43. Let S € L(C™) be the operator whose matrix with respect to the standard basis is A; then
M(S®%) = A5 = M(S) by 3.43 again, so S5 = S, an operator being determined by its matrix with
respect to a fixed basis. By (i) the real and imaginary parts of tr.S are integers, and tr S = tr 7', both
being the sum of the diagonal entries of A. Since trT is real, its imaginary part is 0 and its real part
is the integer tr S.

Problem 8D.4. Suppose V is an inner product space and T' € L£(V'). Prove that

trT* =trT.

Solution. Fix an orthonormal basis eq, ..., e, of V (6.35). Computing both traces from it by 8.55,

n n

trT* = (T*ep,ex) = » (Tep,ex) =trT,

k=1 k=1

the middle equality because conjugate symmetry and the defining property 7.1 of the adjoint give
(T*ey, ex) = (ex, T*e) = (Tey, ex), and the last because conjugation is additive.
Method (2): with A = M(T, (e1,...,ey)), orthonormality of the basis gives M(T*) = A* by 7.9, and
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(A*)kx = Ak by the definition 7.7 of conjugate transpose. Hence

n n
tr T = ZA;CJC = ZAkvk =trT,
k=1 k=1

the outer equalities by 8.51 computed with this basis, which is legitimate by 8.50.

Problem 8D.5. Suppose V is an inner product space. Suppose T € L(V') is a positive operator and
trT" = 0. Prove that T'= 0.

Solution. Diagonalize T positivity and 7.38 (a) = (c) give an orthonormal basis ey, ..., e, of V with
M(T,(el,...,en)) = diag(A1, ..., An), A > 0.

Since the trace may be computed from the matrix with respect to any basis (8.50, 8.51), 0 = trT =
A1+ -+ An, and a sum of nonnegative reals vanishes only if every term does. So the matrix is the
zero matrix, giving Te;, = 0 for each k and hence, by linearity on a basis, T = 0.

Method (2): by 7.38 (a) = (f) write T' = R*R for some R € L(V'). For any orthonormal basis e, ..., e,
(6.35), the defining property 7.1 of the adjoint applied to R* together with (R*)* = R (7.5(c)) gives
(R*Reg, ex) = || Rex||?, so by 8.55

0=trT =Y (R*Rey,ex) = » || Rex|”.
k=1

k=1

Each summand is nonnegative, so Rep = 0 for every k, whence R=0and T'= R*R = 0.

Problem 8D.6. Suppose V' is an inner product space and P,Q € L(V') are orthogonal projections.
Prove that tr(PQ) > 0.

Solution. Setting S = QP, the trace in question equals tr(S*S) = Y, [|QPex||* > 0 for any orthonormal
basis e, ..., e, of V (6.35).

Orthogonal projections are idempotent and self-adjoint. Say P = Py and Q = Py ; then P? = P and
Q? = Q by 6.57(g). For P* = P, write v = u; + 21 and w = ug + x5 with uy,us € U and 1,20 € U+
(6.49), so that Pv = uj and Pw = ugy (6.55); then (u1,x2) = (x1,u2) = 0 gives

(Pv,w) = (uy,uz) = (v, Pw)

for all v,w € V, so uniqueness of the adjoint yields P* = P, and likewise Q* = Q.
Hence, by 7.5(d) and by 8.56 applied with A = PQ, B = P,

S5*S = P*Q*QP = PQ?P = PQP,

tr(S*S) = tr (PQ)P) = tr (P(PQ)) = tr(P?Q) = tr(PQ).
Finally, by 8.55 together with 7.1 and S** =S (7.5(c)),

tr(S*S) =) (S*Sex, ex) Z ISex]|* = 0.
k=1
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Problem 8D.7. Suppose T € £(C?) is the operator whose matrix is

51 —-12 =21
60 —40 —28
57 —68 1

Someone tells you (accurately) that —48 and 24 are eigenvalues of 7. Without using a computer or
writing anything down, find the third eigenvalue of T'.

Solution. The third eigenvalue is 36: add the diagonal entries to get tr T = 51 — 40 + 1 = 12, then
subtract the two known eigenvalues, 12 — (—48) — 24 = 36.

This works because the trace is the sum of the diagonal entries (8.47, 8.51) and, over C, also the sum
of the eigenvalues counted with multiplicity (8.52), the multiplicities summing to dim C? = 3 (8.25).
Since —48 and 24 each have multiplicity at least 1, there are two cases.

(i) They are the only eigenvalues. Then their multiplicities are 2,1 or 1,2, giving eigenvalue sums

2(—48)+24=—72  or  (—48)+2(24) =0,

neither equal to 12; so 8.52 rules this out.
(ii) There is a third eigenvalue X\. Then three distinct eigenvalues have positive multiplicities summing
to 3, so each multiplicity is 1, and 8.52 gives 12 = (—48) 4+ 24 4+ A, that is, A = 36.

Problem 8D.8. Prove or give a counterexample: If S,7" € L(V'), then tr(ST) = (tr S)(tr T).

Solution. False. Take V = F2? and S =T = I. Then tr I = 2 by 8.47 and 8.51 (the matrix of I in the
standard basis is the identity), so

tr(ST) =trl =2#4=2-2= (trS)(tr 7).

Problem 8D.9. Suppose T' € L(V) is such that tr(ST) = 0 for all S € L(V). Prove that T' = 0.

Solution. Test the hypothesis against the coordinate operators. Fix a basis v1,...,v, of V let A =
M(T) with respect to it, and for j,k € {1,...,n} let Pj, € L(V) send ajv1+- - -+ anv, — agv; (linear,
since the coefficient functionals are). As P KUK = Uj and P; v; = 0 for i # k, we get M(Pj ) = Ejy,
the matrix with 1 in row j, column k£ and 0 elsewhere. Hence by 3.43,

- Ay ifr=j,
]k:A Z rtAts:{ 7 . .
et 0 if r # 7,

so the only possibly nonzero diagonal entry of M(P;T) = E; A sits in row j, where it equals Ay, ;.
Thus by 8.47 and 8.51,
0= tl“(F)jykT) = Ak,j

for all j, k. Hence M(T') = 0, so Tvy = 0 for each k, and therefore T" = 0.

Problem 8D.10. Prove that the trace is the only linear functional 7: £(V') — F such that
T(ST) = 71(TS)

for all S,7 € L(V) and 7(I) = dim V.
Hint: Suppose that v1,...,v, is a basis of V. For j, k € {1,...,n}, define P;, € L(V') by Pj(aiv1 +
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-++ 4 apvp) = agv;. Prove that

1 ifj =k,
T(Pj”“):{o it j £k

Then for T' € L(V), use the equation 7' = >3, >>0 | M(T); Pk to show that 7(T) = tr T.

Solution. The trace itself qualifies: it is a linear functional with tr(ST) = tr(7'S) by 8.56, and tr [ =
n = dim V' by 8.47 and 8.51, where n = dim V. For uniqueness, suppose 7 is linear with 7(S7T") = 7(T'5)
for all S,T and 7(I) = n. Fix a basis v1,...,v, of V and let P;;, € L(V) send ajvi +- - -+ anv, — arvy;
equivalently Pj v, = v; and Pjiv; = 0 for i # k. Evaluating on each v; gives the multiplication rule

(Check!)
Pk = {7 020
(i) If j # k, then P;;P; ) = Pj ), while P;,P;; =0, so
T(Pjk) = 7(P;;Pjr) = 7(PjrPj;) = 7(0) = 0.
(ii) For any j, k, the rule gives P; Py ; = Pj; and Py jPj = Py i, whence
7(Pj ) = 7(PjkPr;j) = 7(Pr;Pir) = 7(Prr) = c.

Since > 7, Pj; = I (both sides fix every v € V), linearity yields n = 7(I) = nc; as F is R or C and
n>1 wegetc=1.

Now let T' € L(V) and A = M(T, (v1,...,vy)). Bothsidesof T'= 3", > . A;,Pj send v; to 3, Ajv;,
so they are equal; applying 7 and using (i) and (ii),

(T) = Z Z Ajp7(Pjg) = Z Ajj=trT
k=1 j=1 j=1

by 8.51. Hence 7 = tr.

Problem 8D.11. Suppose V and W are inner product spaces and T' € L(V,W). Prove that if

€1,-..,en is an orthonormal basis of V and fi, ..., f,, is an orthonormal basis of W, then
n m
w(T*T) =Y > [Tew, )l
k=1 j=1

The numbers (Tey, f;) are the entries of the matrix of 7" with respect to the orthonormal bases
e1,...,en and fi,..., f;. These numbers depend on the bases, but tr(7*T") does not depend on a
choice of bases. Thus this exercise shows that the sum of the squares of the absolute values of the
matrix entries does not depend on which orthonormal bases are used.

Solution. Apply 8.55 to T*T € L(V) and the orthonormal basis e1,...,e,, then Parseval’s identity
6.30(b) to each T'ej, € W and the orthonormal basis f1,..., fi:

tr(T*T) = Y (T*(Teg),ex) = > (ex, T*(Tey))
k=1 k=1
= (Tep,Ter) =Y | Texl> =D [(Tex, f),
k=1 k=1 k=1 j=1

the third equality by the definition 7.1 of the adjoint and the fourth because ||Tex||? is real.
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Problem 8D.12. Suppose V and W are finite-dimensional inner product spaces.

(a) Prove that (S,T) = tr(T*S) defines an inner product on £(V, W).

(b) Suppose ey, ...,e, is an orthonormal basis of V and fi,..., f,, is an orthonormal basis of .
Show that the inner product on L£(V, W) from (a) is the same as the standard inner product on F™",
where we identify each element of £(V, W) with its matrix (with respect to the bases just mentioned)
and then with an element of F"*".

Caution: The norm of a linear map T € L(V, W) as defined by 7.86 is not the same as the norm
that comes from the inner product in (a) above. Unless explicitly stated otherwise, always assume
that ||T'|| refers to the norm as defined by 7.86. The norm that comes from the inner product in (a)
is called the Frobenius norm or the Hilbert—Schmidt norm.

Solution. Throughout fix orthonormal bases eq,...,e, of V and fi,..., fi,, of W (available by 6.35),
and note 7S € L(V) by 7.4.

(a) The four axioms of 6.2 all hold.

(i) Positivity and definiteness: by Exercise 8D.11,

(S,8) = tr(5*S) = [|Sex|* > 0,
k=1

which vanishes exactly when Se;, = 0 for every k, i.e. when S = 0.
(ii) Additivity and homogeneity in the first slot: since T%(S1 + AS2) = T*S1 + AT™*Sq, linearity of the
trace (8.56) gives

(S1+AS2,T) = (51,T) + X\(S2,T).

(iii) Conjugate symmetry: (T*S)* = S*T by 7.5, so by Exercise 8D 4,

(T, 8) = tr (T*S)*) = t(T*S) = (S, T).

(b) By 6.30(a) the entries of A = M(T, (e1,...,en),(f1,---,fm)) and of the matrix B of S are A;; =
(Tey, f;) and B = (Sex, f;). Now 8.55, the definition 7.1 of the adjoint, and 6.30(c) applied in W
give

<S, T> = Z(T*(Sek), 6k> = Z<Sek7T6k>
k=1 k=1
= 2.2 Birdin
k=1 j=1

which under any listing of the mn pairs (j,k) is the standard inner product of the vectors in F™"
corresponding to S and 7. Since M is an isomorphism of L£(V, W) onto F"" (3.71), the two inner
products agree under this identification.

Problem 8D.13. Find 5,7 € L(P(F)) such that ST — TS = 1.

Hint: Make an appropriate modification of the operators in Example 3.9.

This exercise shows that additional hypotheses are needed on S and 7' to extend 8.57 to the setting
of infinite-dimensional vector spaces.

Solution. Take S = differentiation and T" = multiplication by z:

(Sp)(@) =p'(z),  (Tp)(x) =z p(x).

Both map P(F) into itself and are linear (Check!; over C read p’ as the formal derivative). By the
product rule,

(ST —TS)p)(z) = (mp(m))/ —ap'(z) = p(x) +2p'(z) —zp'(x) = p(x)

for every p € P(F),s0 ST —TS = 1.
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9.1 Exercises 9A

Problem 9A.1. Prove that if 8 is a bilinear form on F, then there exists ¢ € F such that

Bla,y) =cry

for all z,y € F.

Solution. Take ¢ = B(1,1). Writing z = - 1 and y = y - 1 and using homogeneity of 3 in the first slot
and then in the second,

for all z,y € F.

Problem 9A.2. Let n = dimV. Suppose g is a bilinear form on V. Prove that there exist
DLy -y PrsTls -+ Tn € V! such that

Blu,v) = @1(u) - 11 (v) + -+ + @n(u) - T (v)

for all u,v € V.
[This exercise shows that if n = dim V, then every bilinear form on V' is of the form given by the
last bullet point of Example 9.2.]

Solution. Take @1, ..., @, to be the dual basis (3.112) of a basis e1, ..., e, of V, and set 7(v) = S(eg, v);
each 7 lies in V'’ because § is linear in its second slot. Since u = ¢1(u)e; + -+ + pp(u)e, by 3.114,
linearity of § in its first slot gives

Blu,v) = B(p1(u)er + -+ 4 n(u) en, v)
= p1(u) B(e1,v) + -+ + pn(u) Blen, v)
= p1(u) - 11(v) + -+ pnl(u) - (V)

for all u,v € V.

Problem 9A.3. Suppose 5: V x V — F is a bilinear form on V and also is a linear functional on
V x V. Prove that g = 0.

Solution. Split (u,v) = (u,0)+ (0,v) in V' x V. Bilinearity makes w — S(u,w) and w — B(w, u) linear
maps, and linear maps send 0 to 0, so 3(u,0) = £(0,v) = 0. Additivity of § on V' x V then gives

Blu,v) = /8((“7 0) + (O,U)) = B(u,0) + B(0,v) =0

for all u,v € V. Hence 8 = 0.

Problem 9A.4. Suppose V is a real inner product space and S is a bilinear form on V. Show that
there exists a unique operator T' € L(V') such that

B(u,v) = (u, Tv)

for all u,v € V.
[This exercise states that if V' is a real inner product space, then every bilinear form on V' is of the
form given by the third bullet point in 9.2.]
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Solution. Define Tv by Riesz representation. For each v € V' the map u — [(u,v) is a linear functional
on the finite-dimensional space V', so by 6.42 there is a unique vector Tv € V with

B(u,v) = (u,Tv) forall u eV,

which defines a function T: V' — V. Throughout we use that (u,w) = 0 for all u € V forces w = 0
(take u = w and apply definiteness in 6.2).
T is linear: for vi,v2 € V, A € R and every u € V, additivity and homogeneity of 3 in its second slot
give
(u, T(v1 + v2)) = B(u,v1) + B(u,vs) = (u, Tvy + Tva),
(u, T(\v)) = A B(u,v) = Mu, Tv) = (u, \Tv),
the last step using that a real inner product is homogeneous (not conjugate-homogeneous) in its second

slot; hence T'(vy + v2) = Tvy + Tve and T'(A\v) = ATv.
Uniqueness: if S,T both represent 3, then (u, Sv —Twv) =0 for all u,v € V,s0 S =T.

Problem 9A.5. Suppose 3 is a bilinear form on a real inner product space V and T is the unique
operator on V such that S(u,v) = (u,Tv) for all u,v € V (see Exercise 4). Show that § is an inner
product on V if and only if 7" is an invertible positive operator on V.

Solution. Since  is bilinear, additivity and homogeneity in the first slot are automatic, so by 6.2 the
question is whether 8 is symmetric, positive, and definite.

(i) Suppose T is invertible and positive, so T* = T and (Tw,v) > 0 (7.34). Symmetry and positivity
follow at once from symmetry of the real inner product:

B(u,v) = (u,Tv) = (Tu,v) = (v,Tu) = B(v,u), B(v,v) = (Tv,v) > 0.
For definiteness, take a positive R with R? = T (7.38, (a) = (d)); R is self-adjoint, so 8(v,v) = 0 gives
0 = (R*v,v) = (Rv, R*v) = || Rvl|?,

whence Rv =0, so Tv = R(Rv) = 0 and v = 0 by injectivity of 7. Thus § is an inner product.
(ii) Suppose f is an inner product. Symmetry of § and of (-,-) gives

(u, Tv) = B(u,v) = B(v,u) = (v,Tu) = (Tu,v) = (u, T v)

for all u,v; taking u = Tv — T™*v yields T* = T. Positivity of g gives (T'v,v) = S(v,v) > 0,80 T is a
positive operator by 7.34. Finally, Tv = 0 forces S(v,v) = (v,0) = 0 and hence v = 0, so T is injective
and therefore invertible (3.65, V' being finite-dimensional).

Problem 9A.6. Prove or give a counterexample: If p is a symmetric bilinear form on V| then
{veV:p(,v)=0}

is a subspace of V.

Solution. False. On V = R? take
1 0
p((x1,22), (y1,92)) = 2191 — 22,  M(p) = (0 _1) :

a bilinear form (each slot is a combination of coordinate functionals) whose matrix with respect to
the standard basis is symmetric, so p is symmetric by 9.12. Then (1,1) and (1,—1) both lie in
{v: p(v,v) = 0}, since 1 — 1 = 0 in each case, but their sum does not:

p((2,0),(2,0)) =4—-0=4#0.

So the set is not closed under addition, hence is not a subspace.
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Problem 9A.7. Explain why the proof of 9.13 (diagonalization of a symmetric bilinear form by an
orthonormal basis on a real inner product space) fails if the hypothesis that F = R is dropped.

Solution. Three steps of the proof of 9.13 use F = R, and each breaks over C. That proof takes
B = M(p,(f1,..., fn)) for an orthonormal basis f1,..., f, (symmetric by 9.12), lets T' be the operator
with that matrix, calls T self-adjoint, diagonalizes T' by the real spectral theorem, and concludes with
M(p, (e1,...,e,)) = C'BC = C~'BC.

(i) “B symmetric = T self-adjoint” fails: by 7.9 the matrix of 7™ with respect to an orthonormal
basis is the conjugate transpose, so T is self-adjoint iff B is Hermitian, which for symmetric B means
all entries real. On V = C with f; = 1 and p(u,w) = iuw, the matrix (¢) is symmetric but 7" is
multiplication by ¢, with adjoint multiplication by —i.

(ii) The real spectral theorem 7.29 requires F = R, and its complex substitute 7.31 requires 7" normal,
which a complex symmetric B need not give. On C? with the standard basis and

1 i e (2 2 2 =2\ o
B_<i —1>’ BB_<—2¢ 2>7é<2z' 2)_33’

so T is not normal and neither spectral theorem applies.

(iii) Even granted a diagonalizing orthonormal basis, the last step collapses: a change of basis trans-
forms the matrix of a bilinear form to C*BC (9.7) but that of an operator to C~!BC (3.84). These
agree over R because a real unitary C has C~' = C* (7.57); over C a unitary C has C~! = C't # C!
in general, so diagonalizing C~'BC' says nothing about C*BC.

Problem 9A.8. Find formulas for dim VS(yQIL and dim ‘él%) in terms of dim V.

Solution. With n = dimV/,

n(n+1)

SU gy =

: (2 _
dim Veym = alt 9

Fix a basis e1,...,e, of V; by 9.5 the map § — M(f) is an isomorphism of V() onto F™", and by
9.12 ((a) < (c) there) it carries ngfgl onto
S={AcF"": A, = A, forall j,k}.

Let E; 1, be the matrix with 1 in row j, column k and 0 elsewhere. The matrices E; ; for j € {1,...,n}
together with F;; + Ej, j for j < k all lie in § and form a basis of it: they span, since for A € §

n
A= AjE;;+ Y Ajk(Ejk + Erj)
j=1 i<k

entry by entry (using Ay ; = A1), and they are independent because the entry in row j, column k
reads off each coefficient (Check!). Counting the n diagonal matrices and the (3) pairs,

dim V{2, = dim S = n + ”("2_ D_ ”(”; D,

Finally V® = V{2 & V% by 9.17 and dim V® = n? by 9.5, so

alt

1 —1
dim V' =2 - ”(”; ) _ ”(”2 ).
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Problem 9A.9. Suppose that n is a positive integer and V' = {p € P,(R) : p(0) = p(1)}. Define
a:V xV —= R by

1
a(p,q) = / pq’.
0

Show that « is an alternating bilinear form on V.

Solution. Bilinearity comes from linearity of the integral and of differentiation: for pi,p2,q1,q2 € V
and A € R,

1
a(pr + Ap2,q) = / (p1q" + A\p2q’)
0
= a(p1,q) + Aa(p2, q),
1
a(p,q1 + A\g2) = /0 p (@1 + Agy)

= Oé(p, Q1) + )\a(p, Q2)7

o0 « is a bilinear form on V' (9.1). For the alternating condition 9.14, the product rule gives pp’ = %(pQ)' ,
and p? is a polynomial, hence continuously differentiable on [0, 1], so the fundamental theorem of

calculus yields
Lt 1)2 — p(0)?
M%M=2/Xﬁy:M):ﬁ()=0
0

for every p € V, the last equality because p(0) = p(1).

Problem 9A.10. Suppose that n is a positive integer and

V ={p € Pu(R):p(0) =p(1) and p'(0) = p'(1)}.
Define p: V x V — R by )
p(p,q) = /0 pq".

Show that p is a symmetric bilinear form on V.

Solution. Integration by parts turns p into a manifestly symmetric expression. Bilinearity is immediate
from linearity of the integral and of ¢ — ¢”:

1
p(p1 + Ap2,q) = / (p1q” + Ap2q")
0
= p(pla Q) + )\p(p27Q)7
1
p(p, q1 + Ag2) = /0 p(qi + Agy)

= p(p,q1) + A p(p, g2),

so p is a bilinear form (9.1). For symmetry, pg’ is a polynomial, hence continuously differentiable on
[0, 1], so the product rule and the fundamental theorem of calculus give

1 1
/(p’q’+pr/’):/ (pg')" = p(1)¢'(1) — p(0)q'(0) =0,
0 0

the last equality because p(0) = p(1) and ¢'(0) = ¢’(1). Hence p(p,q) = — fol p'q’ for all p,q € V; the
same formula with p and ¢ interchanged (legitimate, as ¢(0) = ¢(1) and p’(0) = p/(1) too) gives

1 1
p(g,p) = / qp = / ' = p(p,q),
0 0

which is the symmetry condition 9.9.
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9.2 Exercises 9B

Problem 9B.1. Suppose m is a positive integer. Show that dim V(™ = (dim V)™.

Solution. The n™ products of dual-basis functionals form a basis of V(™) where n = dim V. Fix a basis
€1,...,ey of V with dual basis ¢1,...,¢p, sov = Zj @;(v)e; by 3.114, and for each list (ji,...,jm) in
{1,...,n} set

/3j1,~~~,jm (Uh cee 7Um) = @i (Ul) ©Pim (’Um)
Each lies in V(™) since freeing the k-th slot leaves v — cpj, (v) with ¢ = [ 1,21 #j, (up) independent of
.
Spanning: for § € V™ expanding each vy, in the basis and using linearity in each slot in turn gives

B, yvm) =Y Y 9 (01) 9 (0m) Blejis -5 €j,)

J1=1 Jm=1

— Z . Z ﬁ(ejl, .. ,ejm) 6j1,...,jm('01> s Um)s

Ji=1 Jm=1

so ff = Zjl T ij Blejis - €jm) Bit s

Independence: evaluating a vanishing combination ) ¢, . . Bj1,....jm = 0 at (ex,, ..., ex,,) kills every
term except the one with j, = k, for all p, giving ¢, . %, = 0.

There are n™ such index lists, so dim V(™) = n™ = (dim V)™.

Problem 9B.2. Suppose n > 3 and a: F" x F" x F" — F is defined by

Oé((l'l, o 7xn)a (ylu o 7yn)7 (Zla ey Zn))
= T1Y223 — TaY123 — T3Y221 — T1Y322 + T3Y122 + Tays21.

Show that « is an alternating 3-linear form on F”.

Solution. The six terms are exactly the six permutation terms of perm 3, each weighted by its sign.
Writing ¢; for the j-th coordinate functional on F" and computing signs from 9.32,

sign(1,2,3) =1, sign(2,1,3) = —1,
sign(3,2,1) = —1, sign(1,3,2) = —1,
sign(3,1,2) =1, sign(2,3,1) =1,

so matching term by term with the defining formula gives

O[(uy 'U, w) = Z (Slgn(]17]2’J3)) 80]1 (u) 90‘72 (’U) 90‘73 (’LU)
(J1,J2,43)Eperm 3

3-linearity: freeing one slot leaves a linear combination of ¢1, s, o3 whose coefficients involve only the
other two (fixed) vectors, hence a linear functional on F".

Alternating: by 9.27 it suffices that a(u,v,w) = 0 when two arguments coincide. If v = v, the map
(J1,J2,7J3) — (Jo, j1,J3) is a fixed-point-free involution of perm 3, so it splits perm 3 into three pairs; it
reverses sign by 9.34 while leaving ¢;, (u)@j, (v)¢j, (w) unchanged (since u = v), so the paired terms
cancel and the sum is 0. For v = w use (j1, j2,73) — (J1, 73, J2); for u = w use (41, j2,43) — (43,72, 71)-

Problem 9B.3. Suppose m is a positive integer and « is an m-linear form on V such that
a(vi,...,vy) = 0 whenever vq,...,v,, is a list of vectors in V with v; = v;y; for some j €
{1,...,m — 1}. Prove that « is an alternating m-linear form on V.
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Solution. Swapping adjacent slots reverses the sign of a, and that reduces equal entries in any two slots
to the adjacent case. (For m = 1 the condition in 9.27 is vacuous, so assume m > 2.)

(i) Fix j € {1,...,m — 1} and all entries outside slots j,j + 1, and write a(...,a,b,...) for the value
with a in slot 5 and b in slot j 4+ 1. Putting « + w in both slots and expanding by linearity in each,

O=al...,uu,...)+al...,u,w,...)+al...,wu,...)+al..,ww,...),
where the outer terms vanish by hypothesis; hence (..., w,u,...) = —a(...,u,w,...).
(ii) Suppose v; = v, with j < k. If kK = j + 1, the hypothesis gives a(v1,...,vy) = 0 directly. If

k > j + 1, perform the kK — j — 1 adjacent swaps of slots (k — 1,k), then (k — 2,k — 1), down to
(j + 1,7 + 2); these never touch slot j and move vy into slot j + 1, producing the list

Vlye ooy Vj—1,V5, Vs Vi1« o5 V=15 Vkt-15 - - - 5 Ums
whose slots j and j + 1 hold the equal vectors v;,vx. So « of it is 0, and by (i)
alvy,...,vm) = (=171 0=0.

By 9.27, « is alternating.

Problem 9B.4. Prove or give a counterexample: If o € Vﬁ), then

{(v1,v2,v3,v4) € V1 a(vy,v2,v3,v4) = 0}

is a subspace of V4.

Solution. False. Let V = F* with standard basis e1, e, e3, 4, and let a € Va(é) be the form built in
9.38 from that basis, so a(e1, ez, e3,e4) = 1. Set

E= {(0170277)377)4) S V4 : 06(7)1,1)2,1)3,1)4) = 0}

Then (e1,e2,e3,e3) € E, since « is alternating (9.27) and two entries coincide, and (0,0,0,e4) € F,
since « is linear in its first slot. But their coordinatewise sum is not in E: by linearity in the fourth
slot,

afer,es,e3,e3+eq) = afer, ea,e3,e3) + afer, ez, e3,e4) =0+ 1=1#0.

So E is not closed under addition, hence is not a subspace of V4.

Problem 9B.5. Suppose m is a positive integer and (3 is an m-linear form on V. Define an m-linear
form « on V by

(V1. .y Uy) = Z (sign(j1, - - -5 9m)) B(Vj; -, V5)

(J1,---»Jm ) Epermm

for vy,...,vy, € V. Explain why « € V;lT).

Solution. The sum cancels in pairs under a sign-reversing involution of permm. Identify (j1,...,jm) €
permm with the bijection j of {1,...,m} given by j(p) = jp.

Suppose v, = vs with r # s (for m = 1 the condition 9.27 is vacuous). Given (ji,...,7Jm), let p,q be
the indices with j, = r and j, = s, which are distinct, and let ®(j1,...,jm) = (j,-- -, Ji,) be obtained
by interchanging the entries in slots p and ¢; it again lies in perm m. Then:

(i) @ is a fixed-point-free involution, since jz/) = s # r = j, and applying ® again swaps back those
same two slots; so ® partitions perm m into two-element subsets.

(ii) @ reverses sign, by 9.34 applied to a swap of two entries.
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(iii) ® leaves /8 unchanged: Vi = Vs = Up = Uj, and v = Up = Vs = U, with v = vy, otherwise, so
the two argument lists are identical.
Hence each pair {(j1,...,jm), ®(j1,...,Jm)} contributes

(Sign(jla cee 7]m) - Sign(.jh s 7jm))6<vj17 cee 7Ujm) =0

to a(vy,...,vm), S0 a(v1,...,vy) =0 and 9.27 gives a € Va(lT).

Problem 9B.6. Suppose m is a positive integer and (8 is an m-linear form on V. Define an m-linear
form a on V by

a(Ul,...,Um): Z ,B(Ujl,-.-,vjm)

(jlv"'ajm)epermm

for vy,...,vy, € V. Explain why
a(Vky s ooy Uk, ) = (U1, ..., 0m)

for all vy,...,v, € V and all (ki,...,ky) € permm.

Solution. Rearranging the inputs of « only reindexes the sum defining it. Identify each (j1,...,jm) €
permm with the bijection j of {1,...,m} given by j(p) = j,. Putting w, = vy, the definition of «
gives

a(Vky s -y Uk, ) = Z B(wj,, ..., wj,)

(J1,--.Jm)Epermm
= E Bvk;, - Vk;,, )
(J1,--,3m ) Eperm m

Now ¥(j1,...,Jm) = (kj, ..., kj,,) is the list of the composition k o j, again a bijection of {1,...,m},
so ¥ maps permm into itself; and ¥ is injective, since k;, = kj; for all p forces j = j' by injectivity of
k, hence bijective on the finite set perm m. Reindexing the finite sum by ¥ therefore gives

a(Vgy,y ooy Vg,) = Z Biys -y 0i,,) = V1, ..., Up).

(i1,...,4m )Epermm

Problem 9B.7. Give an example of a nonzero alternating 2-linear form a on R? and a linearly
independent list vy, v in R? such that a(vy,vs) = 0.
This exercise shows that 9.39 can fail if the hypothesis that n = dim V' is deleted.

Solution. Take

af(z1, w2, w3), (Y1, Y2, ¥3)) = T1y2 — Tay1, v1 = (1,0,0), w2 =(0,0,1).

Each slot of « is a combination of the first two coordinate functionals with coefficients independent of
that slot, so « is a 2-linear form (9.25); it is alternating since a(u, u) = x129 —x2x1 = 0 (9.27); and it is
nonzero since a((l,0,0), (0, 1,0)) = 1. The list v, v9 is linearly independent (av; + bvy = (a,0,b) =0
forces a = b =0), yet

a(vy,v2) =1-0—0-0=0.

9.3 Exercises 9C

Problem 9C.1. Prove or give a counterexample: S,7 € L(V) = det(S+T) =det S+ detT.

Solution. False. Take V = F2 and S = T' = I. The two bullet points of 9.42 give det(A\I) = A™V and
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detI =1, so
det(S4+T)=det(2) =22 =4 #2=1+1=det S + detT.

Problem 9C.2. Suppose the first column of a square matrix A consists of all zeros except possibly
the first entry A; ;. Let B be the matrix obtained from A by deleting the first row and the first
column of A. Show that det A = Ay ; det B.

Solution. Only the permutations fixing 1 survive in 9.46, and those are perm(n — 1) relabelled. Let
n > 2 be the size of A (so that B is a matrix in the sense of 9.43); the hypothesis is A;; = 0 for j > 2,
and B.s = Ay41,s41. Since a permutation with j; # 1 contributes a factor A;, 1 = 0, formula 9.46
collapses to
detA = Z (Sign(jl, Ce 7jn))A1,1Aj2,2 o Ajn,n-
(J1,--5Jn)Epermn
Ji=1

The map (1,j2,...,4n) = (k1,...,kn—1) = (j2 — 1,...,jn — 1) is a bijection of this index set onto
perm(n — 1), with inverse j..1 = k, + 1. It preserves signs: by 9.32 the sign is (—1)" with N the
number of pairs k < £ appearing out of order, no such pair involves the leading 1, and subtracting 1
from every remaining entry is an order-preserving relabelling. It also preserves products, since

A,jr+177'+1 = Akr—l—l,r—&-l = Bk7-,r for r € {1, e, — 1}.
Reindexing accordingly and applying 9.46 to B,

det A = A171 Z (sign(kl, RN k’nfl))Bkzl,l cee Bk’n_l,n—l = Al,l det B.
(k1,....,kn—1)€perm(n—1)

Problem 9C.3. Suppose T' € L£(V) is nilpotent. Prove that det(I +T) = 1.

Solution. By 8.18 there is a basis of V' with respect to which N = M(T) is upper triangular with all
diagonal entries 0; this holds over R as well as over C, since the minimal polynomial of a nilpotent
operator is 2™, so 5.44 applies over either field and 5.41 makes the diagonal entries 0. With respect
to that basis M(I +T) = I+ N is upper triangular with every diagonal entry equal to 1, so 9.53 and
9.48 give

det(I+T)=det(/+N)=1---1=1.

Method (2) (for F = C): if (I/+T)v = Av with v # 0, then Tv = (A—1)v, so A—1 = 0 by 8.17(a). Thus
1 is the only eigenvalue of I + T, of multiplicity dim V by 8.25, and 9.55 gives det(I 4+ T) = 19mV = 1.

Problem 9C.4. Suppose V is an inner product space and S € £(V'). Prove that S is unitary if and
only if |det S| = ||S|| = 1.

Solution. Let n = dim V and let s; > --- > s, be the singular values of S (7.65), so that
IS][=s1  and  [detS|=s1-sp

by 7.85 with the definition 7.86, and by 9.60.
(i) If S is unitary, then S is an isometry (7.51), so ||Sv|| = ||v|| for every v; since V' # {0} there is a
vector of norm 1, so the maximum defining ||.S|| equals 1. Also |det S| =1 by 9.58.
(ii) Conversely, suppose |det S| = [|S|| = 1. Then s; =1, so 0 < s < 1 for every k; were some s < 1,
then s; - - s, < s < 1, contradicting s; - - - s, = |det S| = 1. Hence s; = --- = s, = 1, and the singular
value decomposition 7.70 supplies orthonormal lists eq,..., e, and fi,..., f, in V| each a basis (6.25
and 2.38), with

Sv=(v,e1)fi+ -+ (v,en)fn
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for every v € V. Then 6.24 and Parseval’s identity 6.30(b) give

n
2
IS0l = [ (v, ex)|” = [[0]1?,
k=1

so S is an isometry, hence injective, hence invertible (3.65), hence unitary (7.51).

Problem 9C.5. Suppose A is a block upper-triangular matrix

A1 *
A= .
0 A

where each Ay along the diagonal is a square matrix. Prove that

det A = (det Ay) - -- (det Ayy,).

Solution. Say Ay is ng-by-ni and n = ny +- - - + n,,. Deleting the first n; rows and columns of A leaves

a block upper-triangular matrix with diagonal blocks As, ..., A, and everything below A; vanishes;
so by induction on m it suffices to treat m = 2, say
A C
A pu—
(5 %)

with A; of size p, Aa of size ¢, and n = p + ¢; thus A;, = 0 whenever j > p > k, while A;, = (A1)
for j,k <pand Aj; = (A2)jpr—p for j, k> p.
In the formula 9.46

det A = Z (Sign(jl, e ,jn))Ajl,l s Ajn,n
(J1s--:Jn) Epermn
a nonzero term forces ji < p for every k < p, hence forces o = (j1,...,Jp) € permp and 7 =
(Jp+1 =D, - - -, Jn —p) € perm g; conversely each such pair (o, 7) arises from exactly one permutation of
(1,...,n). For such a permutation the values at most p occupy the first p slots, so no pair straddling

p is inverted and the inversion count of 9.32 splits:
sign(o1,...,0p, 71 +p,..., T4+ p) = (signo)(sign7).

Since also Ag, 1 = (A1)e,k for K <pand A; 4p ptr = (A2)7,r, the sum factors:

p

det A = Z Z (sign o)(sign ) H(Al)g,wk H(Az)rr,r

oEpermp TEpermq k=1 r=1

= (det Ay)(det Ag),

the last line by 9.46 applied to A; and to As. (The entries of C' never appear, since no contributing
permutation selects a position with j <p < k.)

Problem 9C.6. Suppose A = (v1 vn) is an n-by-n matrix, with v denoting the kth column
of A. Show that if (mq,...,m,) € permn, then

det (Um, -+ Um,) = (sign(mi,...,my))det A.

Solution. Define a: (F™)" — F by

a(ug, ..., u,) = det (u1 un);
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by 9.45 this is an alternating n-linear form on F™. Applying 9.35 to « with the permutation
(mq,...,my) and the columns vy, ..., v, of A,

det (vml e vmn) = (sign(ml, . ,mn)) a(vy, ..., vp) = (sign(ml, A mn)) det A.

Problem 9C.7. Suppose T' € L(V) is invertible. Let p denote the characteristic polynomial of T'
and let ¢ denote the characteristic polynomial of 7~!. Prove that

q(z) = p(lo)zdimvpC)

for all nonzero z € F.

Solution. Let n = dimV, so p(z) = det(zI — T) and q(z) = det(zI — T~!) by 9.63. The third bullet
point of 9.42 together with det 7' # 0 (9.50) gives

I G O

p(0)  detT’

p(0) =det(=T) = (—=1)"det T # 0,

Now fix z € F with 2 # 0. Then 2zl — T-! = —T71(I — 2T) (expand the right side) and I — 2T =
z(11 —T), so multiplicativity of the determinant (9.49(a)) and the third bullet point of 9.42 twice give

(_1)n 1 1 dimV 1
— M det( ST —T) = ——zdmVy( =
detT 72 p(O)Z P\Z)>

using det(—7~1) = (=1)"det(T~ 1) = (—1)"/det T (9.50) and the definition of p.

Problem 9C.8. Suppose T' € L(V') is an operator with no eigenvalues (which implies that F = R).
Prove that detT" > 0.

Solution. Let n = dimV > 1 (here F = R, by 5.19) and let p(z) = det(zI — T') be the characteristic
polynomial of T' (9.63), a monic polynomial of degree n with real coefficients (the observation just after
9.63). By 9.51 the real zeros of p are exactly the eigenvalues of 7', so p has none; hence the factorization
4.16 of the nonconstant p over R has no linear factors:

p(x) = c(@® + bz +c1) - (2% 4 by + car), b < 4dcy,.

Comparing leading coefficients and degrees gives ¢ = 1 and n = 2M, so n is even. Each ¢ > bz /4 >0,
so by the third bullet point of 9.42,

detT = (—1)"detT = det(—T) =p(0) =c1---cpr > 0.

Problem 9C.9. Suppose that V is a real vector space of even dimension, 7' € L(V'), and det T < 0.
Prove that T has at least two distinct eigenvalues.

Solution. Suppose instead that T" has at most one distinct eigenvalue. Let n = dim V', even, and let
p(z) = det(xzI —T') be the characteristic polynomial of 7" (9.63), monic of degree n with real coefficients;
by the third bullet point of 9.42 and the evenness of n,

p(0) =det(=T) = (—1)"detT =det T < 0,

and det T # 0 makes T invertible (9.50), so 0 is not an eigenvalue. Factor the nonconstant p over R
by 4.16 and compare leading coefficients and degrees:

plx) = (x = N"q(x),  q(z) = (@>+bx+ec1)- - (@ + by + car),
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with bz < 4cg and m + 2M = n; here all the linear factors share the same root A, since completing the
square shows each quadratic factor has no real zero, so by 9.51 the eigenvalues of T" are exactly the \;
occurring and by hypothesis there is at most one such value. Each ¢ > bi /4>0,s0q(0) =cy---cpr >
0, and m =n — 2M is even.

(i) m = 0: then p(0) = ¢(0) > 0.

(ii) m > 0: then A is an eigenvalue, so A # 0, and p(0) = (—X)"¢(0) = A™¢(0) > 0.

Either way p(0) > 0, contradicting p(0) < 0. Hence T has at least two distinct eigenvalues.

Problem 9C.10. Suppose V is a real vector space of odd dimension and 7' € £L(V'). Without using
the minimal polynomial, prove that T" has an eigenvalue.

[This result was previously proved without using determinants or the characteristic polynomial; see
5.34.]

Solution. Let n = dim V', odd, and let p(x) = det(xI —T') be the characteristic polynomial of T" (9.63).
Applying 9.46 to xI — A, where A = M(T') with respect to any basis (9.53), the identity permutation
contributes (z — A1)+ (x — Ay ) while every other permutation moves at least two indices and
so contributes degree at most n — 2; hence p is monic of degree n with real coefficients (no minimal
polynomial is used). By 4.16 there are real ¢, A1,..., A\, b1,...,bar,¢1, ..., cpr with

pE)=clz—XA\)-(x—Ap) - (@2 +brx+¢1)--- (@2 + by + cpr),

so comparing degrees gives n = m + 2M; since n is odd, m is odd and in particular m > 1. Thus
det(A1l —T) = p(A1) = 0, which by 9.51 says that A\; is an eigenvalue of 7T'.

Problem 9C.11. Prove or give a counterexample: If F =R, T € L(V), and det T > 0, then T has
a square root.
[fF=C,T e L(V), and det T # 0, then T has a square root (see 8.41).]

Solution. False: take V = R? and T'(z,y) = (—x,—2y), whose matrix with respect to the standard
basis is diagonal with —1, —2 on the diagonal, so detT =2 > 0 by 9.53 and 9.48.

Suppose S € L(R?) satisfied S? = T. Then ST = S5% = 528 =TS, so E(—1,T) is invariant under S:
if T'v = —v, then T'(Sv) = S(Tv) = —(Sv). Since (T+I)(z,y) = (0, —y), we have E(—1,T) = span(ey),
so Se; = aej for some a € R. Applying S again,

a’e; = S%¢; = Tey = —eq,

so a®> = —1, impossible in R.

Problem 9C.12. Suppose S,T € L(V) and S is invertible. Define p: F — F by

p(z) =det(zS = 1T).

dim V

Prove that p is a polynomial of degree dim V' and that the coefficient of z in this polynomial is

det S.

Solution. Because S is invertible, 28 — T = S(zI — S™IT) for every z € F, so multiplicativity of the
determinant (9.49(a)) gives

p(z) = (det S) q(2), where ¢(z) = det(zI — S7'T).

Here g is the characteristic polynomial of S~!7" (9.63), and it is monic of degree n = dim V: applying
9.46 to zI — A with A = M(S™IT) (9.53), the identity permutation contributes the monic degree-n
product (z — Ay1)--- (2 — Ap ), while every other permutation moves at least two indices and so
contributes degree at most n — 2. Since det S # 0 (9.50), the polynomial p = (det.S)q has degree
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exactly dim V and its coefficient of z4™V is det .

Problem 9C.13. Suppose F = C, T € L(V), and n = dimV > 2. Let Ay,...,\, denote the
eigenvalues of T, with each eigenvalue included as many times as its multiplicity.

(a) Find a formula for the coefficient of 2"~2 in the characteristic polynomial of 7" in terms of
Alsy Ane
(b) Find a formula for the coefficient of z in the characteristic polynomial of 7" in terms of A1, ..., \,.

Solution. By 9.62, the characteristic polynomial of 7" is the product of (z — Mj)dj over the distinct
eigenvalues p; with multiplicities d;; since F = C those multiplicities sum to n (8.25), so that product
is

q(z2) =(z—=M)(z = A2) -+ (2 — An).
Expanding by choosing —\; from the factors indexed by a set A C {1,...,n} and z from the rest,

n

q(z) = Z(—l)Terznfr, e = Z DYSEEED. VI

r=0 1<k1<-<kr<n

(a) Take 7 = 2: the coefficient of 2”2 is

€y — Z /\j)\k:

1<j<k<n

(b) The coefficient of z = z! is the case r = n — 1, and a set of size n — 1 is the complement of one

(—1)”71671_1 = (—1)"71 i H )\j.

k=1 j#k

index, so it equals

Problem 9C.14. Suppose V is an inner product space and T is a positive operator on V. Prove

that
det VT = Vdet T.

Solution. Both T and its unique positive square root v'T (7.39, 7.40) are positive operators, so det 7' > 0
and det /T > 0 by 9.59. Multiplicativity of the determinant (9.49(a)) applied to vTVT = T gives

<det \/f)2 =detT.

Thus det /T is the (unique) nonnegative real square root of det T, that is, det /T = v/det T.

Problem 9C.15. Suppose V is an inner product space and T' € L(V'). Use the polar decomposition
to give a proof that
|det T'| = /det(T*T)

that is different from the proof given earlier (see 9.60).

Solution. By the polar decomposition 7.93 there is a unitary S € L(V) with T' = SR, where R =
VT*T is the unique positive square root (7.39, 7.40) of the positive operator T*T (self-adjoint since
(T*T)* = T*T, and (T*Tw,v) = ||[Tv|? > 0). Multiplicativity of the determinant (9.49(a)) together
with |det S| =1 (9.58) and det R > 0 (9.59) gives

|det T'| = | det S| |det R| = | det R| = det R,
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while 9.49(a) applied to R? = T*T gives
(det R)? = det(T*T).

Since det R and det *T') are both nonnegative (9.59), taking nonnegative square roots yields | det T'| =

det R = \/det(T*T

Problem 9C.16. Suppose T' € L(V). Define g: F — F by g(z) = det(I + zT). Show that
g (0) =trT.

[Look for a clean solution to this exercise, without using the explicit but complicated formula for the
determinant of a matrix.|

Solution. Fix a basis of V, let A = M(T) with respect to it (so trT = A;; + --- + Ay pn, where
n =dim V), write A., for the k™ column of A, and put

D(vl,...,vn):det(vl Un)y

an alternating n-linear form on F” by 9.45. Since M(I +2T) = I +zA, whose k" column is ey, +zA. L,
9.53 and linearity in each of the n slots give

n

g(x) =D(er +zA.1,....,en+ A ;) = Z cmx™

m=0

where ¢,,, sums D(uf, ..., u3) over the m-element sets S C {1,...,n}, with uf = A for ke S and

’ '
uf = ey, otherwise. So g is a polynomial function and ¢’(0) = ¢;. Expanding A.j = >_j Ajrej in the

one displaced slot and using that D is alternating (the terms j # k repeat a vector, hence vanish),

n n
1 = ZD(el, ce €1, Ak €1y, Ep) = ZAk»k det I =trT.
k=1

Problem 9C.17. Suppose a, b, c are positive numbers. Find the volume of the ellipsoid

22 2 2
{(w,y, )ER3 +:ZQ+Z<1}

by finding a set 2 C R? whose volume you know and an operator 7 on R? such that T(£2) equals
the ellipsoid above.

4

Solution. The ellipsoid E equals T(f2), where € is the open unit ball of R?, of volume 5, and

T(x,y,z) = (ax,by, cz): indeed

(@2 | (p? | ()

_ .2 2 2
2 b2 2 =z +y +z,

and T is a bijection of R?, with T~ !(u, v, w) = (u/a,v/b,w/c), so the two conditions correspond. The
matrix of T" with respect to the standard basis is diagonal with a, b, c on the diagonal, so detT" = abc
by 9.53 and 9.48. Since a, b, ¢ > 0, the volume-change formula 9.61 gives

47 Amabc

volume E = |det T'| (volume ) = abc - 3 =3

Problem 9C.18. Suppose that A is an invertible square matrix. Prove that Hadamard’s inequality
(9.66) is an equality if and only if each column of A is orthogonal to the other columns.
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Solution. Let vy, ...,v, be the columns of A. These are linearly independent, so the QR factorization
7.58 gives A = QR with @ unitary and R upper triangular with positive diagonal entries. Since @ is
an isometry, ||vg|| = |QR. k|| = || R. k||, while 9.49(b), 9.58 and 9.48 give |det A| = |det R| = [ [, R -
Upper-triangularity gives, factor by factor,

IR&I1° = REp+ > IRxl* > RY
i<k
50 0 < Ry i < ||R. k||, with equality exactly when R = 0 for all j < k. All factors on both sides being
positive, one strict factor makes the product strict; hence

|det A| = H |lvg]| <= R is diagonal.
k=1

It remains to see that R is diagonal if and only if the columns of A are pairwise orthogonal.
(i) If R is diagonal, then v, = QR. ; = Ry, Q. , and the columns of the unitary @) form an orthonormal
list, so for j # k

(vj, vr) = Rjj Bip (@5, Q. k) = 0.

(ii) Conversely, if the vi, are pairwise orthogonal, then R.; = Q*v, and Q* preserves inner products,
so the columns of R are pairwise orthogonal. Induct on k to get R.; = R}, ex: this holds for £ =1 by
upper-triangularity, and if R. ; = R; je; for every j < k, then

0= <R',k7 R'7j> = ERJ}]C

with R;; > 0 forces R; ) = 0 for every j < k, and R;; = 0 for j > k already.

Problem 9C.19. Suppose V is an inner product space, €1, ..., e, is an orthonormal basis of V', and
T € L(V) is a positive operator.

(a) Prove that det T < [[;_,(Tex, ex).

(b) Prove that if T" is invertible, then the inequality in (a) is an equality if and only if e is an
eigenvector of T" for each k =1,...,n.

Solution. Let R = /T (7.39, 7.40), so R*R = R> =T, and let B = M(R, (e1,...,ey,)), with columns
B. ). By 9.49(a), 9.56(c) and 9.53,

det T = det(R*R) = det R det R = | det B|?,
while Re, = 3, Bjxe; with ey, ..., e, orthonormal gives, by Parseval’s identity 6.30(b),
(Tey, ex) = (Rey, Rey,) = || Re||* = || B.x||*.

(a) Hadamard’s inequality 9.66 applied to B gives |det B| < [], ||B.l/; squaring (both sides are

nonnegative),
n

n
det T =|det B* < [[ IB.&I* = [[(Tex ex).
k=1 k=1
(b) If T is invertible, then det T # 0 (9.50), so B is invertible; since z + 22 is injective on [0, 00),
the inequality in (a) is an equality exactly when Hadamard’s inequality for B is, which by Exercise
9C.18 happens exactly when the columns of B are pairwise orthogonal. Coordinates with respect to
an orthonormal basis preserve inner products (6.30(c)), so for j # k

(B.j, B.x) = (Rej, Rey) = (Tej, ex),

and since Tej = Y, (Tej, e)ex, by 6.30(a), the vanishing of all of these is equivalent to T'e; = (T'e;, e;)e;
for each j, that is, to each e; being an eigenvector of 7.
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Problem 9C.20. Suppose A is an n-by-n matrix, and suppose c is such that |4,z < ¢ for all
J,k € {l,...,n}. Prove that
|det A] < *n"/2.

[The formula for the determinant of a matrix (9.46) shows that | det A| < ¢"n!. However, the estimate
given by this exercise is much better. For example, if ¢ = 1 and n = 100, then ¢"n! ~ 10'%, but the
estimate given by this exercise is the much smaller number 10'%. If n is an integer power of 2, then
the inequality above is sharp and cannot be improved.]

Solution. Let vy, ..., v, be the columns of A; note ¢ > |A; 1| > 0. For each k, the hypothesis gives
n
lowll> = > 14kl* < ne?,
j=1
50 |lvg]| < ey/n. Since all these quantities are nonnegative, Hadamard’s inequality 9.66 then gives

|det A] < H og|| < (ev/n)"™ = c"n™2.
k=1

Problem 9C.21. Suppose n is a positive integer and 6: C™"™ — C is a function such that
d(AB) =46(A) - 4(B)

for all A, B € C™" and §(A) equals the product of the diagonal entries of A for each diagonal matrix
A € C™™, Prove that
d(A) =det A

for all A € C™".

[Recall that C™™ denotes the set of n-by-n matrices with entries in C. This exercise shows that
the determinant is the unique function defined on square matrices that is multiplicative and has the
desired behavior on diagonal matrices. This result is analogous to Exercise 10 in Section 8D, which
shows that the trace is uniquely determined by its algebraic properties.]

Solution. First, 6(I) = 1, since [ is diagonal with all diagonal entries 1. Hence if A is invertible then
§(A)S(A™Y) = 8(I) = 1, so §(A) # 0, and since complex numbers commute

S(SAS™) =6(8)8(A)6(S7H) =6(A)6(S)6(S7) =6(A)

for every invertible S. Below EU*) is the matrix with 1 in row j, column k and 0 elsewhere, and a
matrix is identified with its operator on C™ relative to the standard basis.
(i) A not invertible. Then detA = 0 (9.50). Pick v # 0 with Av = 0, extend to a basis
Viy...,Un—1,0 (2.32), and let @ be the (invertible) matrix with those columns; the columns of AQ
are Avi,...,Av,_1,0. Right multiplication by a diagonal D scales column k by Dy, so with Dy
diagonal with entries 1,...,1,0 we get (AQ)Dy = AQ and hence, since §(Dy) = 0,

6(A)6(Q) = 0(AQ) = 6(AQ) 6(Do) = 0.
As §(Q) # 0, this gives §(A) = 0 = det A.
(ii) (I + aEUR) =1 for j # k and a € C. Write Tjx(a) = I + aEUF); since EUF EUF) =0, we get
T; 1(a)Tj;(b) = Tjx(a+b), so Tjy(a) is invertible (inverse T} ;(—a)) and Tjx(a)? = Tjx(2a). Let D

J J
be diagonal with D;; = 2 and all other diagonal entries 1; conjugation by D scales the (j, k) entry by

Dj /Dy =2, so DT} (a)D~' = T} x(2a) = Tjx(a)? and therefore
§(Tjs(a)) = 6(DTjp(a) DY) = 6(T;k(a))’.

Thus §(Tjx(a)) € {0,1}, and it is nonzero by invertibility, hence equals 1.
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(iii) 6(N) = 1 for every upper-triangular N with 1’s on the diagonal. Such an N is a product of
matrices I +aE7F) with j < k, by induction on the size m (the case m = 1 being the empty product):
with 7 = Ny, for £ > 2 and N’ obtained from N by deleting the first row and column,

1 0\ /1 r 1 r A
N:(o N’> <0 I)’ (0 I>:]}_[2(I+TkE(l’k))’

the product collapsing because EM) ELKR) = 0 for j k > 2; and the first factor is the image of N’
under the map placing a matrix in the lower-right block below a leading 1, which is multiplicative and
carries I + aEWk) to I + aEUTLEHD) | 5o the induction hypothesis applies to it. Now multiplicativity
and (ii) give 6(N) = 1.

(iv) A invertible. By 5.47 the operator A has an upper-triangular matrix U with respect to some
basis uq,...,u, of C"; with P the invertible matrix whose columns are uq,...,u, we get APe; =
Auy, = PUe, for each k, so A= PUP~!. Hence §(A) = §(U), while 9.49(b) applied to PUP~! and to
PP~ = I gives det A = det U. Since U is invertible, 9.48 and 9.50 give det U = Uii--Unpn # 0, so
with D the diagonal matrix with entries Uy 1,..., Uy the matrix N = D~'U is upper triangular with
1’s on the diagonal, and

5(A) = §(DN) = (D) §(N) = Uy -+ Upp = det U = det A.

9.4 Exercises 9D

Problem 9D.1. Suppose v € V and w € W. Prove that v ® w = 0 if and only if v =0 or w = 0.

Solution. Both directions come from (v ® w)(p, ) = p(v)7(w) (9.71).

(i) If v =0 or w = 0, then p(v)7(w) =0 for every p € V' and 7 € W/, so v @ w = 0.

(ii) If v # 0 and w # 0, extend each of the linearly independent lists v and w to a basis (2.32) and
apply the linear map lemma 3.4 to get ¢ € V/ and 7 € W’ with p(v) = 7(w) = 1; then

(v@w)(p,7) =) T(w) =1#0,

so v ®@w # 0.

Problem 9D.2. Give an example of six distinct vectors vy, va, v3, w1, we, w3 in R? such that
v1 @ w1 +v2 @ w2 +v3 w3 =0

but none of v1 ® w1, v9 ® we, v3 ® ws is a scalar multiple of another element of this list.

Solution. Take, with e, e, e3 the standard basis of R3,

V1 =€1 = (1,0,0), wp = e = (0, 1,0),
Vo = 261 = (2,0,0), Wo = €3 = (0,0, 1),
V3 = —e] = (—1,0,0), w3 = eg + 2e3 = (0,1,2),

six distinct vectors. Writing A = e; ® e and B = e1 ® eg, bilinearity (9.73) gives
v1 Quwp = A, v9 ® we = 2B, v Qw3 =—A— 2B,

whose sum is 0. Since e and ey, e3 are linearly independent lists, 9.74(a) makes A, B linearly indepen-
dent in R?*®R3. Each of the six statements “one of A, 2B, —A—2B equals A times another” rearranges
to aA+ BB = 0 whose coefficients «, 8 do not both vanish for any A € R, hence is impossible. (Check!)
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Problem 9D.3. Suppose that vi,...,v, is a linearly independent list in V. Suppose also that
w1, ..., Wy, is a list in W such that

v QW + -+ Uy @ Wy, = 0.

Prove that wy =--- = w,, = 0.

Solution. Fix k. Extend vy, ..., vy, to a basis of V (2.32) and use the linear map lemma 3.4 to obtain
p € V' with p(vg) =1, ¢(v;) =0 for j # k, and ¢ = 0 on the added basis vectors. Applying the zero
functional v ® wy + -+ + vy @ Wy, to (@, 7), where 7 € W' is arbitrary, gives by 9.71
m
0="> ov;) 7(w;) = 7(w).

Jj=1

Were wy, # 0, then 2.32 and 3.4 would supply 7 € W’ with 7(wg) = 1 (as in Exercise 9D.1). Hence
wyg, = 0 for every k.

Problem 9D.4. Suppose dim V' > 1 and dim W > 1. Prove that
{vew: (v,w) eV xW}

is not a subspace of V@ W.
This exercise implies that if dimV > 1 and dim W > 1, then

{vew: (v,w) eVW}#V W

Solution. The set E = {v @ w : (v,w) € V x W} is not closed under addition. Choose linearly
independent lists vy, v2 in V and wy, we in W (possible since dim V' > 1 and dim W > 1), and suppose
V] ® W 4 v2 @ we = v @ w for some v € V and w € W. Extend v, v to a basis vy,...,v, of V (2.32)
and write v = ajvy + - - - + a,vy; bilinearity (9.73) then turns the supposed equation into

n
U1 ® (qw — wy) + v2 ® (a2w — wa) + ZU]' ® (ajw) = 0.
=3

Since v1, ..., v, is linearly independent, Exercise 9D.3 forces every second slot to vanish, so wy = ajw
and we = agw. Then the linearly independent list w,ws lies in span(w), contradicting 2.22. So
v1 @ wy + v9 ® wo is not in £, and F is not a subspace of V@ W.

Problem 9D.5. Suppose m and n are positive integers. For v € F and w € F", identify v ® w
with an m-by-n matrix as in Example 9.76. With that identification, show that the set

{ve@w:veF"™ and w € F"}

is the set of m-by-n matrices (with entries in [F) that have rank at most one.

Solution. Write M (v, w) for the matrix identified with v ® w in 9.76, so M (v, w);r = vjwg, and write
@ € F™! for the column vector corresponding to u € F™; the rank of a matrix is the dimension of the
span of its columns (3.58 and 3.52). The two sets coincide.

(i) C: column k of M (v, w) is w0, so the span of the columns lies in span(?), whence rank M (v, w) <1
by 2.37.

(ii) D: suppose rank A < 1. If rank A = 0, then every column of A is 0, so A =0 = M (0,0). Otherwise
the span of the columns is one-dimensional; let © be a basis of it, so for each k there is wy € F with
column k of A equal to wy0. Comparing entries in row j gives A = vjwy, so A = M(v,w) with
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w = (wy,...,wy).

Problem 9D.6. Suppose m and n are positive integers. Give a description, analogous to Exercise
5, of the set of m-by-n matrices (with entries in F) that have rank at most two.

Solution. With the identification of 9.76, the m-by-n matrices of rank at most two are exactly the sums
of two matrices of rank at most one:

{v1 ® w1 + v2 @ wy : v1,v2 € F™ and wy,wy € F"}.

Keep the notation M (v, w) and 4 of Exercise 9D.5.

(i) C: column k of M(v1,w1) + M (v, we) is (wy)r¥h1 + (w2)rva2, so the span of the columns lies in
span(uvy, v2), of dimension at most 2 by 2.22; hence the rank is at most 2 by 2.37.

(ii) D: suppose rank A < 2 and let C' be the span of the columns of A. Take a basis of C, padded with
zero vectors if necessary, to get a list v1, vy with span(vy,v2) = C. For each k write column & of A as
cxV1 + dvz; comparing entries in row j gives A; = (v1);ck + (v2)jdy, so A = M(vi,w1) + M(ve,ws)
with wy = (e1,...,¢,) and wo = (dy, ..., dy).

Problem 9D.7. Suppose dim V' > 2 and dim W > 2. Prove that

{v1 @ w1 +v2 @ Wy :v1,v2 €V and wi,we € W} £V @ W.

Solution. Pick linearly independent lists x1, x2, x3 in V and y1, y2, y3 in W (possible because dim V' > 2
and dim W > 2); then
2=21 QY1+ 22y +r3Qy3 € VOW

lies outside the set T' on the left side.

Indeed, suppose z = v ® wy + va ® wy. Put U = span(v,vs), so r = dimU < 2 by 2.22; take a
basis u1,...,u, of U and extend it to a basis u1,...,u, of V by 2.32. Writing v; = Z;Zl b; pu, and
T =Y ,_1 MipUp, bilinearity of the tensor product (9.73) gives

n
E Up Q Cp = V1 Q@ W1 + V2 @ w2
p=1

n
:z:Zup@)dp,
p=1

where ¢, = by pw1 + by w2 for p < r while ¢, = 0 for p > r, and d, = A1 py1 + A2 pY2 + A3 ,y3. Because
U1, - .., U, is linearly independent, Exercise 9D.3 applied to 22:1 up ® (dp — ¢p) = 0 yields d, = ¢, for
every p. Hence d, = 0 for p > r, so the linear independence of y1,y2,y3 forces A1, = Ao, = A3, =0
for every p > r. Thus z1,x9,x3 is a linearly independent list of length 3 in U = span(uy,...,u,),
contradicting r» < 2 via 2.22.

Problem 9D.8. Suppose v1,...,v, € V and wy,...,w, € W are such that
V] @ Wy + -+ Uy @ Wy = 0.

Suppose that U is a vector space and I': V x W — U is a bilinear map. Show that

[(v1,w1) + -+ 4+ T'(vm, wy) = 0.

Solution. Apply the linear map [:V®W — U that 9.79(a) attaches to the bilinear map I', which
satisfies I'(v @ w) = I'(v, w) for all (v,w) € V x W. Since I' is linear it sends 0 to 0 (3.10) and preserves
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sums, so

0=T(v1 QWi+ -+ Um @ wy,)
(V1 @ wy) + - + D(vm @ W)

(v1,w1) + -+ 4 T (v, wiy)-

-

Problem 9D.9. Suppose S € L(V) and T' € L(W). Prove that there exists a unique operator on
V @ W that takes v @ w to Sv @ Tw for all v € V and w € W.
[In an abuse of notation, the operator on V' ® W given by this exercise is often called S ® T.]

Solution. The operator is the map I attached by 9.79(a) to the map I': V. x W — V @ W defined by
I'(v,w) = Sv® Tw.
This I is bilinear (9.77): for fixed w € W, the linearity of S and the bilinearity of the tensor product
(9.73) give

I'(Avy + v2,w) = (ASv1 + Sv2) ® Tw

= \['(vi,w) + ['(ve, w),

and the same computation in the other slot, using the linearity of T’ angi 9.73, shows w — I'(v,w) is
linear for each fixed v € V. Hence 9.79(a) supplies a unique linear map I': V@ W — V @ W with

IMNvew) =T w) =5Sv®Tw

forallv eV and w e W. It maps V ® W to itself, so it is an operator on V ® W, and the uniqueness
clause of 9.79(a) is exactly the asserted uniqueness.

Problem 9D.10. Suppose S € L(V) and T € L(W). Prove that S ® T is an invertible operator
on V ® W if and only if both S and T are invertible operators. Also, prove that if both S and T
are invertible operators, then (S ® T)~! = S~! ® T—!, where we are using the notation from the
comment after Exercise 9.

Solution. Two operators on V' @ W that agree on every elementary tensor agree on the basis {e; ® fi}
of 9.74(b) and so are equal; this converts the computation

SoT)((S@0T)(vew) =SSveTTw
= ((89") @ (TT")) (v @ w)
into the identity (S®T)(S'®@T") = (SS") @ (TT') for all S, 5" € L(V) and T,T" € L(W), and likewise

gives Iv @ Iy = Iygw.
(i) If S and T are invertible, then

(SoT)(ST'eT ) =1y Iy = Ivew

and the same in the other order, so S ® T is invertible with (S ® T)~! = S~! @ T~! (3.59 and 3.60).
(ii) If S is not invertible, then S is not injective (3.65, V' being finite-dimensional), so Sv = 0 for some
v # 0; choose w # 0 in W, which is nonzero by the standing assumptions of Chapter 9. Then

ST (vew)=0Tw=0

since 0@ u = 0(0 ®@ u) = 0 by 9.73, while v ® w # 0 by Exercise 9D.1. So S ® T is not injective, hence
not invertible by 3.65. Interchanging the roles of the two factors gives the same conclusion when 7' is
not invertible.

Problem 9D.11. Suppose V and W are inner product spaces. Prove that if S € £(V) and T €
L(W), then (S ®T)* = S* ® T*, where we are using the notation from the comment after Exercise
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9.

Solution. The operator S* ® T* satisfies the adjoint identity on elementary tensors: for all v,u € V
and w,x € W,

(S@T)(vew),u®x) = (Sv,u)(Tw,z)
v, S*u)(w, T"x)

= (vow, (5" T")(ue ),

=
=

where the outer equalities use the description (v ® w,u ® z) = (v,u)(w,z) of the inner product on
V @ W (9.82) along with the definitions of S ® T" and S* ® T™* from Exercise 9D.9, and the middle
equality is the defining property 7.1 of the adjoints S* and T*.

Each side of the display is linear in the first argument and additive and conjugate homogeneous in
the second (6.6), and the elementary tensors include the basis {e; @ fr} of V ® W given by 9.74(b);
expanding « and 3 in that basis therefore propagates the identity to

(§@T)a, B) = (o, (5" @ T7)B)

for all a, 5 € V@ W (note V ® W is finite-dimensional by 9.72, so (S ® T')* exists). Comparing with
(S®T)a,B) = {(a,(S®T)*B) from 7.1 gives

(o, (SRT)'B—(S*®@T*)B) =0

for all «; taking « to be that difference makes its norm 0, so (S ® T)*5 = (S* ® T™) for every [.

Problem 9D.12. Suppose that Vi, ..., V,, are finite-dimensional inner product spaces. Prove that
there is a unique inner product on V4 ® - - - ® V,;,, such that

(1@ ®Um, UL ®* ®Um) = (V1,u1) *** (Vm, Um)

for all (v1,...,vp) and (ug,...,upy) in V3 X -+ X V.
[Note that the equation above implies that

[1 @ -+~ @l = [loal] > - - X [[om]]

for all (vi,...,vp) € V1 X -+ X V]

Solution. The inner product is the one making the basis {E;} below orthonormal. For each k let

ny = dimVj, and let e},... el be an orthonormal basis of V;, (6.35); write J = (j1,...,jm) for a

’r n

multi-index with j € {1,...,nt}, let J be the set of all such multi-indices, and set
EJ:e}l(X)---@e;r:n.
By 9.90 the list {E;}je7 is a basis of V1 ® --- ® V,,, so
<Z biEs, Y CJEJ> =Y bser
JeJg JeJg JeJg

is a well-defined inner product, being the standard inner product on F™ ™™ transported through the
coordinate isomorphism of that basis (Check!).
It satisfies the required identity. Definition 9.88 gives

(11 @ @) (21, -+ Pm) = 1(v1) -+ - Pm(Vm),

whose right side is linear in each vj with the other slots and all ¢; € V/ fixed; hence (vq,...,vp) —
V1 ® -+ @ Uy, is m-linear, the m-fold form of 9.73. So writing v, = ; ag?e;? and ug = Zj d;?eé‘? and
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expanding each slot in turn, v1 ® - @ vy, = 5 ajl-l . -a;fn E; and likewise for the uy, whence

m
R I S 3 | X
JeJ k=1

(> )
=1 j=1

k
= (v1,u1) - -+ (U, Unm),

the second equality because expanding the product of the m sums produces exactly one term for each
multi-index J, and the third because each e¥,. .. ,eka is orthonormal, so that (vg,ur) = Zj a;?dé? by
6.6.

For uniqueness, two such inner products agree at every pair (E;, Ex) of elementary tensors, and every
inner product is linear in its first slot and additive and conjugate homogeneous in its second (6.6), so
each of them sends o =) ;byEyand B =) cxEr to Y ;> biex(Ey, Ek); hence they coincide.

Taking ug = vy for each k gives [[u1 @ -+ @ vy |* = [Jv1]|* - - - [|om]?, the norm identity of the note.

Problem 9D.13. Suppose that Vi,...,V,, are finite-dimensional inner product spaces and V; ®
-+ ® Vi, is made into an inner product space using the inner product from Exercise 12. Suppose

e]f, . ,eflk is an orthonormal basis of Vj for each kK = 1,...,m. Show that the list

1 m
{ej1 Q- ejm}j1:1,...,n1; s Gm=1,0cm,

is an orthonormal basis of V1 ® -+ - ® V},,.

Solution. Write J = (j1,...,jm) and K = (I1,...,1l,,) for multi-indices and put E; = e} ®---®@e7.

J1 Jm
The defining identity of the inner product from Exercise 9D.12 gives
11
<EJ7 EK) = <€j17 ell> T <6?;’ elT:Ln>’
where each factor equals 1 if j, = I and 0 otherwise, since e’f, e eﬁk is orthonormal. So the product

equals 1 when J = K and equals 0 when J # K, some factor then vanishing; thus {E;} is an
orthonormal list. It is also a basis of V1 ® --- ® V,,, by 9.90, each e’f Yo ,efbk being a basis of Vj, and
hence an orthonormal basis.

Method (2): the orthonormal list {E;} is linearly independent by 6.25, and its length nj---n,, =
(dim V4) - - - (dim V;;,) equals dim(V; ® --- ® V,,,) by 9.89, so it is a basis by 2.38.
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